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Generalized Berezin transform and Schatten class
operators on weighted Bergman spaces
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Abstract. In this paper we derive certain elementary properties of the generalized
Berezin transform B,, a > —1 and show that if T" is a bounded linear operator from
the weighted Bergman space L2(dA,) into itself, and G(w) = HTK&OO : ,webD, 0<
p < oo, then By G is subharmonic for all n € N and By¢ — 1, the least harmonic
majorant of G. Further, we describe the Schatten class characterization of a bounded
linear operator T in terms of the generalized Berezin transform of T. We have also

shown that if 7> 0 or T is in trace class S1, then tr(T) = (o + 1) /(BQT)(z)d/\(z)

D

where dA\(z) = (117[_7‘75\22))2' Further, if A is compact and positive and 0 < p < 1, then

we show that /Ba(Ap)(z)d)\(z) is finite if and only if Z ‘<A£7(La)7§,2°‘>>’p is finite
D n=1

for some orthonormal basis { gla)}‘” in L2(dAq).
n=1

Mathematics subject classification: 47B38, 47B32, 47B10 .
Keywords and phrases: weighted Bergman spaces, reproducing kernel, Toeplitz
operator, little Hankel operator, Schatten class operators.

1 Introduction

Let D = {# € C : |2] < 1} be the open unit disk in the complex plane
1

C. Let dA(z) = —dxdy denote the normalized area measure defined on . Let
dAu(2) = (a+1)(1 — |2]?)*dA(2), a > —1, z € D. Let L?*(D,dA,) be the Hilbert
space of all Lebesgue measurable functions on D that are absolutely square-integrable
with respect to the measure dA,(z). The weighted Bergman space L2(dA,) is the
subspace of all analytic functions of L?(D,dA,). The spaces L2(dA,) are closed
subspaces of the corresponding spaces L?(D,dA,), a > —1 and these are all re-
producing kernel Hilbert spaces. For o = 0, we shall denote L2(dAy) = L2(D)
as the unweighted Bergman space of D whose reproducing kernel is given by

K(z,w) = 1 7, %w € D and the normalized reproducing kernel of L:(D)

(1—zw

is given by k,(w) = Il2P - Assume K,(w) = K(z,w). The reproducing ker-

= O—w2)?

nel of L2(dA,) is given by K(®(z w) = [K(z,w)]H% = W for z,w € D.
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Let Kéa)(w) = [Kz(w)]H% = K@ (z,w). If (-,-), denotes the inner product in
L?(dA,) = L*(D,dA,), then (h, K(a)>a = h(z), for every h € L2(dA,) and z € D.
The orthogonal projection P, from the Hllbert space L*(D,dAy) onto the closed

subspace L2(dA,) is given by (Puf)(z) = / flw )72 —————dA,(2)

for f € L?(D,dA,) and z € D. The normahzed reproducmg kernels of L2 “(dAy) are
the functions k;+§(w) = % The sequence of functions {eS{”‘)} = {%}

form an orthonormal basis [12] for L2(dA,) where

Fn+ 1I'a+1)

~ 1 —a—1
Tntatry Y

Tma = 2" = (@ +1) /D [2[2"(1 = |2*)*dA(2) =

Let L*>°(D,dA) be the space of all essentially bounded Lebesgue measurable
functions on D. For ¢ € L>(ID), define ||¢|| ., = ess sup {|¢(z)| : z € D} < co. The
space L>°(D) is a Banach space with respect to the || - ||o. Let H*(D) be the
space of all bounded analytic functions on D and h*° (D) be the space of all bounded
harmonic functions on D.

If € L'(D,dA,), the generalized Berezin transform of ¢ is defined by

(Bad)(2) = {0k, 1277 ) = /D (60 6.)(w)dAq(w), = €D.

Notice that k:;r% € L>®°(D) for all z € D, so the definition makes sense. For a = 0,
the transformation By will be referred to as Berezin transform. It turns out [6] that
the Berezin transform behaves well with respect to the invariant measure %

The Berezin transform plays an important role in the theory of Toeplitz operators
on the Bergman space and the Fock space. In this paper we discuss some of the
ergodicity properties of the Berezin transform.

We now define the Schatten class operators defined on a Hilbert space H. Let
L(H) be the set of all bounded linear operators defined from the Hilbert space H
into itself. Let LC(H) be the set of all compact operators in the space L(H). For
any non-negative integer n, the n'” singular value of an operator T € LC(H) is
defined by

sp(T) =inf {||T — M| : M € LC(H),rank M < n},

where || - || is the operator norm. Also, so(T") = ||T|| and so(T) > s1(T') > s2(T) >

- > 0. We can conclude s, (7T) is the distance with respect to the operator norm of
T from the set of operators of rank at most n in £L(H). According to the spectral
theorem the singular values of the compact operator T are actually the square roots
of the eigenvalues of T*T in case that the Hilbert space H is separable and infinite
dimensional. In other words, s,(7") can be defined for any T' € L(H) but clearly
sp(T) — 0 if and only if T is compact. If T is a compact operator on a separable
Hilbert space H, then there exist orthonormal sets {e,}22, and {0, }32 in H such

that Tx = Z A (T, en) on, © € H, where X, is the nth singular value of T'. For
n=0
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0 < p < o0, the Schatten p-class of H, denoted as S, is the space [12] of all compact
operators T' on H with its singular value sequence {\,}>2, belonging to the p-

summable sequence space [P. The Schatten class S, is a Banach space with the
1

norm ||T'||, = Z |An|P| . The Schatten class S is called the trace class of H and

S5 is called the Hllbert Schmidt class.

The plan layout of this paper is as follows: In Section 2, some elementary
properties of the Berezin transform B,, o > —1 are derived. We show that the
Berezin transform B, defined on LP(D,dn,(z)), 1 < p < oo is a contraction where

dne(z) == %. Further, we show that B, is a contractive linear operator on

each of the spaces LP(ID, dn,) and also B, is a self-adjoint operator from L?(ID, dn,)
into itself. If f € LY(D,dA,), then (Bof)(z) = /(f o ¢)(w)dAg(w), z € D. A
D

function ¢ € L'(D,dA,) is harmonic if and only if B¢ = ¢. In Section 3, we
consider a bounded real-valued subharmonic function ¢ on D. We show that if T’
is a bounded linear operator from the weighted Bergman space L2(dA,) into itself,
and G(w) = HTKQ(UO‘)HP, we D, 0<p < oo then BJG is subharmonic for all
n € N and B¢ — 1, the least harmonic majorant of G. In Section 4, we describe
the Schatten class characterization of a bounded linear operator 7' from L2(dA,)
into itself in terms of the generalized Berezin transform of 7. We have shown that

if T > 0 or T is in trace class Sy, then tr(T) = (o + 1) /(BQT)(z)d)\(z) where

D

d\(z) = d’T(P)) Further, we show that if A is compact and positive and 0 < p < 1,

then /B z)d\(z) is finite if and only if Z ‘<A§n ,§(a)>’ is finite for some

orthonormal basis {gn }OO in L2(dA,).

n=1
2 Generalized Berezin transform of integrable functions

In this section, we derive some elementary properties of the Berezin trans-
form B,, a > —1. We establish that the Berezin transform B, defined on
LP(D,dn.(z)), 1 < p < oo is a contraction where dn,(z) = %. Fur-
ther, we establish that B, is a contractive linear operator on each of the spaces
LP(D,dn,) and also B, is a self-adjoint operator from L?(DD,dn,) into itself. If

f € LY(D,dA,), then (Buf)(z) = /(f 0 ¢,)(w)dAy(w), z € D. We have shown
D

that the function f € L'(ID,dA,) is harmonic if and only if f is a fixed point of B,.
If f € LY(D,dA,), o > —1, the generalised Berezin transform of f is defined by

(Ba)) = (1 E0F) = [ ) [ @) dAaw), zeD. )
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The functions k, € L°°(ID) for all z € D. Hence the definition makes sense. For a = 0,
we shall write (Bof)(z) = f(z). The function f is an infinitely differentiable function
on D. It can be verified by differentiating under the integral sign. If f € L*>°(D),
then B, f is also bounded and ||Buf|| < ||f||co- The operator B, is a contraction in
L>*(D). Since by Cauchy-Schwarz inequality, we have

1+2

(Baf)e)] = |( "2 k)| <

If f is a constant function then f = B, f for all « > —1 and so the norm of B, on
L>(D) is equal to 1. Further if f > 0 then B,f > 0 and if f > g then B,f > B,g
as B, is an integral operator with positive kernel.

= [[flloo-

Lemma 1. The operator B, defined on LP(D,dn,(z)), 1 < p < o0 is a contraction
where

dA.(z) dA(z)
(1—[z[2)>+ (1—[22)*
Further, By, is a contractive linear operator on each of the spaces LP(D, dny). Again,
B, is a self-adjoint operator from L*(D,dn,) into itself.

dne(z) :== = (a+1)

Proof. Since L*(D, dn,) C L'(D,dA,), hence the generalized Berezin transform B,
is defined on the space L'(ID, dn,). Further

Ba0)) = | [ 1) i ) daatw) < [ 156w
Thus/\ Baof)(z ‘Z| 2+a_/</!f

/If )| D‘ — (‘412adAa(w)
= [ 1)l (K, K ) dAatw)

()
/ £ |w| - [wE)za’

the change of the order of integration being justified by the positivity of the inte-
grand. Thus it follows that B, is a contraction on L'(ID,dn,). The same is true for
L>°(D). The result follows from the Marcinkiewicz interpolation theorem [9]. We
now verify that B, is a self-adjoint operator on L?(D, dn,). For ¢ € L*(D, dn,),

1+2

()] dAa(w) = BallF1)(2).

1+2 w)‘sza(w)> dAq(2)

A= =Pye

(Bad 6) = /D (Ba) (2)0(2)d1a2)
—/D< Bad) ()2 K (2, 2)dAa(z)
- / <¢ki+%,ki+%>¢(z)x<a>(z, 2)dAa(2)
D
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/</¢’ R )kt (w)d A )> () K@ (2, 2)dAu(2)

= [ (el

://¢w)K<a>zw dAo(w)$(2)dAal(2)
/¢ (w, w)d A /’K dAa(Z)
/¢ g (w /¢ J |2 2] dAale)

:/¢ w </¢ 2) k' ¥ (2) dAa<z>>dna<w)

= [ ¢tw)Bad i w)

¢’ a¢>L2 ana)

1+2

()| dAn(uw >) FK® (2, 2)dAa(2)

Lemma 2. For f € LY(D,dA,), o > —1
() (Ba)) = [ (F 0 02)w)dAu(w), 2 € D,
(ii)BaC,ga)f = C’(SO‘)Baf, where a € D and C’(ga)f = f o ,.

Proof. Notice that ¢} (2) = —kq(2) and Jy,(2) = |kqe(2)|? for all a,z € D. Since
(kzo ¢)k, =1 for all z € D, hence

_ / F(w) k?%(w)(sza(w)

D
= /D<f 0 :)(w) |(ks 0 6.)(w) >
- /D (f 0 62)(w) [(k= 0 62) (1) 2 s (1) 2 dAa (w)
- / (f 0 62)(w)dAq(w).

D

a 2
B E ()] dAa(w)

This proves (¢). To prove (ii), let f € LI(ID), dA,), a €D, z € D. Then
Bal(f o 6a)(2) = /D (f © 6a 0 62) (w)dAq(w)

/(focba)( ) K272 ()

/ F(w) | (kz 0 ¢0) (W) 2T [ka(w) P T dAn (w)

2
dAq(w)
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/ £(w) [kl )] ddaw)
= (Baf)(¢a(2)) = (C{Y Baf)(2).
Thus BoC\Y = C{YB, for all a € D. This proves (i). 0
Lemma 3. A function ¢ € L*(D,dA,) is harmonic if and only if Bod = ¢.

Proof. If ¢ € L'(D,dA,) is harmonic, then so is ¢ o ¢, for any a € ID; by the mean
value property,

_ /D (6 (w))dAa(w) = (60 $.)(0) = ¢(2).

Conversely, if By,¢ = ¢ then ¢ is harmonic. This follows from [1]. O

From Lemma 3 it is not difficult to see that if ¢ € L'(D,dn,) then By¢ = ¢ if
and only if ¢ is harmonic. This is so as L'(ID,dn,) C L'(D,dA,).

3 An ergodicity property of the Berezin transform

In this section, we consider a bounded real-valued subharmonic function ¢ on
D. We show that if T is a bounded linear operator from L2(dA,) into itself, and

G(w) = HTK&Q)HP, weD, 0<p<oothen BJG is subharmonic for all n € N and
B¢ — 1, the least harmonic majorant of G.

Definition 1. Let ¢ € L'(D,dA) is a real-valued subharmonic function on D. If
there exists a real-valued function g € L'(ID,dA) harmonic on D and such that
g(z) > ¢(z) for all z € D, then we say the function ¢ admits an integrable har-
monic majorant. The harmonic function ¢ € L'(D, dA) is called the least harmonic
majorant of ¢ if ¥(z) < g(z) for all z € D if g € L'(D,dA) is any other harmonic
majorant of ¢.

Given a bounded real-valued subharmonic function on D, the boundary values
of its least harmonic majorant can be obtained as given in Lemma 4.

Lemma 4. Suppose ¢ is a bounded real-valued subharmonic function on D. Define ¢
onT={2€C:|z| =1} by ¢p(e') = lirr% sup ¢p(re™). Let v be the Poisson extension
r—

of ¢ |1 into D. Then v is the least harmonic magjorant of ¢ and ¢ € L>°(D).

Proof. Let g be the least harmonic majorant of ¢. Except for e in a set of zero
measure (arc-length measure), we get

li it > i it — it — i it )
lim g(re”) > limsup ¢(re”) = ¢(e") = lim ¢ (re”)

The bounded harmonic function g — has nonnegative radial limits a.e. on T; hence
g > ¢ on . We shall show that g < ?. Since harmonicity and subharmonicity is
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invariant under Mdbius transforms, we need to show only that ¢(0) > ¢(0). Without
loss of generality, we may assume ¢ < 0; hence also g < 0, ¥ < 0. Using Fatou’s
Lemma [9] to the function ¢ — ¢(re), we obtain

1 I . 1 2m ]
0= g [ gty = s - [ oty
1 [ o
= lmor f, oreDdt =90
The function ¢ € L>°(D). For proof see [4]. This proves the lemma. 0

Theorem 1. If ¢ € L>°(D,dA) is a real-valued subharmonic function on D then
(i) B{¢ — 1, the least harmonic majorant of ¢. (ii) Bi¢ are subharmonic for all
n € N.

Proof. Let ¢ € L>°(D,dA) be a real-valued subharmonic function on D. Define ¢ on
T by ¢(e) = lirr% sup ¢(re). Let 1 be the Poisson extension of ¢ |t into D. Then
T—

1 is the least harmonic majorant of ¢ and ¢ € L>(D) C LY(D,dA). From [5], it
follows that for all v € D,

o) = wla) + 7 [ Inlou(w)Pr(w)

for some positive Borel measure v on D. IHQCase ¢ is twice continuously differentiable,
dy(w) = (A¢)(w)dA(w) where A := 4% is the Laplace operator. The measure
ndry is called the Riesz measure of ¢. Let h(w) = In|w|?. Notice that |¢,(w)| =

(). Hence ¢(u) = p(u) + 1 /D (h 0 éu) (u)dr(w). Thus
Bod(z) = Boi(z / ka2 / (h 0 bu) (u)d (w)dA(u). )

Further since ¢ € L'(ID, dA) is harmonic, hence it follows from [7] that 1o¢,,u € D is
also harmonic. Using the mean value property of harmonic functions [3], it follows

that for all 2 € D, (Both)(z) = / (1 0 ) (w)dA(w) = (b 0 6.)(0) = 1(2). Now
¢ <, € L®(D) c L' (D,dA) anﬂzl By = 1. It follows from (2) that

(Bud)(2) = 0()+ [ )P [ (o u)wdr(w)dAGw).

Further as the integrand above is nonpositive, we may interchange the order of
integration to obtain

(Bod) () = 0(2) + § [ Bolhio6,)(2)(w)
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Thus by repeating this process, n times we get
n 1 n
(Byd)(2) = ¥(2) + /DBO (h o ¢w)(z)dy(w). (3)

Now we shall show that B{(h o ¢y,)(2) — 0 as n — oo for all z,w € D. It follows
from Lemma 2 that B{(h o ¢,) = (B{jh) o ¢y. So we need only to show that
BZh — 0. Recall that h(w) = In|w|? and a straightforward calculation shows that
Boh(w) = |w|*> — 1. Thus h < Byh. Repeating this process, one can show that
h < Boh < Bih < B3h < --- < 0. Thus the limit ©(w) := 7}1—{20(38@(10) must exist
and © < 0, and from the Lebesgue monotone convergence theorem, By© = 0. We
shall show that © = 0. Suppose © # 0. Since 0 > O(w) > (Boh)(w) = |w|* — 1, we
get llilrn1 O(w) = 0 and therefore © must attain its infimum at some point zy € D.
w|—r

Suppose zg = 0 (replacing © by ©¢¢,, otherwise). Then

0(0) = (ByO) (w) = /

[ 6u)aw) > inro(w) / dA(w) = ©/(0),

D

which is a contradiction. Thus Bg(h o ¢y,)(2) — 0. Now because v is a positive
measure, using Lebesgue monotone convergence theorem [9] we have B¢ — 9
as n — oo. This proves (i). To prove (ii), let 0 < r < 1. Since Byp(z) =

27 ) 1 27 )
w(z)+}l/Bo(hoqbw)(z)d'y(w),we obtainzlﬂ/ (Bog)(re)dt = Py PY(ret)dt+
D 0 T Jo
1 2 )
o Bo(h o ¢y)(re")dy(w)dt. Since By(h o ¢y,)(z) < 0 for all z € D, we may in-
T Jo

27 )

terchange the order of integration. Hence we obtain 5- / (Bog)(re™)dt = 1(0) +
0

1 1 2w )

4/ (2/ By(ho ¢w)(re”)dt> dy(w). The function By(ho¢y)(z) = |dw(2)?—1

D \ 47 Jo
2m )

is a subharmonic function of z. Hence we obtain 5= Bo(h o ¢y)(re®)dt >

0

2m
By(h o ¢y)(0). Thus

1 27

5 | (Bog)(re)dt = v(0) + 5 / Bo(h o ¢u)(0)dy(w) = (Bo¢)(0),

™ Jo 4 D

for 0 < r < 1. Repeating the same procedure for ¢ o ¢, a € D, one can show that
B¢ satisfies the sub-mean value property and that By¢ is subharmonic on D. Since
¢ < we obtain By¢ < By = 1. Thus By¢ has an integrable harmonic majorant.
We may proceed by induction to show that B¢ is subharmonic for all n € N. This
proves (i7). O
Theorem 2. Suppose T € L (L%(dA,)) and 0 < p < oo. Let Gw) =
HTKI(UQ) p, w € D. Then ByG is subharmonic function for alln € N and B{G — 1,

the least harmonic majorant of G.
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Proof. Without loss of generality, we shall assume that 7" # 0. We shall first show
p

that HT Kq(ﬂa) H is a real-valued subharmonic function on D and the result will follow

from Theorem 1. Notice that the function G has isolated zeros in D. Further, away

ya
from the zeros of G, it follows that since G(w) = <TK1(Ua), TKl(Ua)> ?. we have

o6 _¢ (K. TRV (R TR

« 0 1 (a+2)(1 — zw)*H (—2) (v +2)z
(*_ 7 - _(_ =
where K™ = on @ —zmper — )1 —zp)pers (1 — zw)ot3

Differentiating one more time, we get using Cauchy-Schwarz inequality that
0’G B
owow
+

(3 - 1) <TK1§,Q>,TK(C“>>§72 <TK5?>*,TK(C“>> <TK(Q),TK(Q)*>

5 by by
<TK§;“>, TKl(,f“)>%7l <TK5§“>*, Tnga>*>

(- |

p—4

. 2 —2 .
(T ,TKg,a)>‘ +§HTK§§0 ! HTKg")

|
o 1) <TK£,Q)*,TK,L(UO‘)>‘2 n HTK&Q)HQ HTKfﬂ)* 2]

2 [fref e - e )

p—4 (p

v

p—4r

IR N® Y NRNIT o

i + [ w2

e

e

- [ i)
> 0.

Hence G is a subharmonic function [7] on D. The result follows from Theorem
1. O

4 Schatten class operators in £ (L2(dA,))

In this section, we describe the Schatten class characterization of a bounded
linear operator T from L2(dA,) into itself in terms of the generalized Berezin
transform of 7. Further we show that if T > 0 or T' € Sy, then tr(T) =

(a+1) /(BQT)(z)d)\(z). Further, we have shown that if A is compact and positive
D

and 0 < p < 1, then /Ba(Ap)(z)d/\(z) is finite if and only if Z ‘<A§(za)a§(1a)>‘p is
2 n=1

finite for some orthonormal basis {gff)} in L2(dA,).
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Lemma 5. Suppose T € L (L%(dA,)) and T > 0. Let f € L2(D) with || f|| = 1.
Then

(i) (TPf, f) = (Tf, [)F forallp>1;
(it) (TP f, [) < (T'f, )P for all 0 <p < 1.
For proof see [12].

Theorem 3. Suppose T' € L (L%(dAs)) and assume that either T >0 or T € Si.
Then

tr(T) = (a+1) / (BaT)(2)dA(2), where dA(z) — —PAC)

5 (1-1=P)"

(o.¢]
Proof. Consider the orthonormal basis ena)} . of L2(dA,). Then
n=

{
tr(T) = i <Te£za),e,(f‘)> = i/ <Te£la)> (z)egla)(z)dAa(z)
n=1 n=1p
= S [ {76 K@) @ mda (s
;#n KO ()4 (2

s ey (@) (1-12P) aA)
= [T T
[t

(
_ (a+1)/<Tk;+37k;+;>M(Z>2
)

— (a+1) / (BoT)(2)dN(2).
D
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Theorem 4. Suppose T € L (L2(dAa)) and dA(w) = dAW) s the Mobius in-

(1-wl*)”

variant area measure on . Then the following hold:

(i) If 0 <p <2 and / HTkijr% pd/\(w) < oo then T € S).

(i) If 2 < p < oo and T € S, then / HTkHa d\(w) < 0.

(iii) The operator T is Hilbert—Schmz’dt if and only if
2
/HTkHQ _ 1/HTK1(UQ)
(a+1)
D

a||p
Proof. Let 0 < p <2 and assume / HT/-{:}UJFQ

dAq(w) < oo.

d\(w) < co. This implies

«a ay 2
/<Tk}f2,Tkif2 >2 d\(w) < oo

D
Now 0 < p < 2 if and only if 0 < § < 1. Hence

/<\T,pkl+2 k1+ >d/\(w) —/<(T*T)5k3f3,ki+3>dx(w)
D
[ (o
D

D

e o 2
Ve 2 k') dA(w) < oo,

Therefore |T'|” € S;. This implies T € S,,. For more details see [12]. The proof of
(i) follows. For the proof of (ii), assume 2 < p < oo and let T' € Sp,. Then it follows

from [12] that |T|P = (T*T)% € S;. By Lemma 5 and Theorem 3
/HT;&J‘; "d\(w) = /<Tk1+3 The >§d)\(w)
D

D

a ay B
<(T*T)k}ﬁ, ko' >2 X\ (w)

p1+

<( TV ko' 2 ko' 2 >d)\(w)

<|T| ko 2 ke >d)\(w)<oo.

ot @& o

When T € Ss, then it follows from (i) and (ii) that / HTk;iU*%

/HTk1+ /HTK

dA(w) (1 _ ’w|2>°‘+2

2
1= |w]?)

2
dA\(w) < co. But
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“a+ ) (1 wP) " dAw)

’ dAq(w).

The result follows. O

Corollary 1. If ¢ is a non-negative function on D, then
Tr(I) =@+ 1) [ G0N,
D

Proof. From Theorem 3 and Fubini’s theorem [9], it follows that
Tr(T4)) = / (Toh 2 R ) K2, 2)dAu(2)
D
_ / K©(2, 2)d Ay (2) / B(w)
D D
2
- / dAu(2) / o(w) ‘K(a)(z,w)‘ dAu(w)
D D
2
—/qﬁ(w)dAa(w)/ ’K(a)(z,w)‘ dA.(2)
D D

_ / ¢(w)K(O‘)(w,w)dAa(w)
/¢ — |w?)*dA(w)

|’U)| )a+2

a+1/¢> +1/¢> YA (w

Corollary 2. If p > 1 and ¢ € LP(D, d), then T € S,.

a 2
B (W) dda(w)

Proof. We only need to prove the result for p = 1. The case p = +o0 is trivial. The
result will follow by Marcinkiewicz interpolation theorem [9].

Suppose ¢ € L*(D,d)\) and let {e,(la)} be an orthonormal basis in L2(dA,). For

any n > 1,
<T¢(>a)€5ta)> 655‘)> = /D \e%"‘)(z)f d(2)dAn(2).

Thus

> |(riee. )| < [ i e 16(2)ldAa ()
< [ K. 2)lo(ldAa()
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- [l

=(a+1) /D \(f)(z)]d)\(z) < 0.

From [12], it follows that Téa) € Sp and HT{;O‘)‘ . <
1

(o + 1)/D|¢(z)|d/\(z). O

Definition 2. A sequence {w,} in D is called a sampling sequence for the weighted
Bergman space L2(dA,) if there exists a positive constant C' such that

— > a+2
CTHUAIP <Y (1= lwal®)™ If (wa) P < CIFIP (4)
n=1
for all f € L2(dA,). This condition can be written as
_ — 1+4\ |2
CR <Y [(fkn )] < CIAI
n=1

A sequence {h;a)} in L2(dA,) is called a frame for L2(dA,) if there exist positive
constants M and My such that

MR < 3£ < 2l
n=1

for all f € L2(dA,). The numbers M; and M, are certainly not unique. The optimal
upper constant, inf My will be called the upper frame bound for {hﬁf“)}. Similarly

the optimal lower constant, sup M7 will be called the lower frame bound for {hﬁf‘)}.
A frame is called tight if its lower and upper frame bounds are the same. Also a
frame is called Parseval or normalised tight if its lower and upper frame bounds are
both 1. For more details about frame and sampling sequence refer [2].

It thus follows from [6],[10] and [11] that {wy} is a sampling sequence for the

weighted Bergman space L2(dA,) if and only if the sequence {k:}l;:%} is a frame in
L2(dA,).

Lemma 6. Let { (o )} be an orthonormal basis for L2(dA,) and {h( )} be a frame

for L2(dA,) for fized a with upper frame bound equal to Ly and lower fmme frame

bound equal to L1. Define E : L?(dAs,) — L2(dAy) by E (Z bkfl(ga)> Z bih,, (@),
k=1
Then E € L (L%(dAa)) and /L1 < ||E|| < /Ly and EE* is invertible on L2(dA ).

Proof. Let g € L2(dA,). Then it follows from Cauchy—Schwarz inequality [9] that

(o) /-t <ot
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2
< Lollgl?

N
> bigy”
k=1

where Lg is the upper frame bound for { %a)}. By the Hahn-Banach Theorem [8],

o0

E extends to an operator in £ (L2(dA,)) with ||E||* < Ly and Z lbp|* < oo. If
k=1

<g, h,(ga)> = 0 for all k, then it follows from the Definition 2 that g = 0. Therefore,

RangeE = L2(dA,). For any vector g € L2(dA,), we obtain

B =Y (0.0 e = 3 (0 B )6 = 3 (0.0 €

n=1 n=1 n=1

o
2
Hence ||E*g|?> = Z ‘<g, h%a)>‘ > Ly||g||%, where L is the lower frame bound for
n=1

{h%a)}. This implies |E||?> = ||E*||*> > L; and E* is one-to-one and RangeE* is

closed. Again, for any g € L2(dA,), we obtain Li|g||*> < |[E*g||? = (EE*g,g) <
IEE*g|||lgll. Therefore, ||[EE*g|| > Lil|g| for all g € L2(dA,) and EE* is one-
to-one. Further, RangeEE* is closed. As (RangeEE*)* = ker(EE*) = {0}, the
operator FE* is onto and thus EE* is invertible. O

Lemma 7. Let A € LC (L2(dAn)) and 2 < p < oo. Then the following are equiva-
lent. (i) / Bu(JAPP)(2)dA(z) < oc.
D

(ii) Z AP < 0o for every orthonormal basis {57([)‘)} in L2(dAy).

n=1
(iii) Z AR ||P < oo for every frame {hﬁf)} in L2(dAy).
n=1
Proof. From [12], it follows that A € S, if and only if |A|P € Sy, p > 1. Further from
Theorem 3, we obtain |A[P € Sy, p > 1 if and only if/ <|A|pk‘;+%,ki+%> dA\(z) <
D

0o. Thus (i) is equivalent to say that A € Sp,. Thus it follows from [12] that (i) is
equivalent to (i7). Further, (iii) implies (i7) as every orthonormal basis is a frame.

To show (i) implies (éii), consider an orthonormal basis {ﬁr(fy)} and frame {h%a)}

for L2(dA,) and consider the operator E defined in Lemma 6. If (i) holds, then
S = AFE € S,. Further, applying condition (i7) to S we obtain

D AR =Y AP = (196 < oo,
n=1 n=1 n=1

Thus conditions (), (i), (iit) are equivalent. O
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oo
Remark 1. Tt follows from [12] that ||A|l = supz |AE()||P where the supremum
n=1
is taken over all orthonormal bases {55{1)}. Since every orthonormal basis is a frame
with frame bounds equal to 1, we obtain

1AL = sup Y [|AEM P < sup Y ARGV, (5)

Thus
ZHAh [P = ZHAEf 7 < [[AE]D.

Further, it follows from [12] that |AE|, < ||Al|p||E|. Hence we obtain using
Lemma 6 that ||AE||p < ||Al|, wherever the frame {hﬁf")} has upper bound < 1.

Thus supz | AR 5 < [|A]|} where the supremum is taken over all frames
n=1

{h,(la)} with upper frame bound less than or equal to 1.

Lemma 8. Let A € LC (L2(dA,)) and 1 < p < oo. Then the following are equiva-
lent.

(i) /D Ba(AP)(2)dA(2) < 00

(i1) Z ’<A§£La),§(1a)>‘p < oo for every orthonormal basis {5,(1&)} in L2(dAy).
n=1

(i43) i ’<Ah7(1°‘), h;a)>)p < oo for every frame {h%a)} in L2(dAy).
n=1

Further, if A= A* then

Al = sup 3 [( 46l € —supZK RIS
n=1

where the first supremum is taken over all orthonormal bases and the second supre-
mum is taken over all frames with upper frame bound < 1.

Proof. Assume 1 < p < co. The equivalence of (i) and (i) follows from Theorem 3
and [12]. Further (iii) implies (ii) as every orthonormal basis is a frame in L2(dA,,).
To prove (i) implies (i77), we shall first assume A > 0. Then A = S*S where S is

2
the square root of A. Further HSh%a)H = <Ah§f‘),h$fé)> and hence (i) implies (7i7)
follows from Lemma 7 and the fact [12] that A € S, if and only if S € Sy,. If A
is not positive we can write [12] as A = (A1 — Aa) + i(As — A4) where each Ay, is
positive and each A € S,. From the first part, since each Ay, is positive it follows
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that Z ’<Akh£f), hgf‘)>‘p < oo for 1 < k < 4. Therefore it follows from Minkowski

inequality that Z ‘<Ah£la),h£f‘)>)p < o0. From the canonical decomposition for

self-adjoint Comp;ct operators and since every orthonormal basis is a frame with
the frame bounds 1, we obtain

|AID < supi ‘<A£7(La),§,(la)>‘p = supi ‘<Ah£f‘), hﬁf‘)>‘p.
n=1 n—1

If {h%a)} is a frame with upper frame bound 1, then by the norm estimate for F in
Lemma 6, we obtain Hh,({l) | <1 for all n. Thus from Lemma 7, it follows that

S| anie we)|” Z AR < AL,
n=1

This shows that 5upz ‘< h(a)>’ < ||A||P. This completes the proof of the
lemma. H

Theorem 5. Let A € LC (L2(dAy)) be positive and assume 0 < p < 1. Then the
following are equivalent:

(1) /Ba(Ap)(z)d)\(z) < 00
D
(ii) Z ’<A£7(la),§7(la)>‘p < oo for some orthonormal basis {57(106)} in L2(dAy).
n=1
> P
(iii) Z ‘<Ah£f‘),h£f‘)>) < oo for some frame {h%a)} in L2(dA,).
n=1

In this case HAH%Z = infi )<Ahq(f),h1(f‘)> P
n=1

Parseval frames {h%a)} in L2(dAy).

, where the infimum is taken over all

Proof. 1t follows from [12] that if A > 0 and p > 0 then A € S, if and only if
AP € S;. From Theorem 3, it follows that if A > 0 then AP € S; if and only

if / <Ap/<:”2 e >d/\(z) < 0. Thus (i) holds if and only if A € S,. Assume
D

0<p<1 A>0.
To prove (i) implies (i), let Af = Z)\ u{® be the canonical de-

composition of A where )\( o)

di < ooand{ (a)} is
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the singular value sequences of A and {u,(@a)} is an orthonormal set in L2(dA,).

Since A is positive, hence )\%a) > 0 for all n and we obtain Af = 0 if and only

if < 1, ugf)> = 0 for all n. Thus if {u,(f) } is an orthonormal basis for kerA,

then {57(10‘)} = {u,(la)} U {uﬁf“) } is an orthonormal basis for L2(dA,). Now since

Aul® = /\%a)ugza), for all n and {)\7(10‘)} € [P, we obtain

nizo:l ’<A£7(La)’£’r(la)>‘p = ni::l ’<Au7(1a)7u$f‘)>‘p - ni::l ()\gla)>p — HAHJIZ < 0.

For the proof of (ii) implies (i), refer to [12].
Notice also that whenever {<A§7(1a),fr(za)>} € [P where 0 < p < 1, then

Al = 14717 = 3 [( 4Pl 6] < 30| (Ae, )] < o0
n=1 n=1

and HAH? =inf ) <A§,(1a) , éa)>’p where the infimum is taken over all orthonormal
n=1

bases {&({1)}. The condition (ii) implies (iii) follows since every orthonormal basis

is a frame with both upper and lower frame bounds equal to 1. Further,
inf " ( 5 ‘<Ah$f“), h,ga>>]” <t} ‘<A§,<ﬁ>, 5;1>>(p,

n=1 n=1

h(a)

where the first infimum is taken over all frames { n } with lower frame bound

)

at least 1 and the second infimum is taken over all orthonormal bases {5,(10‘)}. To

prove (iii) implies (i), let {<Ahq(@a),h$f‘)>} € [P for some frame { ,(f‘)}. Now let
D = FE*AE. Then D > 0 and

(D, €y = (B ABED &) = (ABE™, B ) = (AR, b))
Hence {<D£T(La), ,(1&)>} € [P. Thus from the equivalence of (i) and (ii), it follows
that D € Sp. As the space S, is a two-sided ideal in £ (L2(dA,)), the operator

(EE*)A(EE*) = EDE* € S, 6)

Multiplying both sides of (6) by (EE*)~!, we obtain A € S,,. Hence (iii) implies

(). Now let {hﬁf‘)} be a frame with lower frame bound > 1. We shall show now

that -
HAH‘:; < Z thla) 2(1-p) <Ah7(la),h$f‘)>. %
n=1
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Suppose the right hand side in (7) is finite. Otherwise the inequality is trivial to
check.
Assume h{® # 0 for all n. From [12], we obtain

. i hT(f‘) 2(1-p) <Ah7(1°‘),h,(f)>p
n=1
50 (@ (@) \P
. (a) 2 hn hn
- el ()
@l gp b B - (@) 1 ()
> nzl B A‘h%a) TheT nZl<Ahn  hlo >

Since (i) and (iii) are equivalent, it follows that AP € S;.
If APf = Z ,u < 1 uk >u,(€a) is the canonical decomposition for AP, then

(arni? ,h<")> Zuk

{h%a) } is > 1, it follows from Fubini’s theorem [9] and [12] that

2
< n ),u,ga)>‘ for each n. Since the lower frame bound of

> (arn ) = kz_;ﬂ;&a>;b<wuw>!2

n=1
(a)H H =§:u,§a)=||Ap|!1=||AH§-
k=1

Y

Thus [|AJ|? = infnijl ‘<A§7§“),§§f‘)>‘ — inf z 2w <Ah$f‘), h,(f‘)>p,

where the first infimum is taken over all orthonormal bases and the second infimum
is taken over all frames with lower bound > 1.

B

2(1— p)< hgf‘),h,(f‘)y < i<Ah$La)ah7(1a)>p
n=1

and therefore || A[/” = inf Z <Ahna),h( )>

If hff‘) is a Parseval frame, then we obtain )
that

, where the infimum is taken over all

Parseval frames {h%a)} as every orthonormal basis is a Parseval frame. O

Corollary 3. Let A € LC(L2(dA,)) and 0 < p < 2. Then the following are
equivalent.

(i) /D Ba(JA]P)(2)dA(2) < co.
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(ii) i HA&(LQ)HP < oo for some orthonormal basis {fﬁla)} in L2(dAy).
n=1
(iii) io:l HAtha)Hp < oo for some frame {h,({l)} in L2(dAy).

Proof. Let H = A*A and apply Theorem 5 to H. The result follows from the fact
that an operator A € S, if and only if H € S5,/ and <Hh$1 )’ hn > HAh H

Corollary 4. Let A € LC (L2 (dAa)). Then A belongs to the Hilbert Schmidt class

2
Sy if and only if Z HAkw" < oo where {wy,} is a sampling sequence for the
n=

weighted Bergman space L2(dAy).

Proof. Notice that {w,} is a sampling sequence for L2(dA,) if and only if the se-
quence {kllutg} is a frame in L2(dA,). For proof see [6] and [10]. To establish the

corollary, observe that the following are equivalent:

(i) A€ Ss.
) i HAhﬁf‘) ‘2 < oo for every frame { hﬁla)}_
(iii) HAh < oo for some frame {h,(f‘)}.

This follows from Lemma 7 and Corollary 3 and from the fact that A € Ss if and
only if A*A € S; and <A*Ah% ),hn > HAh(a H Thus A € S5 if and only if

oo a2
> HAk};;Q < 0o where {wy,} is a sampling sequence for L2(dA,). O
=1

Corollary 5. Let A € £C (L2(dAa)) and assume A > 0. Then A € Sy if and only
if > < 2;;2 ,kH > < 00 where {wy,} is a sampling sequence for L2(dA,).

n=1
Proof. Notice that if A € £LC (L2(dAa)) and A > 0, then the following are equiva-

lent:

(i) A E Si.

(ii) Z <Ahn ,h(a)>‘ < oo for every frame {hﬁla)} in L2(dA,).

(iii) Z <Ahq(1a), h$f”>‘ < oo for some frame { 1(1&)} in L2(dA,).

Thisnfzhows from Lemma 8 and Theorem 5. Now since {w,} is a sampling sequence
for Lz*(D), hence {k:}l,t% } is a frame in L2(dA,) and therefore nil <Akllu—:%, k};;%> <
oo as A € S is positive. O
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