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Abstract

The paper presents an efficient method for solving the Cauchy
singular integral equation, which is defined on a closed and
smooth contour in the complex plane. The coefficients and the
right-hand side of the equation are piecewise continuous func-
tions, numerically defined on a finite set of points along the con-
tour.

Keywords: Singular integral equation, piecewise continuous
coeflicients, collocation method, B-spline functions.

1 Introduction and problem formulation

Let a closed and smooth contour I" be the boundary of the simply
connected domain QF C C, with the point z = 0 € Q. We consider
the points on the contour I'" to be defined by the Riemann function
z = 1 (w), which maps the circle I'y = {w € C: |w| =1} onto the
contour I'. Let’s consider the Cauchy singular integral equation defined
on the contour I'

c)e ) +d(t) (Se) (t) + (Ke) (1) = f (1), teT, (1)

where (Sgo)( ) = 1 fr fft dr is the Cauchy singular integral, and
(Ko) (t) = 5= [ph( (1) d7 is the regular part, with the kernel
h € C’ (F x I'). We assume that the coefficients ¢ and d of the equa-
tion, the right-hand side f, and the solution ¢ are piecewise continuous
functions.
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Let {t;}72), t; = ¥ (w)), w; = €%, ; = 2n(j —1)/np, j =
1,...,np, be the set of distinct points of the contour I', where the val-
ues of the right-hand side f and the coefficients ¢ and d are defined.
Additionally, we assume that the values of the functions f,c and d are
known at the discontinuity points t,‘?, r =1,...,n,q, on the contour I'.

We aim to develop a numerical method that determines a sequence
of approximations ¢,,, which converge uniformly to the solution ¢ of
equation (1) everywhere on I', except for a finite number of discon-
tinuity points of ¢. To approximate the solution of equation (1), we
apply a modification of the collocation method, where the solution is
sought as a linear combination of B-spline functions and Heaviside step
functions, resulting in a piecewise continuous approximation function.

2 The numerical method

The method we propose for approximating the solution ¢ of equa-
tion (1) uses the concept of B-spline functions of order m, which
are defined at the points ¢;, 7 = 1,...,np, by the recursive formula

t—tB tB
B (t) = %5 <th+m]th Bp—1,;(t)+ ﬁBmfl,J’ﬂ (t)) The set
B np+m B )
of nodes {tj} satisfies the condition t7 = t;, 7 = 1,..,np,
j=1
thH = t{a,thH = t?,...,ther = t2. Tt is known that any con-

tinuous function on I' can be uniformly approximated by a linear com-
bination of B-spline functions. When linear combinations of B-splines
are used to approximate piecewise continuous functions, the approxi-
mation error decreases as the number of spline knots increases, even in
the vicinity of discontinuity points [1].

With respect to the points of discontinuity t;f, r=1,..,np, we
define the Heaviside step function H on the contour I':

H (t — td) _ 0ifte (Fl\ {t?}) U...ul'y—1 Uarc [th,tg)
s 1 iftearc [t‘j,tf;l) Ulg1U.. .Ul )

where I'y = arc [tf,tfﬂ] , tg ely.
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Taking into account that the solution ¢ of equation (1) exhibits
jump discontinuities on the contour I'; we seek to approximate ¢ in the
form [1]

’npd

oy () = ZakBm,k () + ZﬁsH <7f - t?) )
k=1 s=1

where the coefficients ap, € C, k=1,...,np,and B, € C, s =1,...,nyq,
are determined by imposing n = ng + n,q interpolation conditions

¢ (t5) ny (87) + A (t7) (Seny) () + (Keony) (6) = £ (t5) - (2)

In relation (2), the first np interpolation points t?, j =1,..,ng,
are the nodes tf = tj, j = 1,...,np, and the remaining n,q points
tjc, J =npg+1,...,n, are the discontinuity points t?, s =1,...,npq, of
the function f (and also of ¢ and d). If among the interpolation points
tjc, j = 1,...,np, there are discontinuity points tg = ) of the
function f on I', then instead of them, for sufficiently small e5 > 0, we
consider points t4 = (ei(eg_”)) such that f (fg) =f (t;l) (also for

values of ¢ and d). The Riemann integrals (K 90513) <t§7> are aproxi-

mated using the generalized trapezoidal rule, which is also applicable
to functions with complex values.
As the interpolation points tjc, 7 =1,...,n, form a subdivision cov-

ering the contour I, if tjc € arc [thw—l’ tEJrT] , the integral (Stpr) (tjc)
will exhibit a singularity of type 1 / (7‘ — tJC) In such cases, we inter-

pret (S gpr) (tjc) as the Cauchy principal value and require an efficient
method for approximating this integral.

Let GJC be the polar angle corresponding to the point tJC =
P (ech ) € I The singular integral (Snpr) (tjc) can be expressed

as I = pu. & fcdg (0) df, where g (0) = f(0)/ (s () —< (6o)), 6o = HJC.

T

Using the notation a = min {6y — ¢,d — 6y} (a > 0), the integral I can
be represented as I = (1/mi) (I; + I2), where I} = p.v. fota (0) db,

Oo—a
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I = { edtag(G)dH if a=6y—c '

fco “g(0)do if a=d— 0
Riemann integral, while the integral I; is interpreted as a generaliza-
tion of the Cauchy principal value. The integral Is will be computed
using the generalized trapezoidal rule, and for the computation of I,
an analogous procedure to that outlined in [2] can be applied.

The value of Iy represents a

3 Conclusion

This paper presents a new method for solving Cauchy singular integral
equations with piecewise continuous coefficients defined on a smooth
and closed contour in the complex plane. The method constructs a
sequence of approximations that converge almost uniformly to the exact
solution of the integral equation.
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