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Invariant Transformations of Loop Transversals
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Abstract

A special class of invariant transformations of loop transver-
sals in loops is investigated. Transformations from this class cor-
respond to arbitrary isotopies of transversal operations in loops.
Isotopies of loop transversal operations with the same unit 1 are
investigated.
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1 Introduction

In [6], the author gives a version of a natural generalization of the
notion of transversal at a suitable class of loops. As the elements of a
left (right) transversal in a group to its subgroup are representatives
of every left (right) coset to the subgroup, the notion of a left (right)
transversal in a loop to its subloop can be correctly defined only in
the case when this loop admits a left (right) coset decomposition by its
subloops (see [8] and the Condition A below).

Let a loop L and its proper subloop R be set, and Ty = {ti},cp
be a fixed loop transversal in L to R. How to describe all other loop
transversals in L to R? In other words, what kind of transformations
are admissible over a loop transversal Ty in order to get that the ob-
tained sets are loop transversals too? And how to describe the set of
all such admissible transformations?
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Generally speaking, such transformations are known, but not for
transversals, only for operations — they are isomorphisms, isotopies,
parastrophies (of a certain kind), isostrophies (of a certain kind) and
crossed isotopies (of a certain kind). But firstly, t hey a re transfor-
mations of operations (transversal operations, in particular) instead of
transversals; and secondly, only isomorphisms, isotopies, and isostro-
phies are well studied.

In the present work, the author investigates the transformations of
loop transversals that correspond to the well-known transformations of
transversal operations — to isotopies. Similar investigation of transfor-
mations of loop transversals in groups can be found in [7].

2 Necessary definitions and statements

2.1 Quasigroups, loops, and transversals in loops

Definition 1. A system (E, -) is called [2] a right (left) quasigroup
if, for arbitrary a,b € E, the equation x-a = b (a-y = b) has a
unique solution in the set E. If a system (E,-) is both a right and
a left quasigroup, then it is called a quasigroup. If, in a right (left)
quasigroup (E,-), there exists an element e € E such that

for every x € E, then the system (E,-) is called a right (left) loop
(the element e is called a unit or identity element). If a system
(E,-) is both a right and left loop, then it is called a loop.

Definition 2. (/8]) Let (L, -) be a loop and (R, -) be its proper subloop.
Then a left coset of R is a set of the form

zR = {xr|r € R},
and a right coset has the form

Rx ={rz|re R}.
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Definition 3. (/8/) A loop L has a left (right) coset decomposition
by its proper subloop R, if the left (right) cosets form a partition of
the loop L, i.e., for some set of indexes E, we have:

1. U (a;R) = L;
S

2. foreveryi,jEFE, i#j

(aiR) N (ajR) = .

Definition 4. (Left Condition A) The product on the left of an
arbitrary element a of a loop L and an arbitrary left coset R; of a loop
L by its proper subloop R is a left coset of the loop L by its proper
subloop R too, i.e., for every a,b € L, there exists an element ¢ € L
such that

a(bR) = cR. (1)

2.2 The concept of a transversal in a loop to its subloop.
Elementary properties

Definition 5. ([6]) Let (L,-,e) be a loop, (R,-,e) be its subloop and
let the left (right) Condition A be fulfilled. Let {R;},.p be a set of
all left (right) cosets in L to R that form a left (right) coset decompo-
sition of the loop L. A set T = {t;} .p C L is called a left (right)
transversal in L to R if T is a complete set of representatives of
the left (right) cosets R, in L to R, i.e., there exists a unique element
ty €T such that t, € R, for every x € E.

Definition 6. (/6]) Let (L,-,e) be a loop, (R,-,e) be its subloop, and
both left and right Conditions A are fulfilled. A set T = {t,},.p is
called a two-sided transversal in L to R, if it is a left and a right
transversal in L to R.

Remark 7. In Definitions 5, we assume that t; = e (for simplicity
and analogously to the case of transversals in groups).
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On a set F it is possible to define correctly the following operation:

T d
x(-)y:z g ty -ty =t, -1, where ty, t,,t, €T, reR, (2)

if T is a left (non-reduced) transversal in L to R, and

T d
:c(o)y:z e ty -ty =r-t,, where t,,t,,t, €T, reR, (3)

if T is a right (non-reduced) transversal in L to R.
Further we will study only the left transversals in L to R (the study
of right transversals is similar).

T
Definition 8. If a system < E, (-), 1 > is a loop, then the left transver-
sal T = {ty }zecE is called a loop transversal.

The following statement is known (see [6]):

T
Lemma 9. A system < F, “ ), 1 > is a left loop with the two-sided unit

1.

2.3 Representation of loop by cosets

Let (L, -, e) be aloop, (R, -, e) be its subloop, and let the left Condition
A is fulfilled in (L, -, e). Let T'= {t;},.p be a left transversal in L to
R and let define the following mapping;:

f : LxE->E,
[ (ge)2y=3(), (4)
glx) =y Y g-(tz-R)=t,-R.

By virtue of the left Condition A, this definition (a left action of the
loop L on a set E) is correct.

Lemma 10. The mapping g is a permutation on the set E, for every
element g € L.
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It follows from the previous Lemma, that we obtained a permu-
tation representation of a loop (L, -, e). Indeed, we have the function

(,02
v g—g,
¢ : L—LCSg,

(where Sg is the symmetric group on a set F), and multiplication of
permutations from L is defined as follows:

~ A A d .

gixir=0s € gi-gp=gs intheloop (L, e). (5)

Then it is easy to see that

p(g1) *9(92) = §1% G2 = g3 = g1 - 92 = (g1 - g2),
i.e., ¢ is a homomorphism of the loop (L, -, e) to the loop <ﬁ, *, id>.
Lemma 11. For an arbitrary left transversal T' = {t;} cp in a loop
L = (L,-,e) to its subloop R = (R,-,e) the following statements are
true:
1. VreR: (1) =1;
2. Vz,y e E:
- (T) .
by) =z "y, ;' (y) =2\y,
where t; 1 is the inverse of the permutation t, in Sg, and ”\” is

(T)7 1

the left division in the left loop (E, - ,1). Moreover,

Let us show how any two left transversals T" and P in a loop L to
its subloop R are connected.
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Lemma 12 (see also [5]). Let T' = {t;}zer and P = {ps}zcr- be left
transversals in L to R. Then there exists a set of elements {r(;)}zcE
from R such that:

1. py = txr(x) Vo € E;

2.2 y==x - f’a)(y), where 722170) s some suitable permutation

This set {r()}zer may be called a derivation set for transversal

(T)

T (and for transversal operation < E, ", 1 >).

Definition 13 (see [2]). A groupoid (E, o) is called an isotope of a
groupoid (E,-) if there exists three permutations «, 3,7y on E such that

Y(x-y) =ax)oBy), Vz,yec k.

In this case, the ordered triplet ® = («a, 8,7) is called an isotopy. If
~v =id, then the isotopy ® = (o, 8,id) is called a principal isotopy.

Lemma 14. If a loop (E, -, e1) is isotopic to a loop (E, o, e3), then it is
isomorfic to some principal isotop of a loop (E,o) (and this principal
isotopy has the form Ty = (L', Rb_l, id),a-b=ey).

Remark 15. If a loop (E,-, 1) is principal isotopic to a loop (E,o,1),
then this principal isotopy has a form Ty = (R;I,Lgil,id) for some
a € E (“Ya = a\1 is the left inverse element to a in the loop (E,-,1)).

3 The transformations which correspond to
isotopy of the transversal operations

As follows from Lemma 14, to investigate loop transversals trans-

T
formations, which correspond to isotopy of operations <E,(~), 1) and
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P
(E,('), 1), it is enough to study the case of principal isotopy Ty =

(L;l,R;\l\l,id) (as the transformations which correspond to isomor-
phism of transversal operations were studied earlier).
Let T = {ty},cp and P = {p,}.cp be two loop transversals in a
T P
loop L to its subloop R, and < F, (-), 1>and < F, “ ), 1 > be transver-
sal operations. Fix one of transversals, for example, T' = {t, },cp.
(T) (P) o
Theorem 16. Let the loops (E, -",1) and (E, -, 1) be principal iso-
topic and this principal isotopy has the form Ty = (R;I,Lgl,id) (note
T
that a(-)b: 1). Then

~

P=T-11
for some a € E.

Theorem 17. Let T' = {t;},.p be a fived loop transversal in L to R,
and a € E be an arbitrary element from the set E. Define the following
set of permutations:

Then

1. P= {px/}x’eE s a left transversal in G to H;

P
2. The transversal operation (E,('), 1) is principal isotopic to the
T
operation <E,(-),1), and principal isotopy S has the following
form: S = (R;{l,L(;l,id);

3. P is a loop transversal in L to R.
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