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Abstract

We consider the optimization problem for finding the parame-
ters of a linear regression according to the criterion of the least
moduli powered to p (1 < p < 2) with the regularization of
parameters according to the criterion of the least moduli powered
to ¢ (1 < ¢ < 2). Its partial cases are lasso regression and ridge
regression, as well as least squares method and the least moduli
method. An algorithm for solving the problem is developed based
on the well-known ellipsoid method.

Keywords: Lasso regression, ridge regression, linear regres-
sion, least moduli criterion, convex function, ellipsoid method.

1 Introduction

Lasso, ridge, and other linear regression models [1] belong to machine
learning area and used in statistics, system identification, artificial in-
telligence problems, medicine, finance, economics, etc. These models
are formulated as convex programming problems to which methods of
minimizing non-smooth convex functions can be applied.

In the paper [2], the problem of minimizing a non-smooth con-
vex function for finding the parameters of a linear regression model
with the criterion of the least moduli powered to 1 < p < 2 with L;-
regularization was formulated. Here we present a more general formula-
tion of this problem, where the criterion of the least moduli powered to
q (1 < g <2) will be used to regularize the parameters. The algorithm
for solving the problem will use the ellipsoid method [3].
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2 Formulation of the optimization problem

Let matrix A = {a;; }{;1’" vector y = {y; }i=1,...m, and scalars A > 0,

m?
1 < p,q <2 be given. Consider the convex optimization problem

m n
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where © = {z;};=1, . is a vector of unknown parameters, and || is
the modulus (absolute value) of the number t. The function f(z) is
non-smooth if p = 1 or ¢ = 1 and smooth if p > 1 and ¢ > 1. Its
subgradient at the point T is calculated by the formula
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If p=2,qg=1or q =2, then partial cases of the problem (1) is the
well-known problem of minimizing a non-smooth function

frasso = fi(x5,) = min {fl(ﬂﬂ) = ||y — Az|? +)\Z ’ffi|}a (3)
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and the problem of minimizing a strictly convex smooth function

n
fripGE = f2(232) = min {f2(w) = |ly — Az||* + /\Z:r:?} )
Tz€eR™ =1
Problem (3) uses L;-regularization of unknown parameters and cor-
responds to lasso regression, and problem (4) uses Lo-regularization of
unknown parameters and corresponds to ridge regression. If A = 0,
then the problem (1) corresponds to the least squares method (p = 2)
and the least moduli method (p = 1).
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3 Algorithm for solving the problem (1)

The problem (1) is a problem of unconditional minimization of a con-
vex function f(x). For its solving, Shor’s ellipsoid method can be used,
which is implemented as an emshor program [3]. We will show its
application for the problem of the function f(z) minimization, provid-
ing that its minimum point «7, is localized in n-dimensional ball with

Pq
radius rg that is centered at the point xg € R", i.e., ||xg — :c;qH < 7p.

Algorithm 1 — Algorithm emshor for solving the problem (1)

Step 0. Choose xg € R™ and g > 0 so that H:co — x;qH < ry.
Moreover, choose € > 0, set By := I, and k := 0.

Step 1. Calculate gf(xy) at the point x) using formula (2).
Step 2. If HB,;rgf(xk)H rp < e, then set k* := k, z} := x;, and STOP.
Step 3. Calculate

Tht1 = Tk — hp Bk, where & = —F———

Step 4. Update

n—1 T n
Bppr =B+ /= —1)| (B d =
k+1 ket < ] > (Bré) & and 1y mrk

Step 5. Set k:=k + 1 and go to Step 1.

Theorem 1. Let xj, and xi41 be generated by Algorithm 1. Then, the
ratio of volumes of the ellipsoids & = {z | || By * (v — )| < 71} and
Err1 = {z | ||Bk*_&1(xk+1 —z)|| < g1} does not depend on k and is
equal to

vol (k1) n n -l 1
n = - S O )
v vol (&) n+1 n2 —1 <P 2(n+1) <

Moreover, xp, € & holds for all k = 0,1,...,k*, z7 € &= and, if
Algorithm 1 stops, f(z%) < fp, + ¢ is valid.
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4 Conclusion

In this paper, the convex optimization problem for finding the parame-
ters of a linear regression according to the criterion of the least moduli
powered to p (1 < p < 2) with the regularization of parameters ac-
cording to the criterion of the least moduli powered to ¢ (1 < ¢ < 2) is
formulated. An algorithm for solving the problem was developed based
on the well-known ellipsoid method.
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