Proceedings of the International Conference IMCS-60, MSU
October 10-13, 2024, Chisinau, Republic of Moldova

On Self-Orthogonal n-ary Quasigroups

Parascovia Syrbu, Tatiana Rotari

Abstract

We consider self-orthogonal finite n-ary quasigroups and give
some estimations of their spectrum in the present work. A
method of construction of self-orthogonal n-quasigroups, using
self-orthogonal quasigroups of lower arity, is given. In particular,
it is shown that there exist: 1) self-orthogonal 2¥-ary quasigroups
of every order ¢ > 3,q # 6, where k > 1; 2) self-orthogonal p*-
quasigroups of prime order p, for every p > 3 and every k > 1; 3)
self-orthogonal 2n-quasigroups of order ¢, for every q > 3,q # 6
and n+1# 0 (mod q).

Keywords: orthogonal n-operations, parastrophic-orthogonal
n-quasigroups, self-orthogonal n-quasigroups.

The Euler conjecture about non-existence of orthogonal latin
squares of order n = 2 (mod 4) solved, negatively for n > 10
of this type, in the middle of 20th century, led to new concepts,
types of orthogonality and new problems concerning orthogonality and
parastrophic-orthogonality of operations (quasigroups). A system of
n-ary operations Ai, Ao, ..., A, defined on a set @, is called orthogonal
if the set of equations {A;(x1,%2,...,2n) = a;};_15; has a unique solu-
tion for every ai,as, ..., a, € Q. A system of s n-ary operations defined
on a set @), where s > n, is orthogonal if every n its operations are
orthogonal. The orthogonality of n-ary operations (quasigroups, latin
hypercubes) was considered from algebraic and/ or combinatorial point
of view by many authors [1].

An n-ary groupoid (@, A) is an n-ary quasigroup if in the equal-
ity A(z1,22,...,2n) = Tpt1 every element of {z1,z2,...,Tp41} 1S
uniquely determined by the remaining n. The operation denoted by
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9A, where o € S,4+1 and A is an n-ary quasigroup operation, defined
by the equivalence
A(T51, T2 s Ton) = To(nt1) & A(T1, 22,0, Tn) = Tn1,

is called a parastrophe of A. If o(n + 1) = n + 1, than %A is called a
principal parastrophe. An n-ary quasigroup is parastrophic-orthogonal
(self-orthogonal) if there exist n orthogonal its parastrophes (princi-
pal parastrophes). It is known that there exist self-orthogonal latin
squares of any order q # 1,2,3,6 [2]. The complete characterization of
the spectrum of parastrophic-orthogonal, in particular self-orthogonal
quasigroups, in the n-ary case is still opened [3-7]. We consider new
constructions of self-orthogonal finite n-ary quasigroups and give some
estimations of their spectrum.

Let Ay, Ag, ..., A, be n-ary operations (n > 2), defined on a set Q.
It follows from the definition that the n-ary operations Ai, Ao, ..., A,
are orthogonal if and only if the mapping 6 : Q" — Q",0(z}) =
(Ai(xh), Aa(z]), ..., An(2])), is a bijection, where by (z7) we denoted
the sequence (z1,z2,...,z,). If @ is a finite set then the opera-
tions A1, Ao, ..., A, are orthogonal if and only if the solution of the
system of equations {A;(z1,22,...,¥,) = a;};_1; is unique for each
ai,az,...,an € @ (which is equivalent to the injectivity of 0).

Proposition 1. If (Q, A) is a finite self-orthogonal n-quasigroup
and A, “A, ..., “"A is an orthogonal system of its principal parastro-
phes then the n?-ary groupoid (Q, B1), where Bl(x?Q) =M A(YA(2]),
VA (z2n ), ..., alA(:EZ?n_l)H)) is a self-orthogonal quasigroup.

Proof. Let (@, A) be a finite self-orthogonal n-quasigroup and let
@4 224 ... *4 be an orthogonal system of its principal parastrophes.
We consider the n’-ary operations By, Bo, ..., B, defined below:

Bi(af) = AU}, PA@), . CAE ),
By(at") = A(TA(]), CA@2L,), s S, 1),
Bn+1(x1) = alA(a%(x?)aQQA(x%il)v 7aA(xZ(n_1)+1))v
Bua(at") = A(“A(T), CA@2L), e CAEE )
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The operations B;, 1, n are principal parastrophes of the quasigroup
(Q, B1). Indeed, as “A, “#A, ..., “ A are principal parastrophes of A, we get
that each of the operations By, Bs, ..., B2 is a principal parastrophe of the
quasigroup operation

2 2 2
D(zy") = A(A(2?), Az s Al (im1)11)-
Using the transitivity of the relation of parastrophy, we obtain that each of
the operations B;, i = 1, n? is a principal parastrophe of (Q, By).

As @ is a finite set, the system {Bj, Ba, ..., By2} is orthogonal if the
solution of the system of equations

Bi(x?z) =a; i =1, n?.

is unique. Let {B;(z?") = B;(y?")}, i = 1, n2, then

CA(A(Y), e ARy 4)) = CACAWTY), o CAWE 1)
CAAE]), o A ) = CACAGE), e AT ),
(A, o A ) = CACAGD), o A ),
(AR, o AT ) = AR, s A ),

As the system of parastrophes {*4, ..., ®"4} is orthogonal we obtain

AW = A, o=
[e7%) (x?) = anA(y?), Tn, — y’r“
“ee CRRY é .
o n? —_ o« n?
114(3371(“71)+1) - 1‘A(yn(nfl)+1)7 Tnn—1)+1 ~ Yn(n—-1)+1s
i - .. a . -
"A(In<n—1)+1) = "A(yn(n_nﬂ) Tp2 = Yn2

hence {Bj, Ba, ..., By,2} is orthogonal, i.e. (Q, Bj) is a n?-ary self-orthogonal
quasigroup. [J

Example 1. The ternary quasigroup (Z,, A), where A(z1, x2, x3) =
x1 4+ x5 — x3 and p is a prime number, is self-orthogonal and A, (134, (234 is
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an orthogonal system of its principal parastrophes. According to Proposition
1, the 9-ary quasigroup (Z,, B;), where By = A(A(z}), A(zS), A(x3)) is self-
orthogonal. An orthogonal system of principal parastrophes of (Z,, Bi) is
given by Bl, BQ, B3, B4, B5, B@, B7, Bg7 Bg, where

Ba(af) (DA, Alal), Ale)) (DO (o)

Ba(ad) —C9A(A(x?), A(wt), () =D, (1),
Ba(a) = A(M9A(a?), <13A<x ), 094 (a9)) —(9EOTI B, (19,
Balat) =D, (DA, (D)) 00N (),
Bo(a) =) A(9A(2d), 12(a5), (U (ad)) =0DENEON B, (49);
Brlaf) = A(C(ad), B, (9 () <0006 5, 1)

By () =D A(U (), B (af), COA()) =1DCIEIEB, (af)
By (o) =29 A(BIA(a}), 2PA(af), 22A(a3)) =D B, (29).

Proposition 2. Let (Q, A) and (Q, B) be finite n-ary, and respectively m-
ary, self-orthogonal quasigroups. If {¥A, @A, ..., ®A} and {#B, 7B, ..., *=B}
are orthogonal systems of principal parastrophes then (Q, C1), where

Cr(2"™) =M B(VA(a]), .. VA 1)41))

s a self-orthogonal nm-ary quasigroup.

Proof. Let (Q, A) and (@, B) be finite n-ary, and respectively m-ary, self-
orthogonal quasigroups and let {*4, @A, ..., 4} and {#B, #B, ..., #"B} be
orthogonal systems of their principal parastrophes. We consider the following
nm-ary operations:

Ci(a™™) = ﬂIB(alA(lJllL a%(miﬁl)’ » VA2 n(m 1)+1))
Con(2) = PrB(“A(x), “A(@70), s “A@ 1 41))s
Cn(’rn—l)—i—l(:c?lnn) = ﬁlB(anA(x ) nA( n+1) a%(x;n(v:n_l)_’_l))’
Crun(2") = PrB(“A(a?), *A(z n+1) a"A(xmﬁnfl)+1))'

Remark that the system {Cy, Cs, ..., Cppn} is orthogonal. Indeed, as @
is a finite set, it is sufficient to show that, for each ¢y, co, ..., Chm € @, the
solution of the system of equations

Ci(x") =¢;, i =1, mn
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is unique. Let {C;(z7"™) = C;(y7"™)}, i = 1, mn, then

BBEAD), . ST )) = PBEAGE), . AT ),
BB(A@D), oy AT )) = PBEAGE), oy SAGTE ),
BB(OAY), .y CA@TE L)) = PBAD), o, SATE L)),
BBEA(T), oy V@I 1)) = PBEOAWE), e AW 1))

As the system of principal parastrophes {#B, ..., #7B}, is orthogonal, we
get that

CAED) = (),
“A@D) = AQD),
A ) = AT ),
Q’A(x;n(?n—l)ﬂ) = a"A(yZl(?n—l)-s-l)'

Now, using the fact that the system {*4, ..., "4}, is orthogonal, we ob-
tain z; = y;, ¢ = 1, mn, i.e. the system {C1, Cs, ..., Cpnp} is orthogonal.

As {*4, ..., “A} and {#B, ..., #nB} are principal parastrophes of A, and
respectively B, we have that each of the operations {C1, Cs, ..., Cpupn} is a

principal parastrophe of D, where D(z7"™) = B (A(w?), s Al 1) 41)

so each of them is a principal parastrophe C1, i.e. (Q, Cy) is a self-orthogonal
mn-ary quasigroup. [

Corollary 1. If there exist n-ary self-orthogonal quasigroups of order q
then there exist n*-ary self-orthogonal quasigroups of order q, for every k > 2.

Corollary 2. There exist 2F-ary self-orthogonal quasigroups of any order
q#1,2, 3,6}, for every k > 1.

Corollary 2 follows from Proposition 2 and the fact that there exist self-
orthogonal latin squares of any order ¢ # 1,2, 3,6. [2]

Example 2. The set of all principal parastrofes of the n-ary quasigroup
(Zg, A), where A(x}) = 221 + 29 + ... + Ty, is A,1PA, .. AWA Moreover,
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this system of principal parastrophes is orthogonal if and only if n +1 # 0
(mod ¢). Hence, there exist self-orthogonal n-ary quasigroups of order ¢ > 3
for any n > 2 such that n +1 0 (mod q).

Corollary 3. There exist self-orthogonal p*-ary quasigroups of order p

for every odd prime p and every k > 1.
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