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Large-time behavior of the difference of
solutions of two evolution equation

Andrei Perjan, Galina Rusu

Abstract

In a real Hilbert space H we consider a linear self-adjoint po-
sitive definite operator A :V = D(A) C H — H and investigate
the behavior of the difference u — v of solutions to the problems

{ u’(t) + W/ (t) + Au(t) = f(t), t>0,
u(0) = ug, u'(0) =wuy,

V'(t) + Av(t) = f(t), t>0,
v(0) = wo,
where ug,u; € H, f : [0,+00) — H.
Keywords: large-time behavior, abstract first order differen-

tial equation, abstract second order differential equation, a priori
estimate.

Let H be a real Hilbert space endowed with the scalar product (-, -)
and the norm |- |, and V be a real Hilbert space endowed with the
norm || - ||, densely and continuously embedded in H i.e. there exists
Y0 > 0 such that

o ul <|lull,  VueV. (HV)

Let A :V C H — H be a linear, self-adjoint and positive definite
operator, i.e. there exists v > 0 such that

(Au,u) >y llul]?, Vue V. (HA)
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Consider the following Cauchy problems:

{ u”(t) 4 u,(t) + Au(t) = f(t)7 t>0, (1)
u(0) = ug, v (0) = u,

V(t)+ Av(t) = f(t), t>0,
{ v(0) = uo, @)
where ug,u; € H, f : [0,4+00) — H.

We investigate the behavior of the difference u — v of solutions to
the problems (1) and (2) when ¢ — +o00. The main result is established
in Theorem 3. This result improves the results from [2] and [3] in the
sense that we skip the condition of separability of the space H and take
a nonzero right hand part therm.

For k € N*, 1 < p < 400, (a,b) C (—o00,+00) and Banach
space X we denote by W*P(a,b; X ) the Banach space of all vecto-
rial distributions v € D'(a,b; X), u) € LP(a,b;X), j = 0,1,... .k,
endowed with the norm ||ullyyr.p(qpx) = (Z?:o Hu(j)H’ip(a’b;X))l/p.
For s € R, k € N and p € [l,00|, we define the Banach space
WiP(a,b; X) = {f : (a,b) — H; fO()est € LP(a,b;X), 1 = 0,...,k},
with the norm Hf“wf!l’(a7b;x) = ”feSt”Wk»P(a,b;X)'

The results concerning the solvability of problems (1) and (2) are
established in the following two theorems.

Theorem 1 [1]. Lett > 0. Let us assume that the conditions (HV)
and (HA) are fulfilled. If ug €V, u1 € H and f € WHL(0,t; H), then
there erists the unique function uw € W2(0,t; H) (W1°(0,t; V),
(strong solution) which satisfies the equation a.e. on (0,t) and the
initial conditions from (1).

Theorem 2 [1]. Let t > 0. Let us assume that the conditions (HV)
and (HA) are fulfilled. If up € V and f € WH(0,t; H), then there
exists the unique function v € W12(0,t; V) which satisfies a.e. on
(0,t) the equation and the initial conditions from (2).

Lemma 1. Assume that conditions (HV) and (HA) are fulfilled. If
up € V and f € WH(0,t; H), for every t > 0, then there exists the
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constant C' > 0 such that for the strong solution v to the problem (2)
the following estimate is valid:

t
o)1 < 00) (juol + [ @ pldr) e ez 0.7 =0,
0

Lemma 2. Assume that conditions (HV) and (HA) are fulfilled. If

up € V,uy € H and f € WHY(0,t; H), for everyt > 0, then there exists
the constant C = C(vy) > 0 and § = 6(vy) € (0,1/2), such that for the

strong solution u to the problem (1) the following estimate is valid:

t
[ (8)] + 1A 2u(t)| < C (Jluoll + | + / T (r)ldr) et vt = 0.
0
In what follows, denote by

K(t,7) = 5= (Ki(t,7,2) + 3Ka(t,7) = 2K3(4,7) )

2f
Ki(t,7) = exp{—3t227})\(22t\7§>, Ks(t,7) = exp{—gtth})\(%\%'),
T o0 _p?
Ks(t,7) = exp {T})\(%), As) = [ e dn.
The properties of kernel K(¢,7) are collected and proved in [4] and
they allow to obtain the following lemma.

Lemma 3. Assume that conditions (HV) and (HA). If uyp € V,
up € H and f € Wi’l(O,oo;H), with some o > 0, then the function

/ K(t,7)u(r)dr,

where u is the strong solution to the problem (2), verifies the system

w'(t) + Aw(t) = Fy(t), t>0, in H,
w(0) = /0 e T u(27)dr,

Fy(t) = L[2exp{%})\<\/z> - A(%\/Eﬂul + /000 K(t,7) f(r)dr.
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The main result of the paper is presented in the following theorem and

it follows from the Lemmas 1-3.

Theorem 3. Assume that conditions (HV) and (HA) are fulfilled.
Ifug e V,uy € H and f € Wé’l(O,oo;H), with some a > 0, then there
exists the constant C(y,a) > 0 and §(y, ) > 0, such that for the strong
solutions u and v to the respective problems (1) and (2) the estimate

u(t) = o(e)] < C(lluoll + s + £yt s ) € V20,

18 true.
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