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On a Method of Prolongation of Quasigroups
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Abstract

We consider a method of prolongation of finite quasigroups
using two transversals, which intersect exactly in one cell, and
study the recursive 1-differentiability of such prolongations.
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The construction of prolongations was first studied by Bruck (1944)
who considered finite idempotent quasigroups for this purpose [1]. Note
that the notion ”prolongation” was introduced by Belousov in 1967 [2].

Constructions of prolongations of finite quasigroups has been given
by Osborn (1961), Yamamoto (1961), Denes and Pasztor (1963), Be-
lousov and Belyavskaya (1968), Belyavskaya (1969), Deriyenko and
Dudek (2008, 2013) and others.

The recursive derivative of order k of a quasigroup (@, -), denoted
by (k), where k € N, is defined as follows:

ey ="y @), forall k> 2.

A binary quasigroup (@,-) is called recursively r-differentiable if its

recursive derivatives (k), where k =1, ...,r, are quasigroup operations.

It is an open problem to find the maximum order of recursive differ-
entiability of a finite binary (or n-ary) quasigroup. Some estimations
are given in [3]-[6], where, in particular, it is shown that:
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1. The maximum order r of recursive differentiability of a finite binary
quasigroup of order ¢ satisfies the inequality r < g — 2;

2. There exist finite binary recursively (¢ — 2) - differentiable quasi-
groups of any primary order g > 3.

The recursive differentiability of some known prolongations is stud-
ied in [7]. We give a new method of prolongation and investigate the
possibility to extend the recursive differentiability of a finite binary
quasigroup to its prolongations in the present work.

In the given method we use 2 transversals having exactly 1 cell in
their intersection. The idea of the proposed method of prolongations
is shown in the following example, where we give the prolongation of
a quasigroup of order 5, with the transversals marked by colored and,
respectively, uncolored squares, which intersect in the cell (1, 1), with
2 new elements denoted by & and &s.

o 1 2 3 4 5 & &
1 2 3 4 5 1 41 3 5 |2 &
1 4 1 3 5 2 | 1 & 2 4|3 5
2] 1 5 2 4 31 5 2 1 & |4 3
H
315 2 1 3 4l 4 & 3 2 |5 1
a4 z i 503 5 2 & 1 4
513 g & & 1 5 4 3 & 2
&1 2 3 4 5 1 |& &

Proposition 1. For 2 fized transversals of a finite quasigroup (Q,-),
that intersect exactly in one cell, there exist 12 possible prolongations
(Q',0), with two new elements & and &2, given bellow in I-XII. More-
over, the prolongations I, 1V, VI, VII, X and XI are not recursively
1-differentiable, as it is shown after their Cayley tables.

1.

(¢} Yo 51 52
Xo 51 a fg
52 §2 51 a
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f@&:&o@om:&o&:a
1062 =E&o(f108) =606 =&
II.

ol i yo . | & &

o 51 a 62

G o & . & a

III.

Xo fl 52 a

Gl o & e ] &
52 a 51 62
IV.

o 61 52 a

6. . o« . .86 &
52 52 a §1
Globi=&o(iob) =606 =&

51‘1752:520(51 0&)=E&o0& =4
V.

ol i Yo .. | & &

Xo 52 a fl

P I S
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VL

fﬁ&:&o@om:aoa:@
§2082 =460 (62082) =62082 =&

VIIL

gﬁ&:&o@om:ao@:@
§2086 =60 (62082) =62081 =&

VIIL

IX.

o Yo & &
20 & . &
& & & a
&2 a & &
o Yo & &
z0 & & a
& & P
&2 a & &
° Yo & &
20 & & a
& A & &
&2 &1 a &
° Yo & &
z0 a & 6
& & & a
&2 &2 a &
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X.
[e] Yo 51 62
Lo | e e @ e e | &1 &2
G o & o o ]a &
52 51 52 a

woé&:ﬁlo(wooﬁl):floﬁlza

.Z'()é&g:ng((L‘oOEg):ngfg:a

XI.
(e} Yo §1 .52
Xo a 52 51
&1 . & . & a
52 61 a §2

:L'()égl :§1o(mgo§1):§1o§2:a

$0é€2=€20($0052)=€20§1=a

XII.
[e] Yo 51 62
Lo | e e @ e | &2 &
G o & e ] &
52 52 61 a

We study if the prolongations of a finite recursively 1-differentiable
quasigroup, using 2 transversals which intersect exactly in one cell is
recursively 1-differentiable. According to Proposition 1, it remains to
consider a total of 6 possible cases.

Proposition 2. There exist exactly 240 latin squares of order 5, hav-
ing 2 transversals which intersect exactly in one cell, one of which is
on the main diagonal (fized).

59



Elena Cuznetov

Proposition 3. There does not exist recursively 1-differentiable pro-
longations of quasigroups of order 5, obtained using the main diagonal
with the fized order {2,3,4,5,1} and an arbitrary second transversal
which intersects the main diagonal exactly in one cell.
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