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Abstract

In this paper we study under which conditions the binary
topological groupoid with some algebraic properties can be
“transformed” into a topological quasigroup with the same al-
gebraic properties.
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1 Introduction

The results established are related to the results of M. Choban and L.
Chiriac in [2] and to the research papers [1,3,4,5,6]. Our main goal is
to prove a new connection between groupoids and quasigroups. It is
shown that if P is an open compact neighborhood of an (2, 1)-identity
e of an Ward quasigroups G, then P contains an open compact Ward
subquasigroup @ with (2, 1)-identity e. We study properties of AG-
and AD-topological quasigroups with multiple identities.

2 Basic Notions

A non-empty set GG is said to be a groupoid relatively to a binary op-
eration denoted by {-}, if for every ordered pair (a,b) of elements of G
there is a unique element ab € G.
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A groupoid (G, ) is called a quasigroup if for every a,b € G the
equations a - x = b and y - a = b have unique solutions.

A groupoid (G, -) is called medial if it satisfies the law zy-2t = zz-yt
for all z,y,z,t € G. A groupoid (G, ) is called paramedial if it satisfies
the law xy - 2zt =ty - zx for all z,y, z,t € G.

A groupoid (G, -) is called bicommutative if it satisfies the law zy -
zt =tz - yx for all x,y,2,t € G.

A groupoid (G, -) is said to be subtractive, if the following conditions
hold: b-(b-a) =a and a-bc = c- ba for all z,y,z,t € G.

A groupoid (G, -) is called AD-groupoid if it satisfies the law a-bc =
c-ba for all a,b,c € G .

A groupoid (G,-) is called a groupoid Abel-Grassmann or AG-
groupoid if it satisfies the left invertive law (a - b) - ¢ = (c-b) - a for
all a,b,c € G.

We define a Ward groupoid as any groupoid (G,-) containing an
element e € G such that a> =a-a=cand (a-b)-c=a-(c-(e-b)),
for all a,b,c € G. A groupoid (G, ) is called a Schroder Second Law
groupoid if it satisfies the law (ab) - (ba) = a for all a,b € G [6]. The
identity (ab) - (ba) = b for all a,b € G is known as Stein’s Third Law
[6]. The concept of (n,m)-identities was introduced by M.M. Choban
and L.L. Chiriac in [3].

3 Main Results

We study the problem formulated below from several perspectives.
Problem. Under which conditions the binary topological groupoid
with the algebraic properties P;, P, ..., P, can be "transformed” into a
topological quasigroup with the algebraic properties Py, Ps, ..., Py?
Theorem 1. If (G,-) is an AG and AD-multiplicative topological
groupoids and the following conditions hold:

1. 2> =x-x =1 for every x € G,

2. (zy) - (yx) =x for all z,y € G.

3. if xa = ya then x =y for all x,y,a € G,
then (G,-) is a Schrider, medial, AG and AD-topological quasigroups.
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Example 1. Let G = {1,2,3,4}. We define the binary operation
7 (O)”:
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Then (G, o) is a Schroder, AG and AD-non-associative quasigroup.
Theorem 2. If (G,-) is an AD-multiplicative topological groupoids
and the following conditions hold:

1. 2> =x-x = for every x € G,

2. (zy) - (yx) =y for all x,y € G.

3. if xa = ya then x =y for all x,y,a € G,
then (G,-) is a Stein and AD-topological quasigroup.

Example 2. Let G = {1,2,3,4,5}. We define the binary operation
7(0)”:

125145
1 1141523
2 (3211154
3 415]3]1]2
715131241
5121|435

Then (G, o) is a Stein and AD-non-associative quasigroup.
Theorem 3.If (G, ) is an AD-multiplicative topological groupoid, e €
G and the following conditions hold:

1. xe = x for every x € G,

2. 2> =x-x=e for every z € G,

3. if xa = ya then x =y for all x,y,a € G,
then (G, -) is a Ward, subtractive and AD-topological quasigroup with
a (2,1)-identity e.
Theorem 4. Let (G,-) be a Ward topological quasigroup with an
(2,1)-identity e and 2% = e for every x € G. If P is an open compact
neighborhood such that e € P, then P contains an open compact Ward
subquasigroup (Q,-) with an (2,1)-identity of (G, ).
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