
Proceedings of the 4th Conference of Mathematical Society of Moldova

CMSM4’2017, June 28-July 2, 2017, Chisinau, Republic of Moldova

d
m-convex functions in the complex of multi-ary

relations

Sergiu Cataranciuc, Galina Braguţa

Abstract

In the present work the notions of dm-convexity and dm-
convex function are defined. Some properties of these functions
are mentioned. We study the complexes of multi-ary relations
for which the median function is dm-convex.
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1 Introduction

Solving of many optimization problems consists in examination of some
functions on discrete structures. In this context, convex functions have
a special role. The functions property of being convex guarantees ela-
boration of efficient methods that determine the optimal solution of
problem. For these reasons, the determination of conditions that ens-
ure the convexity of special functions in a complex of multi-ary relations
is important. Such functions frequently occur in process of studying
location problems and are known as median-functions.

Let ℜn+1 = (R1, R2, ..., Rn+1) be a complex of multi-ary relations,
determined by a finite set of elementsX = {x1, x2, ..., xp}. The complex
of relations ℜn+1 was thoroughly defined and studied in the work [1].
According to the definition, Rm, 1 ≤ m ≤ n+ 1 represents a subset of
the Cartesian product of rank m of the set X and is not empty.

We choose two elements rk ∈ Rk, rq ∈ Rq, 1 ≤ k, q < n + 1. We
generalize the concept of chain in ℜn+1 used in works [2], [3].
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The sequence of the elements rmt1 ,r
m
t2
,...,rmts ∈ Rm, max{k, q} < m ≤

n+ 1, with following properties:

a) rk ⊂ rmt1 ;

b) rq ⊂ rmts ;

c) rmtp ∩ rmtp+1
∈ Rl, 1 ≤ l < m, for any p, 1 ≤ p ≤ s− 1,

is called m-dimensional chain with the extremities in rk ∈ Rk, rq ∈ Rq

and is denoted by Lm(rk, rq) = [rmt1 ,r
m
t2
,...,rmts ].

The number s is called the length of the chain Lm(rk, rq). The
minimal length of m-dimensional chains that connect elements rk ∈

Rk and rq ∈ Rq is called m-distance between these elements and is
denoted by dm(rk, rq). If between two elements rk ∈ Rk and rq ∈ Rq

there does not exist m-dimensional chain, then it is considered that
dm(rk, rq) = +∞.

2 d
m-convex functions

We mention that m-distance is defined on the elements of the set R1 ∪

R2 ∪ ... ∪Rm−1, m ≥ 2, and possesses metric properties:

a) dm(rk, rq) ≥ 0, for any two elements rk ∈ Rk and rq ∈ Rq, and
dm(rk, rq) = 0 if and only if rk ∈ rq;

b) dm(rk, rq) = dm(rq, rk), for any two elements rk ∈ Rk, rq ∈ Rq;

c) dm(rk, rq) ≤ dm(rk, rl) + dm(rl, rq), for any three elements rk ∈

Rk, rl ∈ Rl, rq ∈ Rq (k, l, q < m).

Definition 1. A complex of multi-ary relations ℜn+1 = (R1, R2, ..., Rn+1)
is m-conex if for any two elements rk ∈ Rk and rq ∈ Rq, 1 ≤ k, q < m
an m-dimensional chain Lm(rk, rq) exists.

Theorem 1. If ℜn+1 is an m-dimensional complex of multi-ary rela-
tions, then it is also h-dimensional for any h, 2 ≤ h < m.

Let ℜn+1 = (R1, R2, ..., Rn+1) be a complex of multi-ary relations
and ℜm−1 = (R1, R2, ..., Rm−1), 2 ≤ m ≤ n+ 1 be a subcomplex from
ℜn+1. On elements of ℜn+1 we define a function with values in the set
of real numbers f : ℜn+1 → R.
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Similarly to those mentioned in the paper [4], this function is dm-
convex if for any three elements rk, rq and rh from subcomplex ℜm−1

with the property dm(rk, rq) = dm(rk, rh) + dm(rh, rq) in ℜn+1, the

following inequality holds: fm(rh) ≤ dm(rh,rq)

dm(rk,rq)
fm(rk)+ dm(rk,rh)

dm(rk ,rq)
fm(rq).

Of course, the function is defined if the right side of the inequality
exists.

Theorem 2. If fm is a dm-convex function defined on the complex
of multi-ary relations ℜn+1, then every local extremum of this function
coincides with the global.

Theorem 3. The sum of two dm-convex functions defined on the com-
plex of multi-ary relations ℜn+1 is a dm-convex function in ℜn+1.

Definition 2. The set A ⊂ R1 ∪ R2 ∪ ... ∪ Rm−1 is called m-convex
in ℜn+1 if every m-dimensional chain that connects two elements of A
contains only elements from A.

Theorem 4. If f is a dm-convex function in ℜn+1 and α is a real
number, then the set {r ∈ A = R1 ∪R2 ∪ ... ∪Rm−1 : f(r) ≤ α} is dm-
convex in the complex of multi-ary relations ℜn+1 = (R1, R2, ..., Rn+1).

3 Median function in the complex of multi-ary

relations

Median functions are used to solve services centre location problems.
A location problem on a complex of multi-ary relations consists in
minimisation of the function F : A = R1 ∪R2 ∪ ... ∪Rm−1 → R of the
following type: Fm(r) =

∑

z∈A

dm(r, z).

The solving of such problems is quite complicated, because, in ge-
neral case, the function Fm(r) does not have any properties that would
facilitate the determinations of the extremum. However, for some spe-
cial complexes, the situation becomes quite favourable.

If rk = rq we say that the chain Lm(rk, rq) is a m-dimensional cycle.
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Theorem 5. If the complex of multi-ary relations ℜn+1 does not con-
tain h-dimensional cycles, h ≤ m, then the median function Fm(r) is
dm-convex.

Theorem 6. If Fm(r) is a dm-convex median function, then all extre-
mal points of the function Fm(r) generate a convex subcomplex in the
complex of multi-ary relations.

4 Conclusion

In this paper there are presented the results about the study of convex
functions properties, based on the generalization of the notion of metric
convexity, known from graphs theory. The obtained results contribute
to the development of the convexity theory in complexes of multi-ary
relations.
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