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a b s t r a c t

Amultiquantum integral equation for the longitudinal dielectric function is derived accounting for of pair
correlations. The Heisenberg equation of motion and fluctuation-dissipation theorem has been used to
calculate a microscopic polarization. It has been shown that a kinetic equation for a polarization may be
represented as a power series in fluctuations of instantaneous field near the mean field. Direct Coulomb
pair correlations have been evaluated explicitly bymeans of a fluctuation-dissipation theorem. The energy
and the effective mass of an electron of momentum k in the degenerate electron system and damping of
one-electron states have been computed at rs ≥ 1.

© 2009 Elsevier Ltd. All rights reserved.
1. General consideration

Correlation effects influencing the kinetic properties of semi-
conductors [1–3] and metals [4–6] are intensively studied at the
present time. Processes of photon emission and absorptionwith si-
multaneous creation of a few optical plasmons as typical electronic
eigenmodes induced by charge carriers correlations were investi-
gated experimentally and theoretically [1–3].
Physical properties of transition metals, correlation energy,

lifetimes of electrons, non-Fermi-liquid behavior and Cooper pair
formation have been investigated in [4–6].
In spite of the fact that all of these investigations [1–6]

quite naturally deal themselves, from the outset, with different
correlation effects, the theoretical approaches derived have some
common features. First of all there is a standard non-relativistic
many-body Hamiltonian given by the expression:

Ĥ =
∑
α,n,m

hαnmâ
+

nα âmα

+
1
2

∑
q,α

V ααq
∑
m,n,l,p

eiqrαl,n e
−iqrα
p,m â

+

lα â
+

pα âmα ânα,

V αβq =
4πeαeβ
Vq2

,

(1)
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where V αβq is the Fourier transform of Coulomb potential, â+iα , âf α
are the creation and destruction operators, n — collective index,
incorporated all the degrees of freedom. The l, p,m, n subscripts
represent the quantum numbers sets, describing the system of
one-particle eigen-states. The α = e, n index distinguishes
electrons and nuclei. The last term in Eq. (1) describes the repulsive
Coulomb interaction among electrons α = e and among nuclei
α = n. The matrix hαn,m parameterises operator

ĥα =
1
2mα

(
p̂α −

eα
c
Âα(rα, t)

)2
+ eα ϕ (rα, t)

+

α∑
β

∑
q

V α,βq eiqrα ρ̂βq

ρ̂βq =
∑
n,m

e
−iqrβ
nm P̂βnm, P̂αnm = â

+

nα âmα. (2)

Here p̂α is the momentum operator, rα is the radius vector of
particle with charge eα . The symbol α at sum after β means that
the term with β = α have to be excluded. Other designations are
standard.
The lagging response of a many-body systemwith Hamiltonian

(1) to the external longitudinal and transversal electromagnetic
fields perturbations, the charge density and the macroscopic
polarization are determined by the operator of microscopic
polarization P̂αif time dependence [1–5]. Thus, the problem reduces
to determination of expectation value
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Pαif (t) = 〈P̂
α
if (t)〉, 〈Â(t)〉 = Sp{ρ̂0Â(t)},

Â(t) = Û+(t)ÂÛ(t), Û(t) = T exp
(
−
i
h̄

∫ t

0
H(s)ds

)
,

(3)

where U(t) is the evolution operator. Angular brackets denote
averaging with the equilibrium density operator. In terms of
creation and destruction operators according to the formula (2)
the time dependence of the polarization operator P̂αif , has to be ab
initio derived from the Heisenberg equation of motion. Working
out commutators, one obtains

h̄
i

∂Pαif
∂t
=
h̄
i
Ṗαif =

∑
n

(hn iPαn f − P
α
i nhfn)

+

∑
q

V ααq
∑
m,n,l

(eiqrαln e
−iqrα
fm 〈â+lα â

+

iα ânα âmα〉

− eiqrαli e
−iqrα
nm 〈â

+

nα â
+

lα âmα âf α〉). (4)

The second part of Eq. (4) shows contributions due to correlated
four-operator terms. The dynamical Hartree–Fock (HF) like
approximation according to which

〈â+l â
+

i ânâm〉 = 〈â
+

l âm〉〈â
+

i ân〉 − 〈â
+

l ân〉〈â
+

i âm〉

= Pl mPi n − Pl nPl m (5)

provides what is believed to be a simplest approximation for
the solution of the many-body problem with Hamiltonian (1),
(index α is temporarily omitted). This way one obtains the well-
known Bloch equation. It is necessary to note that in all above-
mentioned different theories [1–6] the HF approximation is used
as the starting point. The HF factorization (5) yields a result for
microscopic polarization Pif (t)

h̄
i
ṖHFif (t1) =

〈[
Ĥ ′, P̂if (t)

]〉
= h̄ωH Fi f (t)Pif (t)+

i∑
n

h̃ifni(t)Pnf (t)−
f∑
n

h̃iffn(t)Pi n(t),

h̄ωHFif = h̃ii − h̃ff +
f∑
n

M ffinPin −
f∑
n

M iin f Pnf . (6)

This equation is mathematically identical to the Schrodinger
equation with mean-field Hamiltonian

Ĥ ′ =
∑
n,m

h̃nmâ+n âm, h̃nm = hnm +
∑
l,p

M l pnm Plp,

M l pnm =
∑
q

Vq(eiqrnme
−iqr
lp − e

iqr
np e
−iqr
lm ), h̃ifnm = h̃nm −M

i f
nm Pif .

(7)

Eq. (6) has to be considered a definition of the generalized
transition frequency h̄ωHFif (t). Besides the Hartree–Fock difference
of proper energies h̃ii − h̃ff of initial i and final f states (Koopmans
approximation), Eq. (6) takes into account the unscreened exciton
Coulomb interaction between the quasi-particle in f state and
quasi-hole in i state.
As is known, the random phase approximation supposes the

replacement of instantaneous field created by plasma with mean
field [5,7]. The microscopic polarization, calculated in the mean-
field HF approximation (6), can be used next for evaluation
of the response function, the light absorption coefficient, the
spontaneous recombination rate and so on [1–7]. It leads to
important consequences for the kinetic properties of solid states [5,
7]. Eq. (6) at the level of dynamical HF approximation allow to
including the generalized random phase approximation into the
consideration [5,7,8].
There are no difficulties in deriving an Eq. (6) with the use

of the HF decoupling scheme (5) but it is much more difficult to
establish the validity of such a procedure This work pursues two
goals. First, to carry out ab initioderivation ofmultiquantumkinetic
equation with a special emphasis on the many-body correlations.
In particular, we calculate the dielectric function ε(q, ω) with
account of fluctuations near the mean field in Eq. (4). Second, our
aim is to calculate the energy and the effective mass of an electron
of momentum k in the degenerate electron system and damping of
one-electron states at rs ≥ 1 (rs is the unit-sphere radius in Bohr
radii).

2. Multiquantum kinetic equation
To study the correlation contributions to kinetic equation

Eq. (4) one has to go beyond the mean-field HF approximation (6).
To extend the theory beyond the HF level we start by considering
the deviations of the exact terms from their corresponding HF
factorized parts

Ṗif (t) = ṖHFif (t)+ Ṗ
C
if (t). (8)

The quantity ṖCif (t) is defined as correlation part of kinetic
equation for microscopic polarization. There are some interesting
properties of it. First, the Hartree–Fock factorization scheme (5) is
explicit in the quasi-particle picture. Thus, first remarkable feature
of Eq. (8) is that in the quasi-particle picture (Ĥ → Ĥq) the
correlation part is identically zero

ṖqCif (t) = 0, P̂qif (t) = e
i
h̄ Ĥqt P̂if e

−
i
h̄ Ĥqt , Ĥq =

∑
nα

Enα P̂αnn. (9)

Another feature appears if one calculates the correlation part
ṖCif (t) (8) by means of the approximation, according to which only
term T exp( ih̄

∫ t
s V̂ (s1)ds1) in the exact expression for operator of

evolution

U(t)= exp
(
−
i
h̄
Ĥqt
)
−
i
h̄
U(t)

∫ t

0
T exp

(
i
h̄

∫ t

s
V̂ (s1)ds1

)
V̂ (s)ds,

V̂ = Ĥ − Ĥq (10)

may be expanded as power series in V̂ = Ĥ − Ĥq. Keeping the
first order terms to develop the equation ofmotion formicroscopic
polarization with account of correlation part ṖCif (t) we obtain for
arbitrary operator P̂(t) the result

P̂(t) = P̂q(t)+
i
h̄

∫ t

0

〈
[V̂ (t1), P̂(t)]

〉
dt1,

V̂ (t) = U+(t)V̂U(t).
(11)

Thus, the correlation part ṖCif (t) takes the form

ṖCif (t) =
i
h̄

∫ t

0
dt1

{
〈[V̂ (t1), ˆ̇P if (t)]〉

−
i
h̄

∑
n,m

(〈[V̂ (t1),
ˆ̃hnm(t)]〉〈[P̂nm(t), P̂if (t)]〉

+ h̃nm(t)〈[V̂ (t1), [P̂nm(t), P̂if (t)]]〉)

}
. (12)

Eq. (12) for ṖCif (t) can be further simplified by carrying out
partial decoupling. In terms of fluctuations of instantaneous field
near the mean field this approximate expression for correlation
part may be written as

ṖCif (t1) =
1
h̄2

∫ t1

0
dt2 {I(1, 2)− I(2, 1)},

I(1, 2) =
∑
n1m1

∑
n2m2

〈1ĥn1m1(t1)1
ˆ̃hn2m2(t2)〉〈1[P̂n1m1(t1),

P̂if (t1)]1P̂n2m2(t2)〉, 1P̂ = P̂ − 〈P̂〉 (13)
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where fluctuations near mean field are determined by equations

1ĥnm(t) =
∑
q

∑
β

V α βq e
iqrα
nm (ρ̂

β
q (t)− 〈ρ̂

β
q (t)〉),

1
ˆ̃hnm(t) = 1ĥnm(t)−

∑
q

V αβq e
iqr
np e
−iqr
lm (P̂lp(t)− 〈P̂lp(t)〉).

(14)

It is instructive to note here that the deviation of the first
order correction (12) and approximate equation (13) in the quasi-
particle picture vanishes. Hence, a further remarkable feature of
correlation part ṖCif (t) is that it may be represented as power series
in fluctuations 1ĥnm(t). Eq. (13) is obtained with account of pair
correlations.
Direct Coulomb interaction gives the contribution into the

correlator density-density, which is proportional to V 2q and
diverges as q−4 at q → 0, if we restrict the consideration
with second order correction of standard perturbation theory. To
avoid this difficulty some authors replace the unscreened Coulomb
potential by its screened value. But screening should result from
the proper treatment of correlations. The expectation value of
charge density operator’s multiplication 〈ρ̂q(t)ρ̂−q(s)〉, taken in
different time points in Eq. (14), specifies memory effects. It can be
precisely calculatedwithin the fluctuation-dissipation theorem [7]
and can be expressed in terms of structure factor or inverse
dielectric function

〈1ĥn1m1(t1)1ĥn2m2(t2)〉 =
h̄
π

∑
q

Vq
∑
n1,2m1,2

eiqrn1m1e
−iqr
n2m2

×

∫
∞

−∞

exp(−iω(t1 − t2))[n(ω)+ 1]Im
{

1
ε∗(κ, ω)

}
dω,

n(ω) =
[
exp

(
h̄ω
k0T

)
− 1

]−1
, (15)

where asterisk signifies the complex conjugate. The zeroes of
dielectric function ε(q, ω) determine the frequencies of the quasi-
particles interacting with electrons. The using of the fluctuation-
dissipation theorem is the simplest way to account for infinite
series in Vq. At the level of Markov approximation, where one
ignores the memory effect, it can be easily seen that Eq. (15)
leads to the well-known Boltzmann collision term. At this stage,
we already have a closed set of integral equations (6), (8) and
(13)–(15). The correlator density-density from Eq. (15) depends on
the longitudinal dielectric function. On the other hand, dielectric
function ε(q, ω) depends on the microscopic polarization in its
turn. Hence, Eqs. (6)–(9), (9) and (11)–(15) constitute a self-
consistent set of multi-quantum integral kinetic equations.
By expanding the correlation part up to the third order in

1ĥnm(t)we obtain

Ṗi f (t) = ṖHFif (t)+ Ṗ
C
if (t)+ δṖ

C
if (t),

δṖif (t1) =
(
i
h̄

)3 ∫ t1

0
dt2

∫ t2

0
dt3 {I(1, 2, 3)− I(2, 1, 3)

− I(3, 1, 2)+ I(3, 2, 1)}.

(16)

Index i = 1, 2, 3 is the collective index i = nimi. The third order
in1ĥnm(t) term I(1, 2, 3) is

I(1, 2, 3) =
∑
1,2,3

〈1ĥ1(t1)1ĥ2(t2)1
ˆ̃h3(t3)〉〈1[P̂1(t1), P̂if (t1)]

×1P̂2(t2)1P̂3(t3)〉, 1P̂ = P̂ − 〈P̂〉. (17)
According to determination (3) all terms in Eqs. (11)–(17) contain
exact operator Û(t). Thus, the approximation derived shows that
the correlation part may be represented as a power series in
fluctuations 1ĥnm(t). We take pair correlations of 1ĥnm(t) into
the consideration. The next section is used to present and discuss
several results, which stem from this formulation.
3. Electron correlation energy and damping of one-particle
states
In this section, we show examples of the numerical solutions

of our microscopic theory. Using the results obtained, we can
calculate the longitudinal dielectric function with account of pair
correlations (15).

ε(q, ω) = 1−
i
h̄

∑
α

V ααq
∑
i,f

Gif (ω)
{∣∣∣eiqrif ∣∣∣2 (nf − ni)

−
i
h̄

∑
q1

Vq1
∑
i,f ,l,p

eiqril e
iq1r
lp e

−iqr
pf e

−iq1r
fi (nl − np)

×Gpl(ω)
[

nf
ε(q1, ω + ωpf )

−
ni

ε(q1, ω + ωil)

]}
. (18)

Here, at the level of the quasi-particle approximation (self-
consistent perturbation theory)

Gif (ω) =
∫
∞

0
exp[i(ω + iδ)t]Gqif (t)dt =

i
ω + ω

q
if + iδ

,

Gqif (t) = exp(iω
q
if t), h̄ωqif = Ei − Ef ,

(19)

where δ is the infinitesimal positive quantity. We have included
here the Coulomb-exchange contribution (Fock-field) to the
polarization field and its fluctuations near mean field. The results
of the work [8] can be obtained from Eqs. (18) and (19) if one
has calculated the transition frequency ωk,k1 at the level of first
order approximation of exchange-interacting electrons h̄ωHFk,k1 =
ek − ek1 −

∑
q Vq(nk+q − nk1+q), ek = h̄

2 k2/2m and set ε(q1, ω +
ω1) = 1. It is emphasized that Eq. (18) cannot be obtained in
the mean field HF theory. Mean-field generalized random phase
approximation [8] yields the only expression (18) with ε(q1, ω +
ω1) = 1.
To obtain an additional insight into our equationswe turn to the

special case, which can be evaluated by a simple approximation
P̂n,m(t1) = Gn,m(t1, t2)P̂n,m(t2). Making use of Eqs. (13)–(15) we
obtain the generalized transition frequency h̄ωif (t) in the form

h̄ωif (t) = h̄ωHFif (t)+1E
f
i (t)−1E

i∗
f (t)

1E fi (t) =
i
π

∑
q

Vq

∫
∞

−∞

dω[n(ω)+ 1]Im
{

1
ε∗(q, ω)

}
×

∫ t

0

(∑
n

∣∣∣eiqrin ∣∣∣2 Gni(t, t1)ϕωn (t − t1)
− eiqrii e

−iqr
ff ϕωi (t − t1)

)
dt1 (20)

ϕωn (t − t1) = nn exp(−iω(t − t1))+ (1− nn) exp(iω(t − t1)).

The last excitonic term from Eq. (16) which is proportional to
eiqrii e

−iqr
ff can be reduced by carrying out the time and frequency

integration with using the equation

1
π

∫
∞

−∞

dω[n(ω)+ 1]Im
{

1
ε∗(q, ω)

}{
1

ω − ω1
+

1
ω + ω1

}
= 1−

1
ε(q, ω1)

. (21)

This equation at ω1 = 0 shows that direct excitonic Coulomb
interaction of the electron and the hole is screened statically. On
the other hand, the exchange interaction is exposed to dynamical
screening. It can be easily shown by using the quasi-particle
approximation Gni(t, t1) = exp(iω

q
ni(t − t1)), n = f and Eq. (21).

The dynamical screening of the correlation contribution in the
energy of quasi-particles is taken into account. The results of the
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work [9] obtained byGreen functionmethod can be evaluated from
Eq. (20) if one takes random phase approximation for dielectric
function. More than that, the Coulomb interaction leads to the
multiquantum transition processes studied in the works [1–3].
At the high energies E ≈ EF , where EF is the Fermi energy,

valence electrons do not ‘‘feel’’ the periodical potential of the solid
state and can be considered as practically free. Using the quasi-
particle approximation for Gni(t) = exp(iωqnit) and integrating
over time yields

Ek(t) = ek −
∑
q

Vqnk+q + ECk (t). (22)

The contribution of correlation, which will be designated by index
C , is defined by the equation

ECk (t) =
1
π

∑
q

Vq

∫
∞

−∞

dω[n(ω)+ 1]Im
{

1
ε∗(q, ω)

}
×
{
(1− nk+q)Φ(t, ωk,k+q − ω)+ nk+qΦ(t, ωk,k+q + ω)

}
,

(23)

where functionsΦ(t,Ω) are determined as

Φ(t,Ω) =
1− exp(−iΩt)

Ω
, h̄ωk,k+q = Ek − Ek+q,

Φ(∞,Ω) =
1
Ω
+ iπδ(Ω).

(24)

It should be noted, that the energy (22)–(24) of an electron of
momentum k has a real part as well as imaginary part. Using the
Eq. (21) at ω1 = ωk,k+q and substituting it into the Eq. (23) gives
for real part the expression

ECk =
∑
q

Vqnk+q

(
1−

1
ε(q, ωk,k+q)

)

−
1
π

∑
q

Vq

∫
∞

−∞

dω
n(ω)+ 1
ωk,k+q + ω

Im
{

1
ε∗(q, ω)

}
. (25)

Eqs. (18), (20), (23) and (25) are the main result of this section.
Correlation contribution in the electron energy (25) is dependant
on the dielectric function ε(q, ω) at ω = ωk,k+q. Thus, energy ECk
has to be calculated self consistently by an iteration method. As
the first step by means of approximation

ε(q, ω) = 1+ (λF−Tq)−2 +1ε(q, ω),

1
ε(q, ω)

=
1

1+ (λF−Tq)−2

(
1−

1ε(q, ω)
1+ (λF−Tq)−2

)
,

h̄ωk,k+q = ek − ek+q

(26)

we obtain for electron energy the equation

Ek = EF ẽk +1Ek,

1Ek =
∑
q

Vq
[1+ (λF−Tq)−2]2

[
1ε(q, ωk,k+q)nk+q

−
1
π

∫
∞

−∞

dω(n(ω)+ 1)Imε(q, ω)
]
. (27)

Fermi–Thomas screening length λF−T exhibits a square root
dependence on the density parameter rs. The familiar expression
for the screened exchange correction to the single electron energy
is

EF ẽk = ek −
∑
q

Vqnk+q
[1+ (λF−Tq)−2]

. (28)
Fig. 1. Momentum k dependent electron energy at different values of the density
parameter rs.1, 2, 3− ẽk (29) and 1′, 2′, 3′ − Ek/EF (27) at rs = 0.5, 1, 2.

Fig. 2. The reciprocal lifetime versus momentum of an electron k computed
by using Eqs. (32) and (33) at different values of the density parameter rs =
1, 2, 3, 4, 5, 6 correspondingly.

The integration is quite straightforward and yields

ẽk = k2 − 0.5ars

[
1+

1− k2 + ars
4k

ln
(
ars + (k+ 1)2

ars + (k− 1)2

)
−
√
ars

(
arctg

1+ k
√
ars
+ arctg

1− k
√
ars

)]
,

a =
(
4

π
√
3

)4/3
. (29)

Themomentum k is expressed in units of the Fermimomentum
kF , ẽk is the electron energy measured in terms of Fermi energy
EF = h̄2 k2F/2m. The electron energies ẽk (29) and Ek/EF (27)
resulting from our model are presented in Fig. 1.
The energy of an electron Ek (27) is evaluated by making use

of Lindhard’s frequency and wave-number dependent dielectric
function ε(q, ω). Numerical calculations have been carried out for
different value of the density parameter rs. At high density rs � 1
the 1Ek contribution (27) vanishing small and can be neglected,
but it increases with decreasing density such that one obtains
incorrect results if one ignores the contribution of 1Ek (27) at
rs ≥ 1.
The effective mass of the quasi-particles at the Fermi surface

can be obtained by differentiating of ẽk with respect tomomentum
k evaluated at k = 1

m
m∗
= 1− 0.083rs

{
(1+ 0.332rs) ln

[
0.166rs
1+ 0.166rs

]
+ 2

}
. (30)

Thus, in the limit of high density rs → 0 we have
m
m∗
= 1− 0.083rs[ln rs + 0.203] (31)

in agreement with Gell-Mann [10].
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In addition to the energy, there is an attenuation of electron
states. This damping is defined by the imaginary part of transition
frequency of electrons and can be calculated by substituting
Φ(∞,Ω) (24) into Eq. (23). The reciprocal lifetime is determined
as

1
τk
=
1
h̄

∑
q

Vq[nk+q + n(ωk,k+q)]
[1+ (λF−Tq)−2]2

Imε(q, ωk,k+q). (32)

All integrals in the Eq. (32) can be evaluated explicitly and at
k ≤ 1 can be represented by the next expression.

h̄
τkRy
=
2
π
nk[F(k)+ F(−k)]

F(k) = 0.25
[
ln
(
ars + (k+ 1)2

ars(ars + 4k2)

)
+ 0.5

]
+
1− k2 + ars(3ars − 4k2)

8k(ars)3/2
arctg

1+ k
√
ars

+ (1+ k)
(1− k2)2 − ars(ars + 4k)
8kars(ars + (k+ 1)2)

+
4k2 − 3ars
16k
√
ars

(
arctg

2k
√
ars

)
. (33)
Fig. 2 shows the dependence of the reciprocal lifetime on the
momentum k at different values of parameter rs, where 1/τk is
measured in the units of Ry/h̄.
Dielectric function ε(q, ω) computed by Lindhard for degener-

ate electrons was used in calculation of 1/τk (32) and (33). The nu-
merical results obtained for lifetime τk as function of k and rs are
physically reasonable in view of experimental data [4].
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