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Abstract

The problem of the existence and determining stationary
Nash equilibria for stochastic positional games with discounted
and average payoffs is considered. We show that, for a stochastic
positional game with discounted payoffs, there exists a Nash equi-
librium in pure stationary strategies and, for a stochastic posi-
tional game with average payoffs, there exists a Nash equilibrium
in mixed stationary strategies. Some approaches for determining
pure and mixed stationary equilibria in such games are proposed.

Keywords: stochastic positional games, average and dis-
counted payoffs, pure and mixed strategies, Nash equilibrium.

1 Introduction and problem formulation

Stochastic games were introduced by Shapley [1]. He considered two-
person zero-sum games for which he proved the existence of the value
and the optimal stationary strategies of the players with respect to a
discounted payoff criterion. Later this result has been extended for
m-player stochastic games with discount payoffs of the players [2, 3].
For average stochastic games, stationary Nash equilibria is known to
exist only for some special classes of games. In general, the problem
of the existence of Nash equilibria for average stochastic games is an
open problem, however, for some classes of games (as example for zero-
sum average stochastic games), has been proven the existence of Nash

equilibria in non-stationary strategies.
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In this contribution, we consider a special class of stochastic games
with average and discounted payoffs for which Nash equilibria exist.
This class of games has been considered in [4] as a generalization of
deterministic positional games; we called this class of games stochastic
positional games. A stochastic positional game with m players is deter-
mined by the following elements: A finite set of states X; a partition
X =X1UXoU---UX,,, where X, represents the position set of player
i€ {1,2,...,m; a finite set A(x) of actions in each state x € X; a step
reward riﬂ with respect to each player i € {1,2,...,m} in each state
x € X and for an arbitrary action a € A(z) and a transition probabil-
ity function p : X x [[ A(z) x X — [0, 1] that gives the probability

zeX
transitions pj , from aen arbitrary x € X to an arbitrary y € X for a
fixed action a € A(z), where %pg,y =1,Vr e X,a € A(x).
The positional game start?é at the moment of time £ = 0 in a given

state g € X, where the player i € {1,2,...,m}, who is the owner
of the state position xg (xg € X;), chooses an action ag € A(zg) and

determines the rewards r. r2 rit . for the corresponding

x0o,a0’ " Xo,ap’ " " 7" X0,a0

players 1,2,...,m. After that the game passes to a state y = x1 €
X according to a probability distribution {p3% ,}. At the moment of
time ¢ = 1, the player £ € {1,2,...,m}, who is the owner of the

state position z1 (x1 € X}), chooses an action a; € A(x1) and players

1 2 m

1,2,...,m receive the corresponding rewards 7, o, 7% 4151 Ta a;-

Then the game passes to a state y = x5 € X according to a probability
distribution {pj! ,} and so on indefinitely. Such a play of the game
produces a sequence of states and actions xg, ag, T1,a1,...,T, G, - ..

that defines a stream of stage rewards r;t’at,ri,at, N T
0,1,2,.... The average stochastic positional game is the game with

payoffs of the players

t—1
. 1 )
W;O - tllréloinf . (tzrzlvnaf> , 1=1,2,...,m,

7=0

where E is the expectation operator with respect to the probability
measure in the Markov process induced by actions chosen by players
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in their position sets and given starting state zg. Each player in this
game has the aim to maximize his average reward per transition. The
discounted stochastic positional game is the game with payoffs of the

players
"E077_E<Zry 1'7.’0,7_>7 7::1,2,-..,7’?/.

7=0

2 The main results

A stationary strategy of player i € {1,2,...,m} is a mapping s’ that
provides a probability distribution over the set of actions A(x;) for
every state x; € X;. If these probabilities only take values 0 and 1, then
s’ is called a pure strategy; otherwise, s’ is called a mixed strategy. A
pure strategy of player i is a mapping s' : # — a € A(x) for z € X that
determines an action a € A(z) for each state x € X, i.e., s'(z) = a.
The set of pure stationary strategies S? of player i is determined by the
set of solutions of the following system
> osha=1 VoeX;sh,€{0,1}, Vo e X;, Va € A(z),

acA(x)
and the set of mixed stationary strategies S’ of player i is determined
by the set of solutions of the following system

> osha=1,VeeX; sh,>0, Vo eX;, Vae Alx).

acA(x)

Let s = (s!,52,...,5™) be a profile of stationary strategies (pure
or mixed strategies) of the players. Then the probability transition
matrix P® = (pz,) in the Markov process induced by s can be cal-
culated as follows p3, = > ,ca() Sr.aPry T € Xt i =1,2,.

If Q° = (qz,) is the limiting matrix of P*, then the average payoffs
wl (s),w? ..., wm(s)of the corresponding players in a positional game

pots) o o

are defined as follows Wy (8) = 2kt 2oyex, €. Qoo 0= 1,2,
where Ty,sk = D ucA(y) S ’;a Tya fory € Xp, k€ {1,2,. m} The

discounted payoffs o (s),02 ,...,01(s) of the players in a positional

game are defined as o’ = D oyex WagyTys: ©=1,2,...,m, where wg
represent the elements of the matrix W# = (I — fyPs).

T,y
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We proved the following two theorems.

Theorem 1. The game in normal form ({Si}izm> {wfeo(s)}i:m )
has a Nash equilibrium which is a Nash equilibrium in mized stationary
strategies for the average stochastic positional game.

Theorem 2. The game in normal form <{Si}i:17m {U;O(S)}izm )
has a Nash equilibrium which is a Nash equilibrium in pure stationary
strategies for the discounted stochastic positional game.

3 Conclusion

For average and discounted stochastic positional games there exist Nash
equilibria in stationary strategies.
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