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Summary. The present study is dedicated to developing an efficient computational scheme
for solving the Cauchy singular integral equation, defined on a closed and smooth contour in the
complex plane. The coefficients and the right-hand side of the equation are piecewise continu-
ous functions, numerically defined on a finite set of points along the contour. The approximate
solution is constructed as a linear combination of B-spline functions and Heaviside functions,
with coefficients determined using the collocation method. This method generates a sequence of
approximations that converge almost uniformly to the exact solution of the equation.
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INTRODUCTION

Let I' be a closed and smooth contour that forms the boundary of the simply con-
nected domain Q" <[] , with the point z=0e Q". We consider the points on the
contour I to be defined by the Riemann function z =y (w), which maps the circle
r,= {w el :|w| = 1} onto the contour I".

Let’s consider the Cauchy singular integral equation defined on the contour I'

c()o()+d()(So)(t)+(Ko)(t)=f (), tel, (1)
where (S(p )(t) = LJ.&:) dt is the singular integral in the sense of the Cauchy prin-
it T—
cipal value, and (K(p )(t):: %J.h (t,’t )(p (’C )d’t is the regular part, with the kernel
iy

heC (F X F). We assume that the coefficients ¢ and d of the equation, the right-hand

side f, and the solution ¢ are piecewise continuous functions.
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Let {tj }:lB =Y (wj), w, :e’e",ej =2n (j—1)/ny, j=1,...,n,, be the set of

distinct points of the contour I" where the values of the right-hand side f* and the coe-
fficients ¢ and d are defined. Additionally, we assume that the values of the functions
f,c,and d are known at the discontinuity points trd, r=1,...n d > O1 the contour I"
. For piecewise continuous functions defined numerically, several numerical algorithms
have been proposed in [1] to establish the locations of the discontinuity points on I".

We aim to develop a numerical method that determines a sequence of approxima-
tions @, , which converge uniformly to the solution @ of equation (1) everywhere on
I', except at a finite number of discontinuity points of ¢, where we have pointwise
convergence.

Currently, several efficient numerical approximation methods exist for computing
the solution of the Cauchy singular integral equation when the integration contour is
the unit circle I'; or the interval (—1,1), and the coefficients and the right-hand side
of equation (1) are continuous and sufficiently smooth functions (see, for example, [2],
[3]). The convergence of these methods has been demonstrated, and estimates for the
rate of convergence in Holder spaces and Lebesgue spaces L, (1< p <) have been
established.

Additionally, in [4] the theoretical foundation of collocation and finite section me-
thods in Holder and Lebesgue function spaces was obtained for equation (1) when de-
fined on a smooth and closed contour in the complex plane, with coefficients that are
continuous functions satisfying the Holder condition.

Subsequently, the convergence of collocation and finite section methods for equati-
on (1), defined on the circle I';, or interval (—l, 1) , with coefficients and the right-hand
side being piecewise continuous functions, in the Lebesgue space L, of square-integra-
ble functions, has been demonstrated [5], [6].

In this paper, to approximate the solution of equation (1), we apply a modification
of the collocation method, where the solution is sought as a linear combination of B-spli-
ne functions and Heaviside step functions, resulting in a piecewise continuous approxi-
mation function that converges almost uniformly to the exact solution.

AMETHOD FOR APPROXIMATING THE SOLUTION OF THE EQUATION

For two points #,,¢, €' we use the notation # <¢, if when traversing the con-
tour I' in counterclockwise direction we meet first the point f,, and then f,. Let

<t <...<t, (—< tl) be a set of distinct points of the contour I'. We denote by

L' = arc[ti,tj+1] the set of points on the contour I', located between the points ¢,

and 7, , including these points.
The algorithm we propose for approximating the solution ¢ of equa-
tion (1) uses the concept of B-spline functions of order m (ZSmSnB)

, which are defined at the points #; on the contour I' by the recursive formula
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B, ()= L (1)L Fiom ! oI, whe-
- 1 thrm _tf m 1,/ tj+m —tj m 1,j+1 ’

—— if tearc|t’ 1’ N
re B, (t) ,+1 tj [ ’ N). The set of nodes {th }j;m satisfies the

0 otherwise

condition tf s j=lhoang, t0 =20 =10t —t (see [7]). For a fixed

ng+l ng+2 > ng+m

m 2 2, the B-spline functions B, (t ), k =1,...,n, , have an explicit representation [7],

from which it follows that they have support on the curve arc [ t ) Thus, the B-

k> k+m

spline function Bm’ r (t) is described by m branches prm’k (t), r=1,...,m, each defined

B
on the arc arc[t,m b, )

In [8], it was shown that any continuous function on I' can be uniformly appro-
ximated by a linear combination of B-spline functions. When linear combinations of
B-splines are used to approximate piecewise continuous functions, the approximation
error decreases as the number of spline knots increases, even in the vicinity of disconti-
nuity points.

With respect to the points of discontinuity tf ,r=1..,n_, , we define the Heavisi-

pd >
de step function A on the contour I":
H(t—tsd):: lfte(F \{t )u quluarc[tq,s)

1 if tearc[ qﬂ)urqﬂu...ul“nk
B B d
where I' ) = arc[t ], t;el’,.

q %" q+l
Taking into account that the solution ¢ of equation (1) exhibits jump discontinui-

ties on the contour I', we seek to approximate ¢ in the form
H < < d
ol (6)=> B, ()+ > B.H(-1).
k=1 s=1
where the coefficients o, €[], k=1,...,n,, and B, ell, s= l,...,n,, , are determined

by imposing 7n:=n, + n,, interpolation conditions
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(e Yol (15 e d (6 WSort Wes )+ (Ko Xt )=f (5 ), j=Lan. )

In relation (2) the first 7, interpolation points tf, Jj=1,...,n;, are the nodes

tB =1, ]= L.. ,nB, and the remaining 7, points tc Jj=ngz+1,...,n, are the discon-
tinuity points £, , s =1,...,n La» Of the function f* (and also of ¢ and d). If among the

interpolation points t€ i Jj=1,...,n,, there are discontinuity points ts =\ (e ( ) of the

function f on I', then instead of them, for sufficiently small €, >0, we consider points

t:,d =y (e[@s 82)) such that f (fsd ): f (tsd ) (also for values of ¢ and d).

To calculate the value of (S(pH )(tc) we perform the following transformations:

(S(png)(t )_EI""*—d Zoc 11’"(t )+Z[3 (tf)

where

Il'”(t mILd 213’1‘ = Lj g;k(e)de gjk(e)_ mk(@l)( tc))w (e ie”

) H(t on _; o
I (l‘ m_[—jd’t——.ejs;qj(e)de,‘Ij(e)—w(e,e)_tjlll (e )le .

Similarly, an expression for (K(pH )(tC) can be established:

( o )(t )——_[h(tj ,17)<pH (T)d‘c—Zoc I‘“”(t )+ZB (tf)

where

(e )_ Zj g, (0)d8,

ORI 1) R 2
L()= ﬁlh (o )H @ -1 Ydr = ﬁzj §,0)d8.G,(0)=h (i v (* ' (¢ )ie® -
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e[i,. 2n
The Riemann integrals J‘ gix (9 )de and I q (6 )d@ are aproximated using
e/ﬁr*l ecd
the generalized trapezoidal rule, which is also applicable to functions with complex va-

lues:

6, N-1
I=[f(®)do ~1,=A, [o.s(f(em)+f(ef ) S IACH +jh)), A =(0,-6,)/N.
0, j=1
As N — o0, it is known that [,, — I at the rate of a geometric progression.

APPROXIMATION OF CAUCHY SINGULAR INTEGRALS

k+r-12 k+r

Wedenoteby F thearc arc[t :I Astheinterpolation points t , j=L..,n

form a subdivision covering the contour I, if t eT?, the integral / f"’ * will exhibit a

el »

singularity of type 1/ (T —; ) In such cases, we interpret [, ,3 k" as the Cauchy principal
value. Similarly, we handle the integral /; : (tc) when tc € arc[ Sd,lu (l):'
Let 9 be the polar angle corresponding to the point t =\ (e ( )E I'. Since
J.—d’t =1 on the closed contour I', we can mltlgate the strong singularity when
computmg the singular integral (S(p )(t) J-(P( (P( )d’t +¢ (t) If the functi-

Tp()@()

on @ (’C ) is continuous and sufficiently smooth, then also possesses these

properties. Specifically, we can write
(501 )= S 07 )5} S, )16 1)
where

@) 2O Ol 1) LS HE0,

T—

/ J

We represent the integral f,:'” (t. )in the form [ (t. )= fo’j”‘ , where ff’j’k =

m,k
:LJ‘ (T) B’"k (t )dT When T _)t ,we have mk(T) B,x (t ) (l‘ ) where
i Tty T B

. m
B,'n’k is calculated as B,'n’k (t):

W(Bm—l,k (l)— Bm—l,k+1 (t)) [8] For € > O SUfﬁ—
k

k+m
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ciently small, let T, := arc l:\y (e[(ej -~ )j A} (e[@’ : )jj be the arc containing the point

Bm,k (’c )_Bm,k (t]

C
T

tjc . We approximate the expression ) on the arc I', by B,'nﬂ ' (t}c )

Ift el

el >

then the singular integral I f 7% will be computed according to the re-

lation

m,k C
1 p, (v)-B,,
YRS J. ©) C’k(’)dt+ )(t J. drt,
T, » T—t1,;
rh/(.nrs) J r,Ar?
where dt is calculated analytically, and the regular integral
Te A5 ok c
1 | P )-8, ()
; c
nlrf,/(rsmrf,) T
, then the integral I r3 /% is regular and will be computed using the trapezoidal rule. Simi-

dt using the trapezoidal rule. However, if tjC & FZ

larly, the integral 112 (t/c) is computed.
THE COMPUTATIONAL SCHEME AND A NUMERICAL EXAMPLE

Considering the relationships established for (So! )(¢f ) and (Ko, )t ). we
express relation (2) in the form of the linear algebraic system
nzgajkock +n'z]dbjs[ss =f() j=L.n
whe:,1 a, =c (:;l)Bm,k yd ) +1" ()
b e~ ) Yy -1 ) and
TR =T ) ()
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Figure 1. Contour and discontinuity points Figure 2. Graph of the function ¢ (7)

731



Conferinta stiinfifica nationala cu participare internagionala ,, Integrare prin Cercetare §i Inovare”
dedicata Zilei Internationale a Stiintei pentru Pace si Dezvoltare, 7-8 noiembrie 2024

001
0,005+

0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 BOO 1000 1200 1400 1600 1800 2000

Figure 3. The approximation error for Figure 4. The approximation error for

n, =175 n, =350

Let the Riemann function (w)z 0.25 (3w+ w’l) map the circle I'j onto the
ellipse I' (see Figure 1) and m =4 . To test the algorithm, we consider the following

parameters:

0 tif tearc(\p(em),tld] a0) 1-t if tearc@!(eOi),tf]
c(t)= , _ ,
e ey @] O e )

d _ iy d _ d _ 0y d _ . . .
where ¢ =\ (e )91 =0.7t and ¢, =y (e )92 =271 represent jump disconti-
nuity points on I . The kernel function is 4 (t,r ): > +77, and the exact solution (see

Figure 2) is
¢, (1)=2t if tearc(y ()]
e, (t)=1+2t if tearc(t{’,w (e"’f )}
The right-hand side /() is numerically defined on I by the values
FE )= Yo (e yrd (€ )Se)(ES )+ (Ko)(ES ). j=Larn.
For values n, =175 and n, =350 in Figure 3 and Figure 4 the error obtained in

approximating the solution @ by (p,Z is presented. It can be seen that the maximum error
decreases significantly for n, =350.

¢ (t)

732



STIINTE EXACTE SI ALE NATURII
Matematica si informaticd

CONCLUSION

This paper presents a new method for solving Cauchy singular integral equations.
The coefficients and the right-hand side of the equation are piecewise continuous functi-
ons defined on a smooth and closed contour in the complex plane. The method constructs
a sequence of approximations that converge almost uniformly to the exact solution of the
integral equation.
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