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Finding the set of all Nash equilibria of a
polymatrix mixed-strategy game
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Abstract

The method of intersection of best response mapping graphs
is applied to determine the Nash equilibrium set of a finite mixed-
strategy game. Results of a Wolfram language implementation of
the method are presented. Appeared issues are highlighted, too.
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1 Introduction

The problem of all Nash equilibria finding in bimatrix game was consi-
dered earlier by Vorob’ev (1958) and Kuhn (1961), but as it is stressed
by different researchers (see e.g. Raghavan (2002)), these results have
only been of theoretical interest. They where rarely used practically
to compute Nash equilibria as well as the results of Mills (1960), Man-
gasarian (1964), Winkels (1979), Yanovskaya (1968), Howson (1972),
Eaves (1973), Mukhamediev (1978), Savani (2006), and Shokrollahi
(2017). The first practical algorithm for Nash equilibrium computing
was the algorithm proposed by Lemke and Howson (1964). Unfortuna-
tely, it doesn’t compute Nash equilibrium sets. There are algorithms
for polymatrix mixed strategy games too [4, 1].

Currently, the number of publications devoted to the problem of
finding the Nash equilibrium set is increasing, see, e.g., bibliography
surveys in [2, 3].
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In this work, we present the results of a Wolfram Language im-
plementation of the method of intersection of best response mapping
graphs in polymatrix mixed-strategy games.

2 Problem formulation

The Nash equilibrium set is determined as the intersection of best re-
sponse mapping graphs [4, 5]. This idea yields a natural method for
Nash equilibrium set computing in mixed extensions of two-player mxn
games and n-player mi X mg X - -+ X m,, games.

Consider a noncooperative finite strategic game:

r'= <N {S }p€N7 {CL 5152 sn}p€N>
where
e N={1,2,..,n} C Nis a set of players,

o S, ={1,2,...,mp} C Nis a set of (pure) strategies of the player
peN,

#Sp:mp<+oovp€N7

al =adk s, s, : S — Ris aplayer’s p € N payoff function,

e S = x 5, is the set of profiles.
peEN

A mixed extension of I' or a mixed-strategy game [ is
F = <Xp7fp(x)7p € N>7
where

m1  mo
_ 2 n
D IDIRTD SF A PR

s1=1s9=1 spn=1

mip M2 Mn n
= P P
=20 ) ]l

s1=1s2=1 sp=1 p=1

is the payoff function of the pt* player;
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e x=(x,x",...,x") € X = x X, CR"™is a global profile;
peEN

e m =mi+my+---+m, is the profile space dimension;

:czl’—l—---—i—:c%p =1,
oy >0,... 20, >0
mixed strategies of the player p € N.

o X, =<xP=(af,... ah,): }isthesetof

The problem of finding all Nash equilibria in [ is considered.

3 Best response mapping graphs intersection

Consider the n-player mixed strategy game I' = (Xp, fp(x),p € N).
The payoff function of the player p is linear if the strategies of the
others are fixed, i.e. the player p has to solve a linear parametric
problem

Ip (xp,x*p) —max, x’eX, p=1,...,n,

with the parameter vector 7P € X P,

Theorem 3.1. The set of Nash equilibria in polymatrix mized-strategy
game is equal to

i1€Ur, LeP(U\{i1})
in€Un, In€P(Un\{in})

The proof of the theorem has a constructive nature. It permits to
develop on its basis both a general method for Nash equilibrium set
computing, and different algorithms based on the method.

The components X (i11l;...i,1,) are solution sets of systems of
multi-linear simultaneous equations. Their solving needs special con-
ceptual and methodological approaches both from the perspectives of
multi-linear algebra and algorithmic theory.
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The Wolfram Programming Language, which has a symbolic nature

by its origin, is a valuable practical tool for the set of Nash equilibria
computing and representation.

4

Conclusion

The symbolic and numerical strength of the Mathematica System and
the Wolfram Language permits to construct a package oriented on fin-
ding the set of all Nash equilibria in polymatrix mixed-strategy games.
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