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Abstract. We propose a synthesis of the author’s results concerning the semireflexive 
product, the left product and the right product of two subcategories. The possibility of descri-
bing the R–semireflexive subcategories using the indicated products is shown.
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Rezumat. Propunem o sinteză a rezultatelor autorilor privind produsul semireflexiv, produ-
sul de stânga și produsul de dreapta a două subcategorii. Este prezentată posibilitatea descrierii 
subcategoriilor R- semireflexive folosind produsele indicate.

Cuvinte-cheie: subcategorii reflexive, subcategorii coreflexive, subcategorii semireflexive, 
produse semireflexive, produse de stânga și de dreapta.

INTRODUCTION

The main results are formulated for the category C
2
V of vector topological lo-

cally convex Hausdorff spaces.
In the category C

2
V we consider the following bicategory structures:

	 (–	 Epi,Mf ) = (the class of epimorphisms, the class of strict monomorphis-
ms);

	 (–	 Eu,Mp) = (the class of universal epimorphisms, the class of precise mono-
morphisms) = (the class of surjective applications, the class of topological 
embedding);

	 (–	 Ep,Mu) = (the class of precise epimorphisms, the class of universal mono-
morphisms) [5];
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	 (–	 Ef ,Mono) = (the class of strict epimorphisms, the class of monomor-
phisms).

We will consider the following subcategories:
Π, the subcategory of complete spaces with weak topology [9];-	
S-	 , the subcategory of spaces with weak topology [9];
sN-	 , the subcategory of strict nuclear spaces [7];
N-	 , the subcategory of nuclear spaces [11];
Sc-	 , the subcategory of Schwartz spaces [12];
Γ-	 0, the subcategory of complete spaces [13];
q-	 Γ0, the subcategory of quasicomplete spaces [14];
sR-	 , the subcategory of semireflexive spaces [9];
iR-	 , the subcategory of inductive semireflexive spaces [1];

-	 , the subcategory of spaces with Mackey topology [13].
The last category is coreflective and the others are reflective.
First of all, we will formulate several well-known notions and results.
Definition 1. A full subcategory R of the category C is called reflective in the inclusion 

functor i : R → C possesses a left adjunct r : C → R.
Theorem 1. The full subcategory R is reflective if for any object X of the category 

C there is an object rX |R| and a morphism rX : X → rX with the next universal pro-
perty:

for any object A  |R| and any morphism f : X → A there is a unique morphism g : 
rX → A so that f = g · rX.

In this case the pair
  

rX, rX, or the object rX, or the morphism rX is called R–re-
plique of the object X.

Definition 2. Let A be a class of morphisms of the category C. The reflective sub-
category R of category C is called A–reflective if for any object X of the category C it’s 
R–replique rX  A .

Dual notions: coreflective subcategory K, coreflector functor k:
C→ K, K–coreplique of the object X : kX : kX → X, A–coreflective subcategory.
Theorem 2. Let (P,I) be a bicategory structure in the category C that possesses pro-

ducts and is P – co-locally small. The full subcategory R of the category C is P–reflective if it 
is closed under products and I –subobjects.

We mention that in category C
2
V any non-null reflective subcate- gory is mono-

reflecive, thus it is (Epi ∩ Mu) – reflective, and any non-null coreflective subcategory 
is (Mono ∩ Eu) – coreflective.

For a reflective subcategory R of category C with the reflector functor r : C → 
R we denote

εR = {e  Epi|r(e)  Iso}.
Dual: For a coreflective subcategory K or category C with core- flector functor 

k : C → K we denote
µK = {m  Mono|k(m)  Iso}.

Thus, if K (respectively: R) is a non-null coreflective (respectively: reflective) 
subcategory, then µK    Eu ∩ Mono (respectively: εR    E pi ∩ Mu).∩ ∩
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Let E (respectively: M ) be a class of epi (respectively: mono) and let A be a 
subcategory QE (A ) (respectively: SM (A )). Therefore QE (A ) (respectively: SM (A 
)) is the full subcategory of category C

2
V consisting of all E – factorobjects (respec-

tively: M - subobjects) of objects from A.

SEMIREFLEXIVE PRODUCT OF TWO SUBCATEGORIES

We will examine the main properties of the semireflexive product and  some cases 
when the reflector functors keeps the class of injections of bicategory structures.

Definition 3. Let R be a reflective subcategory and A a subcategory of the category 
C. The object X of the category C is called (R, A )– semireflexive if its R–replique belongs 
to a subcategory A. The full subcategory of all (R, A )–semireflexive objects is called the semi-
reflexive product of subcategories R and A , and is denoted by

L = R × srA.
The monograph [2] also introduces and studies the dual concept: the semicore-

flexive product.
We mention the following properties of the semireflexive product.
Theorem 3. The semireflexive product has the following properties:

R 1.	 × srA = R × sr(R ∩ A ).
Let 2.	 {Ai|i  I } be a class of subcategories of the category C

2
V. Then R × sr(∩Ai) 

= ∩(R × srAi).
If A3.	 i    A2, then R × srA1    R × srA2.
If4.	  R    A, then R × srA = C.
If A 5.	    R, then A    R × srA .

Definition 4 [2]. The reflective subcategory R of category C
2
V is called c–reflective 

if it contains the subcategory I of the spaces with weak topology and the reflector functor 
r : C

2
V → R is left exact.
Remark. The lattice Rc of c–reflective subcategories does not contain all the 

elements between I and C
2
V. For example, the subcategory of nuclear spaces N 

is not c–reflective. The subcategory of strict nuclear spaces sN is c–reflective.
Definition 5 [2]. The pair of subcategories (K,R) of the category C

2
V that verifies 

the conditions µK = εR is called a “pair of conjugated subcategories” and K is called “con-
jugated coreflective subcategory” of the reflective subcategory R and conversely.

The pair ( , S) is the smallest pair of conjugated subcategories and (C
2
V,C

2
V) 

is the biggest. Conjugated coreflective subcategories of the reflective subcategories 
Sc and sN  were described in article [4].

In known cases, the semireflexive product of two subcategories is a reflective 
subcategory, closed under products and under closed subspaces. We will present 
some sufficient conditions for the semireflexive product of two subcategories to ex-
hibit these same properties.

Theorem 4. Let (P, I ) be a bicategory structure in the category C
2
V, R and A two 

reflective subcategories so that A is P–reflective and reflector functor r : C
2
V → R has 

the property r(I )    I . Then the semireflexive product

∩ ∩

∩
∩ ∩

∩
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L = R × srA
of  R and A is a reflective subcategory of the category C

2
V.

From Theorem 4 it follows another case which allows us to construct a lot of 
examples when semireflexive product of two subcategories is a reflective subcate-
gory.

Theorem 5. Let R be a c – reflective subcategory and A a reflective subcategory of 
the category C

2
V. Then the semireflexive product R × srA is a reflective subcategory.

SEMIREFLEXIVE  SUBCATEGORIES 

Let L be a reflective subcategory, and A – a subcategory of the category C
2
V. 

The subcategory A is called the L –semireflexive subcategory if it is closed in 
correlation to (εL )–subobjects and (εL )– factorobjects. The class of L –semire-
flexive subcategories     is noted (εL ). The dual concept is also introduced.

Let R be a reflective subcategory and A a subcategory. We denoted by λR(A ) 
the full subcategory of all T objects with properties: for any object X  |C

2
V | all 

morphism f : X → T is extended by the morphism rX:X →rX: for a morphism g, f = 
g · rX.

Theorem 6 ([2], Theorem 12.2.6). Let R and L be two reflective subcategories. The 
following statements are equivalent:

1. R = L × srR.
2. R   (εL ).
3. R = L × srH for any H with property R    H    λR(L ).
Exemple (See [2], chapter 16). 1. S semireflexive subcategories: 
-the sR subcategory of semireflexive spaces; 
- the lΓ0 subcategory of complete locally subspaces [12]; 
-the Γ

 
subcategory of complete spaces with weak topology; 

-the B-iR subcategory of B inductive semireflexive spaces [3]; 
-the p-sR subcategory of p – semireflexive space [10].
2.The subcategory iR of inductive-semireflexive spaces [1] is a (Sh)–semirefle-

xive subcategory.
 Remark. Let R and L be two reflective subcategories and R    L. Then                     

εL    εR and any R – semireflexive subcategory is also L – semireflexive.

THE LEFT AND RIGHT PRODUCTS OF TWO SUBCATEGORIES

Definition 7 ([12], Definition 11.1.4). Let R be a reflective subcategory and K a 
coreflective subcategory of category C

2 
V.

The subcategory V = SµK (R) is called right product of subcategories R and 
K and is noted V = K × dR.

The subcategory W = QεR(K ) is called left product of subcategories K and 
R and is noted W = K × sR.

It is not known whether the left (right) product is a coreflective (i.e. reflective) 
subcategory except in the cases (see [2], problems 11.1.23).

∩ ∩

∩

∩
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Theorem 7 [6]. Let K be a coreflective subcategory, R – a reflective subcategory 
and     K or S    R. Then K × sR is a coreflective subcategory and R × d Q is a reflec-
tive subcategory.

Let K be a coreflective subcategory and R a reflective subcategory of the ca-
tegory C

2
V with these respective functors k : C

2
V → K and r : C

2
V → R. For any 

object X of the category C
2
V  let kX : kX → X, rX : X → rX be the K–coreplique and 

R–replique and let krX : krX → rX be the K–coreplique of the object rX.
Then

rX · kX = krX · k(rX).	 (1)

On the morphisms kX and k(rX) construct the pushout

nX · kX = g · k(rX)	 (2)

From equality (1) it follows that there exists a morphism uX such that

uX · nX = rX,	 (3)

uX · g = krX.	 (4)

Since kX  Eu, and (2) is a pushout, it follow that g  Eu and from equality (4) 
it results that g  Mono. Therefore g is a bijective map. Since krX is also a bijective 
map, we conclude that uX is bijective too. Then from the fact that uX is mono and 
from equality (4) it follows that g is the K–coreplique of the object nX. We denote 
by K× dR the full subcategory of the category C2V consisting of all objects which are 
isomorphic to objects of the form nX (see Figure.1).

Figure 1. Commutative diagram of the Pushout and Morphisms in the Category C2V.

 Theorem 8 ([6], Theorem 2.5). Let V = K × dR. Then the next statements are equi-
valent:

1. V is a reflective subcategory of the category C
2
V.

2. For any object X of the category C
2
V the morphism nX is the

     V–replique of the object X.
3. For any object X of the category C2V the morphism   nX is an epi.
4. For any object X of the category C

2
V the morphism uX is the

    R–replique of the object nX.

∩ ∩

Științe exacte și ale naturii
Matematică și informatică



778

Conferinţa ştiinţifică naţională cu participare internaţională „Integrare prin Cercetare şi Inovare” 
dedicată Zilei internaționale a Științei pentru Pace și Dezvoltare, 7-8 noiembrie 2024

5. X  |V |      rX · kX is the K–replique of the object rX.
Theorem 9. Let (K,T) be a pair of conjugated subcategories and Γ a Mp–reflective 

subcategory (Γ0     Γ) of category C
2
V. Then

T× srΓ = K × d(T∩Γ).

Examples. 1.Since ( , S ) is a pair of conjugated subcategories in the category 
C

2
V and Π = S ∩ Γ0, we put

S × srΓ0 = × dΠ = Π.

2. Let qΓ0 be a subcategory of quasicomplete spaces, and sR the subcategory of 
semireflexive spaces [9]. Then

S × sr(qΓ0) = × d(S ∩ qΓ0) = sR.

3. Subcategory Sc of Schwartz spaces is c – reflective. Let K be the coreflec-
tive subcategory of the category C

2
V for which (K , Sc) is a pair of conjugated 

subcategories. Then
Sc × srΓ0 = iR = K × d(Sc ∩ Γ0),

iR is a subcategory of inductive semireflexive spaces (see [1], Theorem 1.5).

REFERENCES

1. 	 Yu. A. Berezanskii. Inductivno refleksivnye lokal’no vypuklye pros- transtva. Soviet 
Math.Dokl, 9 (1968), 1080-1082 (in Russian).

2. 	 D. Botnaru. Aspectele categoriale ale spatiilor topologice vectoriale. Subcategorii se-
mireflexive. Chis, in˘au, S, tiint, a, 2023.

3. 	 D. Botnaru. La cat´egories des espaces B-inductifs semireflexifs. ROMAI Jour-
nal, vol.19, no.1, 2023, pp. 63–71.

4. 	 D. Botnaru, O. Cerbu. Semireflexive product of two subcategories. Proc. of 
the Sixth Congress of Romanian Mathematicians, Bu- carest, vol. 1, 2007, pp. 
5–19.

5. 	 D. Botnaru, V. Gysin. Stable monomorphisms in the cat- egory of separating 
locally convex spaces. Bulletin. Acad.Sc. R.S.S.Moldova., 1973, Nr.1, pp. 3-7 
(in Russian).

6. 	 D. Botnaru, A. Turcanu. Les produits de gouche et de droit de deux sous-cate-
gories, Acta et coment, v. III, Chisinau, 2003, pp. 57-73.

7. 	 B.S. Brudovsky. Sur k- et c-r´eflexivit´e des espaces localement con- vexes, Lietu-
vos Math. Bulletin, VII (1967), 1, pp. 17-21 (in Rus- sian).

8. 	 V.A. Geyler, V. B. Gysin. Generalized duality for locally convex spaces. Func-
tionals Analysis. Ulianovsk 11, 1978, pp. 41–50 (in Russian).

9. 	 A. Grothendieck. Topological Vector Spaces. Gordon and Breach, New York-
London-Paris, 1973.

10. 	J. Dazord, U. Jourlin. Sur quelques classes des espaces localement convexes. 
Publ. Dep. Math., Lyon, 8-2(1971), pp. 39-69.

∩



779

11. 	Pietsch. Nukleare lokal konvexe raume. Akademie-Verlag, Berlin, 1965.
12. 	D. A. Raicov. Some properties of the bounded linearly operators. The Sciences 

Bulletin Pedag. State University Moscow “V. I. Lenin”, vol. 188, 1962, pp. 
171–191.

13. 	A. P. Robertson, W. J. Robertson. Topological Vector Spaces. Cambridge 
Univ. Press, England, 1964.

14. 	H. H. Schaeffer. Topological Vector Spaces. The Macmillan com- pany, New 
York, Collier-Macmillian Limited, London, 1966.

15. 	V. S. Secovanov. α-reflexivity locally convex spacesc. Function- als Analysis. 
Ulianovsk, Operatory Theory, 1981, pp. 111–117 (in Russian).

Științe exacte și ale naturii
Matematică și informatică


