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Abstract. This paper is dedicated to the study of the problem of existence

of Poisson stable (Bohr/Levitan almost periodic, almost automorphic, almost

recurrent, recurrent, pseudo periodic, pseudo recurrent and Poisson stable)
motions of monotone sub-linear non-autonomous dynamical systems. The main

results we establish in the framework of general non-autonomous (cocycle)
dynamical systems.

We apply our general results to the study of the problem of existence of

different classes Poisson stable solutions of some types of non-autonomous evo-
lutionary equations (Ordinary Differential Equations, Functional-Differential

Equations with finite delay and Difference Equations).

1. Introduction. The aim of this paper is to study the problem of existence of
Poisson stable motions of two important classes of monotone non-autonomous dy-
namical systems. Namely

1. strongly monotone dynamical systems and
2. sub-linear (or sub-homogeneous) systems.

The classes of monotonic systems mentioned above have long attracted the at-
tention of researchers. The research of these systems is devoted to the publications
of many authors (see, for example, [6]-[20], [24], [26], [27, 28], [34]-[37], [47], [50],
[53] and the references therein). Works of D. Cheban [6]-[10], D. Cheban and Z. Liu
[11], J. Jiang and X.-Q. Zhao [26], W. Shen and Y. Yi [47], Y. Wang and X.-Q. Zhao
[52], X.-Q. Zhao [53] and others are devoted to the problem of almost periodicity
and almost automorphism of movements in such systems.

In this paper we study the problem of Poisson stability (in particular, period-
icity, Bohr/Levitan almost periodicity, almost automorphism, almost recurrence,
recurrence, pseudo periodicity, pseudo recurrence, Poisson stability) for monotone
and strongly sub-linear non-autonomous dynamical systems.

The paper is organized as follows.
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In Section 2 we collected some notions and facts from the theory of dynamical
systems (the both autonomous and non-autonomous) which we use in this paper:
cocycles, skew-product dynamical systems, shift (Bebutov’s) dynamical systems,
Poisson stable (Bohr/Levitan almost periodic, almost automorphic and so on) mo-
tions and functions and their comparability by character of recurrence, monotone
non-autonomous dynamical systems, global attractors of cocycle etc.

Section 3 is dedicated to the study the problem of existence and convergence to
Poisson stable motions of monotone non-autonomous dynamical systems.

In Section 4 we study the uniformly stable monotone non-autonomous dynamical
systems. The main result of Section 4 is contained in Theorem 4.4 which gives
sufficient conditions for the existence of strongly comparable motions by character
of recurrence with point on the base (driving) dynamical system.

Section 5 is dedicated to the study of the sub-linear non-autonomous dynami-
cal systems. We establish in this Section some important properties of sub-linear
systems.

In Section 6 we study the problem of existence of comparable by character of
recurrence motions for sub-linear cocycles. The main result of Section 6 (Theorems
6.5 and 6.9) gives sufficient conditions on existence of comparable (respectively,
strongly comparable) motions for sub-linear cocycles.

Section 7 is dedicated to the applications of our general results obtained in Sec-
tions 3-6 to the study of the problem of existence of different classes Poisson stable
solutions of some types of non-autonomous evolutionary equations (Ordinary Differ-
ential Equations, Functional-Differential Equations with finite delay and Difference
Equations).

2. Preliminaries. In this section we collect some notions and facts for non-auto-
nomous dynamical systems which we will use below; the reader may refer to [13],
[16, Ch. IX], [39] for details.

Throughout the paper, we assume that X and Y are metric spaces and for
simplicity we use the same notation ρ to denote the metrics on them, which we
think would not lead to confusion. Let R = (−∞,+∞), Z := {0,±1,±2, . . .},
S = R or Z, S+ := {s ∈ S| s ≥ 0}, S− := {s ∈ S| s ≤ 0} and T ⊆ S be a sub-
semigroup of S such that S+ ⊆ T. For given dynamical system (X,T, π) and given
point x ∈ X, we denote by Σx (respectively, Σ+

x ) its trajectory (respectively, semi-
trajectory), i.e. Σx := {π(t, x) : t ∈ T} (respectively, Σ+

x := {π(t, x) : t ∈ T+}),
and call the mapping π(·, x) : T → X the motion through x at the moment t = 0.
For given set A ⊆ X, we denote ΣA := {π(t, x) : t ∈ T, x ∈ A}; Σ+

A is defined

similarly. We denote the hull (respectively, semi-hull) of a point x by H(x) := Σx

(respectively, H+(x) := Σ
+

x ), where by bar we mean closure. A point x ∈ X is
called Lagrange stable, “st. L” in short, (respectively, positively Lagrange stable,
“st. L+” in short) if H(x) (respectively, H+(x)) is compact.

2.1. Cocycles and non-autonomous dynamical systems. Let (Y,T, σ) be a
dynamical system on Y and E a metric space.

Definition 2.1. A triplet 〈E,ϕ, (Y,T, σ)〉 (or briefly ϕ if no confusion) is said to
be a cocycle on state space (or fibre) E with base (Y,T, σ) if the mapping ϕ :
T+ × E × Y → E satisfies the following conditions:

1. ϕ(0, u, y) = u for all u ∈ E and y ∈ Y ;
2. ϕ(t+ τ, u, y) = ϕ(t, ϕ(τ, u, y), σ(τ, y)) for all t, τ ∈ T+, u ∈ E and y ∈ Y ;
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3. the mapping ϕ is continuous.

Definition 2.2. Let 〈E,ϕ, (Y,T, σ)〉 be a cocycle on E, X := E×Y and π be a map-
ping from T+ ×X to X defined by π := (ϕ, σ), i.e. π(t, (u, y)) = (ϕ(t, u, y), σ(t, y))
for all t ∈ T+ and (u, y) ∈ E×Y . The triplet (X,T+, π) is an autonomous dynamical
system and called skew-product dynamical system.

Definition 2.3. Let T1 ⊆ T2 be two sub-semigroups of the group S, (X,T1, π) and
(Y,T2, σ) be two autonomous dynamical systems and h : X → Y be a homomor-
phism from (X,T1, π) to (Y,T2, σ) (i.e. h(π(t, x)) = σ(t, h(x)) for all t ∈ T1 and
x ∈ X, and h is continuous and surjective), then the triplet 〈(X,T1, π), (Y, T2,
σ), h〉 is called a non-autonomous dynamical system (NDS).

Example 1. ( The non-autonomous dynamical system generated by cocycle ϕ.)
An important class of NDS are generated from cocycles. Indeed, let 〈E,ϕ, (Y,T, σ)〉
be a cocycle, (X,T+, π) be the associated skew-product dynamical system (X =
E × Y, π = (ϕ, σ)) and h = pr2 : X → Y (the natural projection mapping), then
the triplet 〈(X,T+, π), (Y,T, σ), h〉 is an NDS.

2.2. Conditional compactness. Lagrange stable (or called ”compact”) motions
have been studied comprehensively, but it is not the case for non-Lagrange stable
motions. The following concept of conditional compactness introduced in [13] is
important for our study of noncompact motions.

Definition 2.4. Recall [25] that a bundle (or fiber space) is a triplet (X,h, Y ),
where X,Y are topological spaces and h : X → Y is a continuous surjective map-
ping. The space Y is called the base space, the space X is called the total space, and
the map h is called the projection of bundle. For each y ∈ Y , the space Xy := h−1(y)
is called the fiber of bundle over y ∈ Y .

Example 2. Let X := W ×Y . A triplet (X,h, Y ), where h := pr2 is the projection
on the second factor, is a bundle which is called the product bundle over Y with
fiber W .

Definition 2.5. Let (X,h, Y ) be a fiber space. A set M ⊆ X is said to be condi-
tionally pre-compact if its intersection with the pre-image of any pre-compact subset
Y ′ ⊆ Y , i.e., the set h−1(Y ′)

⋂
M , is a pre-compact subset of X. A set M is called

conditionally compact if it is closed and conditionally pre-compact.

Remark 2.6. 1. Let K be a compact space, Y is a noncompact metric space,
X := K × Y and h = pr2 : X → Y . Then the triplet (X,h, Y ) is a fiber space. The
space X is conditionally compact, but it is not compact.

2. If Y is a compact set and M ⊆ X is conditionally pre-compact, then M is a
pre-compact set.

The following result provides a useful criterion for conditional compactness in
applications.

Lemma 2.7 ([5]). Let 〈E,ϕ, (Y,T, σ)〉 be a cocycle and 〈(X,T+, π), (Y,T, σ), h〉 be
the NDS generated by the cocycle ϕ. Assume that x0 := (u0, y0) ∈ X = E × Y and

the set Q+
(u0,y0)

:= {ϕ(t, u0, y0) : t ∈ T+} is compact. Then the semi-hull H+(x0) is

conditionally compact.

Denote by C(T) the family of all continuous functions f : T→ R equipped with
the compact-open topology. This topology can be generated by Bebutov distance
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(see, e.g. [2], [48, ChIV])

d(f, g) := sup
l>0

min{max
|t|≤l
|f(t)− g(t)|, 1/l}.

Denote by (C(T),T, σ) the shift dynamical system (or called Bebutov dynamical
system), i.e., σ(τ, f) := fτ , where fτ (t) := f(t+τ) for t ∈ T. Note that the function
f ∈ C(T) is st. L+ (respectively, st. L) if and only if the function f is bounded
and uniformly continuous on T+ (respectively, on T) (see, e.g. [48, ChIV]).

2.3. Some general facts about non-autonomous dynamical systems. In
this subsection we recall some general facts about NDS, see [13] or [16, Ch. IX] for
details.

Definition 2.8. A point y ∈ Y is called positively Poisson stable if there exists a
sequence tn → +∞ such that σ(tn, y)→ y as n→∞.

Definition 2.9. Let (Y,S, σ) be a two-sided dynamical system. A point y ∈ Y is
said to be negatively Poisson stable if there exists a sequence tn → −∞ such that
σ(tn, y)→ y as n→∞. If y is Poisson stable in both directions, it is called Poisson
stable.

Denote Ny := {{tn} ⊂ T : σ(tn, y) → y}, N+∞
y := {{tn} ∈ Ny : tn → +∞}. If

T = S, then we put N−∞y := {{tn} ∈ Ny : tn → −∞} and N∞y := {{tn} ∈ Ny :
tn →∞}.

Let 〈(X,T+, π), (Y,T, σ), h〉 be an NDS and y ∈ Y be positively Poisson stable.
Denote

E+y := {ξ : ∃{tn} ∈ N+∞
y such that π(tn, ·)|Xy → ξ}, (1)

where Xy := h−1(y) = {x ∈ X : h(x) = y} and→ means the pointwise convergence.
If the NDS is two-sided, y is negatively Poisson stable or Poisson stable and we
replace N+∞

y by N−∞y or Ny in (1), then we get the definition of E−y or Ey.

Let XX denote the Cartesian product of X copies of the space X, equipped with
product topology. The set XX can be endowed with a semigroup structure with
respect to composition of mappings from XX (for more details, see e.g. [3, ChI]
and [22]).

Definition 2.10. Let (Y,T, σ) be a semi-group dynamical system. A continuous
mapping γ : S → Y is called an entire trajectory of dynamical system (Y,T, σ)
passing through the point y ∈ Y at t = 0 if γ(0) = y and σ(t, γ(s)) = γ(t + s) for
all t ∈ T and s ∈ S.

Denote by

- C(T, X) the space of all continuous functions f : T → X equipped with the
compact-open topology;

- Φy the family of all entire trajectories of (Y,T, σ) passing through the point
y ∈ Y at the initial moment t = 0 and Φ(Y ) :=

⋃
{Φy : y ∈ Y }.

Definition 2.11. Let 〈E,ϕ, (Y,S, σ)〉 be a cocycle over (Y,T, σ) with the fiber E.
A continuous mapping ν : S→ E is called an entire trajectory of cocycle ϕ passing
through the point (u, y) ∈ E × Y at t = 0 if ϕ(t, ν(s), σ(s, y))) = ν(t + s) for any
t ∈ T and s ∈ S.

Remark 2.12. Let 〈E,ϕ, (Y,S, σ)〉 be a cocycle over (Y,S, σ) with the fiber E and
(X,S+, π) be the corresponding skew-product dynamical system (X := E × Y and
π := (ϕ, σ)), then the following statements hold:
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1. if x = (u, y) ∈ X and νu is an entire trajectory of cocycle ϕ passing through the
point (u, y) ∈ X at the initial moment t = 0, then γx := (ν, IdY ) is an entire
trajectory of skew-product dynamical system (X,S+, π) passing through the
point x = (u, y) ∈ X at the initial moment t = 0, where IdY is the identity
mapping on the space Y ;

2. if x = (u, y) ∈ X and αx ∈ Φ(X) is an entire trajectory of skew-product
dynamical system (X,S+, π) passing through the point x = (u, y) ∈ X at
the initial moment t = 0, then ν(s) := pr1αx(s) for any s ∈ S is an entire
trajectory of the cocycle ϕ passing through the point (u, y) at the initial
moment t = 0.

Remark 2.13. Note that:

1. if γ ∈ Φx then γτ ∈ Φγ(τ), where γτ (t) := γ(t+ τ) for t ∈ S, and consequently
Φ is a translation invariant subset of C(S, X);

2. if γn ∈ Φxn and γn → γ in C(S, X) as n→∞, then γ ∈ Φx with x := lim
n→∞

xn

and consequently Φ is a closed subset of C(S, X).

Similar to the shift dynamical system (C(T),T, σ) in Subsection 2.2, let
(
C(S, X),

S, λ
)

be the shift dynamical system (or Bebutov dynamical system, see e.g. [3,
16, 39, 45]) on the space C(S, X). By Remark 2.13 Φ is a closed and invariant
(with respect to shifts) subset of C(S, X), and consequently on Φ is defined a shift
dynamical system (Φ,S, λ) induced from

(
C(S, X),S, λ

)
.

If K ∈ 2X , then KK denotes the collection of any maps from K to itself, provided
with the product topology, or, what is the same thing, the topology of pointwise
convergence. By Tychonoff’s theorem, KK is compact. KK has a semigroup struc-
ture defined by the composition of maps.

Let E ⊂ XX be a semigroup. A right ideal in E is a nonempty subset I such that
IE ⊆ I, where IE := {η ◦ ξ : η ∈ I, ξ ∈ E}, and η ◦ ξ is the composition of η and ξ
defined in the following way:

(η ◦ ξ)(x) := ξ(η(x)), for x ∈ X.
Remark 2.14. It is worth noticing that we are using the original notation for the
composition which was used in the works [1], [3] and [22]. Needless to say that this
notation can be misunderstanding, and it would be possible to use the standard
definition, but then we should change any terminology about right and left ideals,
and the results already proved in the literature concerning these sets. For this
reason, we prefer to keep the original notation (at least in the framework of this
Subsection) and recommend the reader to be careful with this notation.

Definition 2.15. A minimal right ideal is one which does not properly contain a
right ideal.

Lemma 2.16. [1, 3] Every compact semigroup E with the continuous left multipli-
cation contains at least one idempotent element, i.e., an element u with u2 = u.

Recall that the point y ∈ Y is called (see, for example, [46] and [48]) positively
(negatively) stable in the sense of Poisson if there exists a sequence tn → +∞ (tn →
−∞ respectively) such that σtny → y.

Lemma 2.17. [18, ChIII], [11] Let y ∈ Y be a positively Poisson stable point,
〈(X,T+, π), (Y,T, σ), h〉 be a non-autonomous dynamical system and X be a con-
ditionally compact space, then E+y is a nonempty compact sub-semigroup of the

semigroup X
Xy
y (w.r.t. composition of mappings).
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Lemma 2.18. [18, ChIII,p.159] Suppose that the following conditions are fulfilled:

1. y ∈ Y is a two-sided Poisson stable point;
2. 〈(X,S, π), (Y, S, σ), h〉 is a two-sided non-autonomous dynamical system;
3. X is a conditionally compact space;
4.

inf
t≤0

ρ(π(t, x1), π(t, x2)) > 0

for any x1, x2 ∈ Xy (x1 6= x2).

Then the following statement hold:

1. E−y and E+y are subgroups of the semigroup Ey;

2. for any pair of points x1, x2 ∈ Xy with x1 6= x2 there are sequences {t−n } ∈
N−∞y and {t+n } ∈ N+∞

y such that

lim
n→∞

π(t±n , xi) = xi (i = 1, 2);

3.
inf
t≥0

ρ(π(t, x1), π(t, x2)) > 0

for any x1, x2 ∈ Xy (x1 6= x2).

2.4. Structure of the ω-limit set. Let M be a subset of X. We denote the
ω-limit set of M by

ω(M) :=
⋂
t≥0

⋃
{π(τ,M) : τ ≥ t};

for a singleton set, for simplicity we also write ω(x) or ωx for ω({x}). Note that
x ∈ ω(M) if and only if there exists sequences {xn} ⊂ M and {tn} ⊂ T such that
tn → +∞ as n→∞ and lim

n→∞
π(tn, xn) = x.

Definition 2.19. Let 〈(X,T+, π), (Y,T, σ), h〉 be an NDS. A subset A ⊆ X is said
to be (positively) uniformly stable if for arbitrary ε > 0 there exists δ = δ(ε) > 0
such that ρ(x, a) < δ (a ∈ A, x ∈ X and h(a) = h(x)) implies ρ(π(t, x), π(t, a)) < ε
for any t ≥ 0. In particular, a point x0 ∈ X is called uniformly stable if the singleton
set {x0} is so.

Remark 2.20. Let A ⊆ X be uniformly stable and B ⊆ A, then B is also uniformly
stable.

Lemma 2.21. [3, ChIV], [4] If the set A ⊆ X is uniformly stable and the mapping
h : X → Y is open, then the closure A of A is uniformly stable.

Corollary 2.22. If Σ+
x0

is uniformly stable and h is open, then:

1. H+(x0) is uniformly stable;
2. ωx0

is uniformly stable, because ωx0
⊆ H+(x0).

Remark 2.23. Note that if an NDS is generated by a skew-product dynamical
system (or equivalently by a cocycle) in which case the homomorphism h is given
by the natural projection mapping, then clearly h is open.

Theorem 2.24. [11] Let 〈(X,S+, π), (Y,S, σ), h〉 be an NDS with the following prop-
erties:

1. there exists a point x0 ∈ X such that the positive semi-trajectory Σ+
x0

is con-
ditionally pre-compact;

2. ωx0 6= ∅;
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3. the set ωx0 is positively uniformly stable.

Then all motions on ωx0
can be extended uniquely to the left and on ωx0

is de-
fined a two-sided dynamical system (ωx0

,S, π), i.e., the one-sided dynamical system
(X,S+, π) generates on ωx0

a two-sided dynamical system (ωx0
,S, π).

Remark 2.25. Note that Theorem 2.24 is known if Y is a compact minimal set
(see, e.g. [34] and references therein) or if each point of Y is Poisson stable (see
[14]). In our case Y , generally speaking, can be non-compact and non-minimal, and
there is no restriction on the element of Y .

2.5. Poisson stable motions and their comparability by character of re-
currence.

2.5.1. Classes of Poisson stable motions. Let (X,T, π) be a dynamical system. Let
us recall the classes of Poisson stable motions we study in this paper, see [39, 45,
46, 48] for details.

Definition 2.26. A point x ∈ X is called stationary (respectively, τ -periodic) if
π(t, x) = x (respectively, π(t+ τ, x) = π(t, x)) for all t ∈ T.

Definition 2.27. A point x ∈ X is called quasi-periodic with the base of frequency
ν = (ν1, ν2, . . . , νk) if the associated function f(·) := π(·, x) : R → X satisfies the
following conditions:

1. the numbers ν1, ν2, . . . , νk are rationally independent;
2. there exists a continuous function Φ : Rk → X such that

Φ(t1 + 2π, t2 + 2π, . . . , tk + 2π) = Φ(t1, t2, . . . , tk)

for all (t1, t2, . . . , tk) ∈ Rk;
3. f(t) = Φ(ν1t, ν2t, . . . , νkt) for t ∈ R.

Definition 2.28. For given ε > 0, a number τ ∈ T is called a ε-shift of x (respec-
tively, ε-almost period of x), if ρ(π(τ, x), x) < ε (respectively, ρ(π(τ+t, x), π(t, x)) <
ε for all t ∈ T).

Definition 2.29. A point x ∈ X is called almost recurrent (respectively, Bohr
almost periodic), if for any ε > 0 there exists a positive number l such that any
segment of length l contains a ε-shift (respectively, ε-almost period) of x.

Definition 2.30. If a point x ∈ X is almost recurrent and its trajectory Σx is
pre-compact, then x is called (Birkhoff) recurrent.

Definition 2.31. A point x ∈ X is called Levitan almost periodic [32] (see also
[3, 14, 31]), if there exists a dynamical system (Y,T, σ) and a Bohr almost periodic
point y ∈ Y such that Ny ⊆ Nx.

Definition 2.32. A point x ∈ X is called almost automorphic if it is st. L and
Levitan almost periodic.

Definition 2.33. A point x ∈ X is said to be uniformly Poisson stable or pseudo
periodic in the positive (respectively, negative) direction if for arbitrary ε > 0 and
l > 0 there exists a ε-almost period τ > l (respectively, τ < −l) of x. The point x is
said to be uniformly Poisson stable or pseudo periodic if it is so in both directions.

Lemma 2.34. If the point x ∈ X is positively (respectively, negatively) pseudo
periodic, then every point p ∈ H(x) is positively (respectively, negatively) Poisson
stable.
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Proof. Let p ∈ H(x) be an arbitrary point, then there exists a sequence {τk} ⊂ T
such that

p = lim
k→∞

π(τk, x). (2)

Since the point x ∈ X is positively (respectively, negatively) pseudo periodic, then
there exists a sequence tn → +∞ (respectively, tn → −∞) as n→∞ such that for
any positive number ε there exists a number nε ∈ N such that

ρ(π(t+ tn, x), π(t, x)) < ε

for all t ∈ T and n ≥ nε. In particular, we have

ρ(π(tn, π(τk, x)), π(τk, x)) = ρ(π(tn + τk, x), π(τk, x)) < ε (3)

for any k ∈ N and n ≥ nε. Passing to the limit in (3) as k → ∞ and taking into
consideration (2) we obtain

ρ(π(tn, p), p) ≤ ε
for any n ≥ nε, i.e., p ∈ ωp (respectively, p ∈ αp). Lemma is proved.

Definition 2.35 ([40, 41]). A point x ∈ X is said to be pseudo recurrent if for any
ε > 0, p ∈ Σx and t0 ∈ T there exists L = L(ε, t0) > 0 such that

B(p, ε)
⋂
π([t0, t0 + L], p) 6= ∅,

where B(p, ε) := {x ∈ X : ρ(p, x) < ε} and π([t0, t0 + L], p) := {π(t, p) : t ∈
[t0, t0 + L]}.

Definition 2.36. A point x ∈ X is said to be [18, ChI] strongly Poisson stable (in
the positive direction) if p ∈ ωp for any p ∈ H(x).

Remark 2.37. It is known that:

1. a strongly Poisson stable point is Poisson stable, but the converse is not true
in general;

2. all the motions introduced above (Definitions 2.26–2.35) are strongly Poisson
stable.

Definition 2.38 ([15, 44]). A point x ∈ X is said to be asymptotically stationary
(respectively, asymptotically τ -periodic, asymptotically quasi-periodic, asymptoti-
cally Bohr almost periodic, asymptotically almost automorphic, asymptotically re-
current, asymptotically Levitan almost periodic, asymptotically almost recurrent,
asymptotically pseudo periodic, asymptotically pseudo recurrent, asymptotically
Poisson stable) if there exists a stationary (respectively, τ -periodic, quasi-periodic,
Bohr almost periodic, almost automorphic, recurrent, Levitan almost periodic, al-
most recurrent, pseudo periodic, pseudo recurrent, Poisson stable) point p ∈ X such
that

lim
t→+∞

ρ(π(t, x), π(t, p)) = 0.

2.5.2. Shcherbakov’s comparability principle of motions by their character of recur-
rence. In this subsection we present some notions and results stated and proved by
B. A. Shcherbakov [45]–[46] (see also [18, Ch.I]).

Let (X,T, π) and (Y,T, σ) be two dynamical systems.

Definition 2.39. A point x ∈ X is said to be comparable with y ∈ Y by character
of recurrence if for any ε > 0 there exists a δ = δ(ε) > 0 such that every δ-shift of
y is a ε-shift for x, i.e., ρ(σ(τ, y), y) < δ implies ρ(π(τ, x), x) < ε.
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Theorem 2.40. Let x ∈ X be comparable with y ∈ Y . If the point y is stationary
(respectively, τ -periodic, Levitan almost periodic, almost recurrent, Poisson stable),
then so is the point x.

Definition 2.41. A point x ∈ X is called uniformly comparable with y ∈ Y by
character of recurrence if for any ε > 0 there exists a δ = δ(ε) > 0 such that every
δ-shift of σ(t, y) is a ε-shift of π(t, x) for all t ∈ T, i.e. ρ(σ(t + τ, y), σ(t, y)) < δ
implies ρ(π(t + τ, x), x) < ε for all t ∈ T (or equivalently: ρ(σ(t1, y), σ(t2, y)) < δ
implies ρ(π(t1, x), π(t2, x)) < ε for all t1, t2 ∈ T).

Denote Mx := {{tn} ⊂ T : {π(tn, x)} converges}, M+∞
x := {{tn} ∈Mx : tn →

+∞ as n→∞} and M∞x := {{tn} ∈Mx : tn →∞ as n→∞}.

Definition 2.42 ([12, 15]). A point x ∈ X is said to be strongly comparable with
y ∈ Y by character of recurrence if My ⊆Mx.

Theorem 2.43. Let X and Y be two complete metric spaces. Let the point x ∈ X
be uniformly comparable with y ∈ Y by character of recurrence. If y is quasi-
periodic (respectively, Bohr almost periodic, almost automorphic, Birkhoff recurrent,
Lagrange stable, pseudo periodic, pseudo recurrent), then so is x.

3. Existence and convergence to Poisson stable motions of monotone
non-autonomous dynamical systems. Assume that E is an ordered space. A
subset U of E is called lower-bounded (respectively, upper-bounded) if there exists
an element a ∈ E such that a ≤ U (respectively, a ≥ U). Such an a is said to be a
lower bound (respectively, upper bound) for U . A lower bound α is said to be the
greatest lower bound (g.l.b.) or infimum, if any other lower bound a satisfies a ≤ α.
Similarly, we can define the least upper bound (l.u.b.) or supremum.

A bundle (X,h, Y ) is said to be ordered if each fiber Xy is ordered. Note that
only points on the same fiber may be order related: if x1 ≤ x2 or x1 < x2, then it
implies h(x1) = h(x2). We assume that the order relation and the topology on X
are compatible in the sense that x ≤ x̃ if xn ≤ x̃n for all n and xn → x, x̃n → x̃ as
n→∞.

Definition 3.1. For given bundle (X,h, Y ), an NDS 〈(X,S+, π), (Y,S, σ), h〉 de-
fined on it is said to be monotone (respectively, strictly monotone) if x1 ≤ x2
(respectively, x1 < x2) implies π(t, x1) ≤ π(t, x2) (respectively, π(t, x1) < π(t, x2))
for any t > 0.

For given NDS 〈(X,S+, π), (Y,S, σ), h〉, let S ⊆ X be a nonempty closed ordered
subset possessing the following properties:

1. h(S) = Y ;
2. S is positively invariant with respect to π, i.e., 〈(S,S+, π), (Y, S, σ), h〉 is an

NDS.

Below we will use the following assumptions:

(C1) For every conditionally compact subset K of S and y ∈ Y the set Ky :=
h−1(y)

⋂
K has both infimum αy(K) and supremum βy(K);

(C2) For every x ∈ S, the semi-trajectory Σ+
x is conditionally pre-compact and its

ω-limit set ωx is nonempty and positively uniformly stable;
(C3) The NDS

〈(S,S+, π), (Y, S, σ), h〉
is monotone.
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We state a simple result for two points to be asymptotic which will be frequently
used below.

Lemma 3.2. [11] Suppose that the following conditions are fulfilled:

1. the points x, x0 ∈ S with h(x) = h(x0) are proximal, i.e., there is a sequence
tn → +∞ as n→∞ such that

lim
n→∞

ρ(π(tn, x), π(tn, x0)) = 0;

2. the set Σ+
x0
⊆ S is positively uniformly stable.

Then the points x, x0 are asymptotic, i.e., lim
t→+∞

ρ(π(t, x), π(t, x0)) = 0.

Lemma 3.3. [11] Assume that (C1)–(C3) hold. For given x0 ∈ S, let K := ωx0 ,
y0 := h(x0) and q ∈ ωq ⊆ ωy0 . Then:

1. the set K1
q := ωαq

⋂
h−1(q) (respectively, ωβq

⋂
h−1(q)) consists of a single

point γq (respectively, δq), i.e., K1
q = {γq} (respectively, ωβq

⋂
h−1(q) = {δq}),

where αq := αq(K), βq := βq(K) and K1 := ωαq ;
2. let γq and δq be as in (i), then we have

γq ≤ αq ≤ x ≤ βq ≤ δq
for any x ∈ Kq.

Lemma 3.4. Under the conditions of Lemma 3.3 π(t, γq) = γσ(t,q) (respectively,
π(t, δq) = δσ(t,q)) for any q ∈ Y and t ∈ S.

Proof. In virtue of Theorem 2.24, under conditions (C1)-(C3), on every ωx (x ∈
S := V × Y ) is defined a two-sided dynamical system (ωx,S, π). Since {γq} =
ωαq

⋂
Xq = K1

q , then π(t, γq) ∈ K1
σ(t,q) for any t ∈ S. On the other hand, by

Lemma 3.3 we have K1
σ(t,q) = {γσ(t,q)}, and hence, π(t, γq) = γσ(t,q) for any q ∈ Y

and t ∈ S.

Theorem 3.5. [18, Ch.V], [11] Assume that (C1)–(C3) hold. For given x0 ∈ S,
let y0 := h(x0). If y0 ∈ ωy0 , then the point γy0 (respectively, δy0) is comparable with
y0 by character of recurrence and

lim
t→+∞

ρ(π(t, αy0), π(t, γy0)) = 0

(respectively, lim
t→+∞

ρ(π(t, βy0), π(t, δy0)) = 0).

Theorem 3.6. [18, Ch.V], [11] Assume that (C1)–(C3) hold, x0 ∈ S and y0 :=
h(x0) ∈ Y is strongly Poisson stable. Then the point γy0 (respectively, δy0) is
strongly comparable with y0 by character of recurrence and

lim
t→+∞

ρ(π(t, αy0), π(t, γy0)) = 0

(respectively, lim
t→+∞

ρ(π(t, βy0), π(t, δy0)) = 0).

Lemma 3.7. Assume that (C1)–(C3) hold. For given x0 ∈ S, let K := ωx0 ,
y0 := h(x0) and q ∈ ωq ⊆ ωy0 . Then

1.

ωx = ωαq

whenever γq ≤ x < K1
q and
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2.

ωx = ωβq

whenever K1
q < x ≤ δq.

Proof. Let {tk} ∈ N+∞
q , then

lim
k→∞

σ(tk, q) = q.

By condition (C2) the sequence {π(tk, αq} is pre-compact because h(π(tk, αq) =
σ(tk, αq). Since K1

q = ωαq
⋂
Xq = {γq}, then the sequence {π(tk, αq} converges

and

lim
k→∞

π(tk, αq) = γq. (4)

Let x ∈ S and γq ≤ x ≤ αq. Since the non-autonomous dynamical system 〈(S, T+,
π), (Y, T, σ), h〉 is monotone, then

π(tk, γq) ≤ π(tk, x) ≤ π(tk, αq) (5)

for any k ∈ N. Finally, note that by Theorem 3.5 we have {tk} ∈ N+∞
γq , and hence,

lim
k→∞

π(tk, γq) = γq. (6)

Passing to the limit in (5) as k → ∞ and taking into consideration (4) and (6) we
obtain

lim
k→∞

π(tk, x) = lim
k→∞

π(tk, γq) = γq. (7)

Note that

ρ(π(tk, x), π(tk, γq)) ≤ ρ(π(tk, x), γq)) + ρ(γq, π(tk, γq)), (8)

(respectively,

ρ(π(tk, x), π(tk, αq)) ≤ ρ(π(tk, x), αq)) +

ρ(π(tk, αq), γq) + ρ(γk, π(tk, γq)) ) (9)

passing to the limit in (8) (respectively, in (9)) as k →∞ and taking in consideration
(6)-(7) (respectively, (4) and (6)-(7)) we obtain

lim
k→∞

ρ(π(tk, x), π(tk, γq)) = 0 (10)

(respectively,

lim
k→∞

ρ(π(tk, x), π(tk, αq)) = 0). (11)

From (10) (respectively, (11)), condition (C2) and Lemma 3.2 we have

lim
t→+∞

ρ(π(t, x), π(t, γq)) = 0,

(respectively,

lim
t→+∞

ρ(π(t, x), π(t, αq)) = 0)

and, hence ωx = ωγq (respectively, ωx = ωαq ).
The second statement of Lemma 3.7 can be proved using the same argument as

above. Lemma is proved.

Let X,Y be two complete metric spaces and

〈(X,T1, π), (Y,T2, σ), h) (12)

be a non-autonomous dynamical system.
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Definition 3.8. A closed subset M of X is said to be a minimal set of non-
autonomous dynamical system (NDS) (12) if it possesses the following properties:

a. h(M) = Y ;
b. M is positively invariant, i.e., π(t,M) ⊆M for any t ∈ T1;
c. M is a minimal subset of X possessing properties a. and b..

Theorem 3.9. [18, Ch.IV] Let 〈(X,T1, π), (Y,T2, σ), h) be a non-autonomous dy-
namical system and M ⊂ X be a nonempty, conditionally compact and positively
invariant set. If the dynamical system (Y,T2, σ) is minimal, then the subset M is
a minimal subset of NDS (12) if and only if H(x) = M for any x ∈M .

Theorem 3.10. [18, Ch.IV] Suppose that 〈(X,T1,π),(Y, T2,σ), h〉 is a non-auto-
nomous dynamical system, (Y,T2, σ) is minimal and the space X is conditionally
compact, then there exists a minimal subset M of NDS (12).

Lemma 3.11. Let (X,S+, π) be a semigroup dynamical system and M be a
nonempty conditionally compact minimal subset of (X,S+, π). Then any point
x ∈M is Poisson stable in the positive direction.

Proof. Let x ∈ M and xk := π(k, x) (k ∈ N). Since the set M is minimal and
H(xk) is a closed and positively invariant subset of M we have H(xk) = M and,
consequently, there exists a number τk ∈ S+ such that π(τk, xk) ∈ B(x, 1/k). Thus
we obtain

ρ(π(tk, x), x) < 1/k

for any k ∈ N, where tk := k + τk ≥ k. Since tk → +∞ as k → ∞, then x ∈ ωx.
Lemma is proved.

Corollary 3.12. Let M be a nonempty conditionally compact minimal subset of
the semigroup dynamical system (X,S+, π). Then every point x ∈ M is strongly
Poisson stable in the positive direction.

Proof. Let x ∈ M and p ∈ H(x). Since M is minimal H(x) = M and by Lemma
3.11 p ∈ ωp, i.e., x is strongly Poisson stable in the positive direction.

Remark 3.13. Note that Lemma 3.11 (respectively, Corollary 3.12) for two-sided
dynamical systems (X,S, π) generally speaking is not true.

Lemma 3.14. Let 〈(X,S+, π), (Y,S, σ), h〉 be an NDS with the following properties:

a. there exists a point x0 ∈ X such that the positive semi-trajectory Σ+
x0

is con-
ditionally pre-compact;

b. the point y0 := h(x0) is Poisson stable, i.e., y0 ∈ ωy0 .

Then the following statements hold:

1. there are a Poisson stable point p ∈ ωx0
and a sequence {tk} ∈ N+∞

y0 such that

lim
k→∞

ρ(π(tk, x0), π(tk, p)) = 0; (13)

2. if the dynamical system (Y,S, σ) is minimal, then there are a minimal subset
M ⊆ ωx0

of non-autonomous dynamical system 〈(ωx0
, S+, π), (Y, S, σ), h〉,

a point p ∈M
⋂
Xy0 and a sequence {tk} ∈ N+∞

y0 such that (13) is fulfilled.

Proof. Consider the non-autonomous dynamical system 〈(X0,S+, π), (Y,S, σ), h〉,
where X0 := H+(x0) = {π(t, x0)| t ≥ 0}. Since X0 is conditionally compact and
y0 ∈ ωy0 , then by Lemma 2.17 E+y0 is a nonempty compact semigroup. According

to Lemma 2.16 there exists an idempotent u ∈ E+y0 , and hence, u(u(x0)) = u(x0).
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Note that p := u(x0) ∈ ωx0 , u(p) = p and u(x0) = u(p). Let {tk} ⊂ T+ such that
π(tk, ·)→ u (point-wise on X0

⋂
Xy0) as k →∞. In particular, we have

lim
k→∞

π(tk, p) = p and lim
k→∞

ρ(π(tk, x0), π(tk, p)) = 0.

To prove the second statement we note that by Theorem 3.10 there exists a
minimal subset M ⊆ ωx0

of non-autonomous dynamical system 〈(X0, S+, π), (Y,

S, σ), h〉. Denote by Ẽ+y0 := {ξ ∈ E+y0 | ξ(x0) ∈ My0 := M
⋂
Xy0}. It is easy to

show that Ẽ+y0 6= ∅. In fact, if m ∈ My0 6= ∅ then there exists a sequence tn → +∞
such that π(tn, x0) → m, h(π(tn, x0)) = σ(tn, y0) → h(m) = y0 as n → ∞. Thus
{tn} ∈ N+∞

y0 and without loss of generality we may suppose that πtn → ξ ∈ E+y0 . On

the other hand ξ(x0) = lim
n→∞

π(tn, x0) = m ∈My0 and, consequently, ξ ∈ Ẽ+y0 . This

means that under the conditions of Lemma Ẽ+y0 is a nonempty and compact sub-

semigroup of the semigroup E+y0 . Let v ∈ Ẽ+y0 be an idempotent of this semigroup.

Since v2 = v, then v(v(x0)) = v(x0) and reasoning as above we obtain a sequence
{tk} ⊆ S+ such that

1. {tk} ∈ N+∞
y0 ;

2. p := v(x0) ∈M ;
3.

lim
k→∞

ρ(π(tk, x0), π(tk, p)) = 0.

Lemma is completely proved.

Corollary 3.15. Let 〈(X,S+, π), (Y,S, σ), h〉 be an NDS with the following proper-
ties:

a. there exists a point x0 ∈ X such that the positive semi-trajectory Σ+
x0

is con-
ditionally pre-compact;

b. the point y0 := h(x0) is Poisson stable, i.e., y0 ∈ ωy0 ;
c. the set ωx0 is positively uniformly stable.

Then the following statements hold:

1. there is a Poisson stable point p ∈ ωx0
such that

lim
t→+∞

ρ(π(t, x0), π(t, p)) = 0; (14)

2. if the dynamical system (Y,S, σ) is minimal, then there are a minimal subset
M ⊆ ωx0

of non-autonomous dynamical system 〈(ωx0
,S+, π), (Y,S, σ), h〉 and

a point p ∈ M
⋂
Xy0 such that (14) is fulfilled, and hence, ωx0

is a minimal
subset of non-autonomous dynamical system 〈(X0,S+, π), (Y, S, σ), h〉.

Proof. This statement directly follows from Lemmas 3.2 and 3.14.

4. Uniformly stable monotone non-autonomous dynamical systems. In
this section we suppose that conditions (C1)-(C3) are fulfilled. Assume that (E,P )
is an ordered Banach space with Int(P ) 6= ∅. For u1, u2 ∈ E, we write u1 ≤ u2 if
u2 − u1 ∈ P ; u1 < u2 if u2 − u1 ∈ P \ {0}; u1 � u2 if u2 − u1 ∈ Int(P ).

A subset U of E is said [26] to be order convex if for any a, b ∈ U with a < b, the
segment {a+ s(b− a) : s ∈ [0, 1]} is contained in U . Let V = [0, b]E with b� 0 or
V = P , or furthermore, V be an order convex subset of E.

Now fix x0 = (u0, y0) ∈ X = V × Y , then the set ω(u0y0) is a conditionally
compact and positively invariant set. Assume that (Y,S, σ) is minimal and y ∈ ωy
for any y ∈ Y , then h(ω(x0,y0)) = Y . According to Corollary 3.15 the set ω(u0,y0)
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is a minimal set of non-autonomous dynamical system 〈(V × Y, S+, π), (Y,S, σ), h〉.
We put K := ω(x0,y0).

Let (Ei, Pi), 1 ≤ i ≤ n, be ordered Banach spaces with Int(Pi) 6= ∅. For each
I = {j1, . . . , jm} ⊆ N := {1, . . . , n}, we define

EI :=

m∏
k=1

Ejk , PI :=

m∏
k=1

Pjk .

Then (EI , PI) is an ordered Banach space with

Int(PI) =

m∏
k=1

Int(Pjk) 6= ∅.

Let ≤I (respectively, <I and �I) be the orders induced by PI in EI . In the case
where I = N , we use (E,P ) to denote the ordered Banach space (EN , PN ), and
omit the order subscripts to get the orders ≤, < and� in E, respectively. For each
1 ≤ i ≤ n, let Qi : E×Y :→ Ei be the projection mapping defined by Qi(u, y) = ui.

Condition (C4). For any two bounded full orbits γj (j = 1, 2) with γ1(t) ≤ γ2(t)
for any t ∈ S, there exists t0 > 0 such that whenever Qiγ1(s) < Qiγ2(s) holds for
some i ∈ N and s ∈ S, then Qiγ1(t)� Qiγ2(t) for all t ≥ s+ t0.

Definition 4.1. A skew-product semi-flow π on V × Y is said [26] to be compo-
nentwise strongly monotone if it is monotone and whenever u1 ≤ u2 with u1i < u2i,
one has Qiπ(t, (u1, y))� Qiπ(t, (u2, y)) for all t > 0.

In the case where n = 1, the componentwise strong monotonicity is equivalent
to the strong monotonicity. Clearly, the assumption (C5) is much weaker than the
componentwise strong monotonicity.

For any q ∈ Y , by Lemma 3.7, we have γq ≤ K1
q . We define

M(K, γq, q) := max{δ(z) : (z, q) ∈ K1
q } (15)

with

δ(z) := Card{i : (z, q)i > (γq)i}
and

M(K) := max{M(K, γq, q) : q ∈ Y }. (16)

Lemma 4.2. Let (C1)–(C3) and (C5) hold. Assume that (Y,S, σ) is minimal,
q ∈ ωq for any q ∈ Y and there exist a point (z, q) ∈ K1

q and an index subset I ⊂ N
such that

(pr1γq)i < zi

for any i ∈ I, and

(pr1γq)j = zj ,

for any j ∈ N \ I.
Then the following two properties hold:

1.

(pr1π(t, γq))i � (pr1π(t, (z, q)))i

for any i ∈ I and t ∈ S;
2.

(pr1π(t, γq))j = (pr1π(t, (z, q)))j

for any j ∈ N \ I and t ∈ S.
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Proof. This statement may be proved using the same ideas as in the proof of Lemma
4.1 from [26]. Below we will present the details of this proof. Since K is a minimal
set (see Corollary 3.15, item (ii)) of non-autonomous dynamical system 〈(V × Y,
S+, π), (Y, S, σ), h〉, then by Lemma 3.11 there exists a sequence {τk} ⊂ S+ such
that τk → +∞ and π(τk, (z, q)) → (z, q) as k → ∞. Let t be an arbitrary element
of S, then τk + t ≥ 0 for sufficiently large k and

π(τk, π(t, (z, q)))→ π(t, (z, q))

as k →∞.
By the monotonicity of ϕ we have

π(τk, γq(t)) = γq(t+ τk) ≤ π(t+ τk, (z, q)) = π(τk, π(t, (z, q))), (17)

for any k ≥ 1.
According to Theorem 3.5 and Lemma 3.4, passing to the limit in (17), we will

have π(t, γq) ≤ π(t, (z, q)), and hence,

ϕ(t, pr1γq, q) ≤ ϕ(t, z, q) (18)

for any t ∈ S.
Assume that the property (i) does not hold, then from (18) and condition (C5)

it follows that there exist i0 ∈ I and t0 ∈ S such that

ϕi0(t, (pr1γq, q)) = ϕi0(t, (z, q)) (19)

for any t ≤ t0.
Since (pr1γq)i0 < zi0 , condition (C4) implies that there exists t̄ > 0 for which

we will have
ϕi0(t̄, pr1γq, q)� ϕi0(t̄, z, q).

By the minimality of ωγq (see Lemma 3.14 and Corollary 3.15) and K, we have

αγq = ωγq , α(z,q) = K, (20)

and hence,
π(t̄, γq) ∈ αγq , π(t̄, (z, q)) ∈ α(z,q). (21)

From (21) it follows that there exists a sequence τk → −∞ such that τk ≤ t0 and

π(τk, (z, q))→ π(t̄, (z, q)). (22)

From (22) it follows that {τk − t̄} ∈ Nq. By Theorem 3.5 Nq ⊆ Nγq , and hence,
{τk − t̄} ∈ Nγq . From the las relation we have

π(τk, γq) = π(t̄, π(τk − t̄, γq))→ π(t̄, γq)

as k →∞.
By (19), we have

ϕi0(τk, pr1γq, q) = ϕi0(τk, z, q) (23)

for any k ∈ N. Passing to the limit in (23) as k →∞ we obtain

ϕi0(t̄, pr1γq, q) = ϕi0(t̄, z, q).

The last relation contradicts to (20). The obtained contradiction proves our state-
ment.

It is easy to see that property (ii) follows from (16) and the arguments supporting
the property (a).

Remark 4.3. If the space Y is compact, then Lemma 4.2 coincides with Lemma
4.1 from [26].
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Theorem 4.4. Assume that the dynamical system (Y, S, σ) is minimal and q ∈ ωq
for any q ∈ Y . Under conditions (C1)-(C4) for any (u0, y0) ∈ V ×Y the following
statements hold:

1. for any q ∈ Y the set

ω(u0,y0)

⋂
Xq

consists of a single point {(uq, q)};
2. the point (uq, q) is strongly comparable by character of recurrence with the

point q ∈ Y ;
3.

lim
t→+∞

ρ(ϕ(t, u0, y0), ϕ(t, uy0 , y0)) = 0.

Proof. This statement may be proved using the same ideas as in the proof of The-
orem 4.1 from [26]. Below we will present the details of this proof.

For any given (u0, y0) ∈ V × Y , let K = ω(u0,y0). According to Corollary 3.15
(item (ii)), under the conditions of Theorem 4.4, the set K is minimal. As defined
in (15) and (16), we then get an integer M(K). We will show that M(K) = 0.
If we suppose that it is not true, then M(K) = m and 1 ≤ m ≤ n. By the
definition, there exists a y ∈ Y such that M(K; γy) = m, and hence there is a
point (z, y) ∈ K such that zi > (pr1γy)i for any i ∈ I ⊂ N with CardI = m, and
zj = (pr1γy)j for j ∈ N \ I. From Lemma 4.2 we have properties (i) and (ii). In
particular, (pr1γy)i � zi for all i ∈ I. Without loss of generality, we can assume
that I = {1, 2, . . . ,m}. By property (ii) of Lemma 4.2 and the minimality of K we
obtain

z∗j = (pr1γy)j

for any (z∗, y) ∈ K and j ∈ N \ I.
This implies that δ(z) ≤ δ(z∗) for any (z∗, y) ∈ K. The same argument as above

deduces that δ(z∗) ≤ δ(z). Thus, we have

δ(z) = δ(z∗)

for all (z∗, y) ∈ K. Applying Lemma 4.2 again, we get

(pr1γy)i � z∗i , for any i ∈ I and (z∗, y) ∈ K;

(pr1γy)j = z∗j , for any j ∈ N \ I and (z∗, y) ∈ K. (24)

For any index subset I ⊆ N , we define the projection mapping QI : E × Y → EI
by QI(u) = uI , where (uI)i = ui, for any i ∈ I. Thus, (24) implies that

(pr1γy)I �I QI(K
⋂
h−1(y)). (25)

We have specified I = {1, 2, . . . ,m}. By (25), it then follows that there exists an
ε0 > 0 0 such that

QI(B
I
+(pr1γy, ε0))�I QI(K

⋂
h−1(y)) (26)

with

BI+(pr1γy, ε0) := {u = (u1, . . . , um, (pr1γy)m+1, . . . , (pr1γy)n) ∈ V :

u ≥ pr1γy and ‖u− pr1γy‖ ≤ ε0}. (27)

Since the forward orbit {π(t, γy) : t ≥ 0} is uniformly stable, there exists δ0 =
δ0(ε0) ≤ ε0 such that

‖ϕ(t, u, y)− ϕ(t, pr1γy, y)‖ ≤ ε0
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for any t ≥ 0 whenever ‖u − pr1γy‖ ≤ δ0. Therefore, the subset ω(u,y)

⋂
h−1(y∗)

satisfies
sup

(ũ,y∗)∈ω(u,y)

‖u− pr1γy∗‖ ≤ ε0. (28)

Combining (27) and (28) together with (ii) of Lemma 4.2, we have for any u ∈
BI+(pr1γy, δ0)

γy ≤ ω(u,y)

⋂
h−1(y) ≤ K

⋂
h−1(y).

By the definition of αy, it follows that

γy ≤ ω(u,y)

⋂
h−1(y) ≤ αy.

Applying Lemma 3.7 (item (i)) and the minimality of ω(u,y), we obtain that

ω(u,y) = ωαy

for any u ∈ BI+(pr1γy, δ0).
Let L := {tγy + (1 − t)(z, y)| t ∈ [0, 1]} ⊂ h−1(y) denote the segment with

endpoints γy and (z, y) ∈ K, and let

A := {τ ∈ [0, 1] | uτ := pr1γy + τ(z − pr1γy), ω(uτ ,y) = ωαy}.
The above argument shows that there exists a τ0 > 0 such that [0, τ0] ⊂ A.

Set τ∗ := sup{τ | τ ∈ A}. By Theorem 3.6 and the monotonicity, we have τ ∈
A whenever 0 ≤ τ ≤ τ ′ with τ ′ ∈ A. Therefore, A must be an interval, that
is, A = [0, τ∗) or [0, τ∗]. In either case, we shall show that the semi-trajectory
{π(t, (xτ∗ , y))| t ≥ 0} is not uniformly stable.

In the case where A = [0, τ∗), we have ω(uτ∗ ,y)
6= ωαy . Choose (ũ, y) ∈ ω(uτ∗ ,y)

.
Then ũ 6= pr1γy. Let ε0 := ‖ũ − pr1γy‖ > 0. By the stability of the forward orbit
{π(t, (uτ∗ , y))| t ≥ 0}, there is a δ0 > 0 such that

‖ϕ(t, u, y)− ϕ(t, uτ∗ , y)‖ < ε0
2

(29)

whenever t ≥ 0 and ‖u− uτ∗‖ < δ0. Let 0 < τ∗ − τ � 1 and choose τk → +∞ such
that π(τk, (uτ∗ , y)) → (ũ, y) as k → ∞. Since 0 < τ∗ − τ � 1, it follows from (29)
that

‖ϕ(τk, uτ , y)− ϕ(τk, uτ∗ , y)‖ < ε0
2
. (30)

Passing to the limit in (30) as k →∞, we obtain

ε0 = ‖ũ− pr1γy‖ ≤
ε0
2
,

which is a contradiction.
In the case where A = [0, τ∗], we have ω(uτ∗ ,y)

= ωαy and 0 < τ∗ < 1. For any

τ ∈ (τ∗, 1), γy /∈ ω(uτ ,y). Let ε0 be the number defined in BI+(pr1γy, ε0) of (26).
Then the stability assumption implies that

‖ϕ(t, uτ , y)− ϕ(t, uτ∗ , y)‖ < ε0, (31)

for any t ≥ 0 as 0 < τ−τ∗ � 1. Let {τk} be such a sequence that π(τk, (uτ∗ , y))→ γy
as k →∞. Without loss of generality, we can suppose that π(τk, (uτ , y))→ (ũ, y) for
0 < τ−τ∗ � 1. Putting τk into (31) and letting k →∞, we obtain ‖ũ−pr1γy‖ ≤ ε0.
From the monotonicity and Lemma 4.2 (item (ii)), we have

ϕj(t, uτ , y) = ϕj(t, pr1γy, y)

for any j ∈ N \ I and t > 0. Thus, ũ ∈ BI+(pr1γy, ε0). By (26), ũI �I

QI(K
⋂
h−1(y)). Applying Lemma 3.7, we have ω(ũ,y) = ωαy . Since ω(ũ,y) ⊂
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ω(uτ ,y), the minimality implies that ω(uτ ,y) = ω(ũ,y) = ωαy , contradicting the defi-
nition of τ∗.

The above two contradictions show that M(K) = 0. Thus, K
⋂
h−1(y) = {γy}

for any y ∈ Y . Now to finish the proof of Theorem it is sufficient to apply Theorem
3.6.

5. Sub-linear non-autonomous dynamical systems. Let E be a real Banach
space with a nonempty closed convex cone P such that P

⋂
(−P ) = {0} and

Int(P ) 6= ∅.

Definition 5.1. 〈P,ϕ, (Y, S, σ)〉 is said to be monotone (respectively, strictly or
strongly monotone) if for any u1, u2 ∈ P the inequality u1 ≤ u2 (respectively,
u1 < u2) implies ϕ(t, u1, y) ≤ ϕ(t, u2, y) (respectively, ϕ(t, u1, y) < ϕ(t, u2, y) or
ϕ(t, u1, y)� ϕ(t, u2, y)) for any t > 0 and y ∈ Y .

Definition 5.2. A monotone cocycle 〈P,ϕ, (Y,T, σ)〉 is said to be:

1. sub-linear if

ϕ(t, λu, y) ≥ λϕ(t, u, y) (32)

for any λ ∈ (0, 1), t > 0 and (u, y) ∈ P × Y ;
2. strictly sub-linear (respectively, strongly sub-linear) if

ϕ(t, λu, y) > λϕ(t, u, y) (33)

(respectively, ϕ(t, λu, y)� λϕ(t, u, y))

for any λ ∈ (0, 1), t > 0 and (u, y) ∈ Int(P )× Y .

Remark 5.3. Note that inequality (32) is equivalent to

αϕ(t, u, y) ≥ ϕ(t, αu, y)

(respectively, αϕ(t, u, y) > ϕ(t, αu, y) or αϕ(t, u, y)� ϕ(t, αu, y))

for any α ∈ (1,+∞), t > 0 and (u, y) ∈ P × Y .

We define the part (Birkhoff) metric on Int(P ) by

p(u1, u2) := inf{lnα| α ≥ 1, and α−1u1 ≤ u2 ≤ αu1}.

Then (Int(P ), p) is a metric space (see, for example, [20, 29, 38] and the bibliography
therein).

Lemma 5.4. [19],[20, ChIV],[26] Let 〈P,ϕ, (Y, S, σ)〉 be a monotone sub-linear non-
autonomous (cocycle) dynamical system, then the following statements hold:

a.

p(ϕ(t, u1, y), ϕ(t, u2, y)) ≤ p(u1, u2)

for any t ≥ 0 and u1, u2 ∈ Int(P );
b. if 〈P,ϕ, (Y,S, σ)〉 is strongly sub-linear, then

p(ϕ(t, u1, y), ϕ(t, u2, y)) < p(u1, u2)

for any t > 0 and u1, u2 ∈ Int(P ), u1 6= u2 and ϕ(t, ui, y) ∈ Int(P ).

Condition (C). For given y0 ∈ Y there exists a number t0 = t0(y0) > 0 such that
if u1, u2 ∈ Int(P ) and α−1u1 ≤ u2 ≤ αu1 then α−1ϕ(t0, u1, y0) � ϕ(t0, u2, y0) �
αϕ(t0, u1, y0).
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Lemma 5.5. [53] Under the condition (C) the following statement holds

p(π(t0, x1), π(t0, x2)) < p(x1, x2),

where xi := (ui, y0) and ui ∈ Int(P ) (i = 1, 2).

Lemma 5.6. Let 〈P,ϕ, (Y,S, σ)〉 be monotone, sub-linear and one of the following
conditions hold:

1. there exist y0 ∈ Y and t0 = t0(y0) > 0 such that

ϕ(t0, λu, y0)� λϕ(t0, u, y0) (34)

for any u ∈ Int(P ) and λ > 1;
2. there exist y0 ∈ Y and t0 = t0(y0) > 0 such that

ϕ(t0, u1, y0)� ϕ(t0, u2, y0)

for any u1, u2 ∈ Int(P ) with u1 < u2;.

Then there are y0 ∈ Y and t0 = t0(y0) > 0 such that the inequality λ−1u1 ≤
u2 ≤ λu1 (λ > 1) implies

λ−1ϕ(t0, u1, y0)� ϕ(t0, u2, y0)� λϕ(t0, u1.y0).

Proof. Assume that the cocycle ϕ is monotone, sub-linear and there are y0 ∈ Y
and t0 = t0(y0) > 0 such that the condition (34) is fulfilled. Let λ > 1 and
u1, u2 ∈ Int(P ) such that λ−1u1 ≤ u2 ≤ λu2, then we have

λ−1ϕ(t0, u1, y0)� ϕ(t0, λ
−1u1, y0) ≤ ϕ(t0, u2, y0) ≤

ϕ(t0, λu1, y0)� λϕ(t0, u1.y0)

and hence,
λ−1ϕ(t0, u1, y0)� ϕ(t0, u2, y0)� λϕ(t0, u1.y0).

Analogically we can prove the second statement of Lemma.

Let 〈P,ϕ, (Y,S, σ)〉 (shortly ϕ) be a cocycle over dynamical system with the
fiber P and (X,S+, π) be a skew-product dynamical system generated by ϕ, i.e.,
X := P × Y and π := (ϕ, σ) (π(t, (u, y)) := (ϕ(t, u, y), σ(t, y)) for any t ∈ S+ and
(u, y) := x ∈ X).

Lemma 5.7. [30] The following statements hold:

1. let P be a cone with nonempty interior in a Banach space E; if u, v ∈ Int(P )
and r > 0 is a number such that the norm closed ball of radius r and center u
and v respectively, is contained in P , then

p(u, v) ≤ ln(1 +
||u− v||

r
); (35)

2. if P is a normal cone in Banach space E and the norm || · || is monotone on
P , then for any u, v ∈ Int(P ),

||u− v|| ≤ (2ep(u,v) − e−p(u,v) − 1) min{||u||, ||v||}.

Let u0 ∈ Int(P ) and y0 ∈ Y such that Q := ϕ(S+, u0, y0) ⊂ Int(P ) is a compact
subset, then there are two positive numbers r and R (R > r) such that

B[Q, 2r] := {u ∈ Int(P )| ρ(u,Q) ≤ 2r} ⊂ Int(P )

and
||u|| ≤ R

for any u ∈ B[Q, 2r], where ρ(u,Q) := inf
v∈Q
||u− v||.
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Definition 5.8. The point x0 := (u0, y0) (respectively, the semi-trajectory Σ+
x0

) is
called positively uniformly stable if for any ε > 0 there exists δ = δ(ε) > 0 such
that ||ϕ(τ, u, y0) − ϕ(τ, u0, y0)|| < δ implies ||ϕ(t, u, y0) − ϕ(t, u0, y0)|| < ε for any
t ≥ τ .

Remark 5.9. Note that the point x0 = (u0, y0) ∈ E × Y is uniformly positively
stable (in the sense of Definition 5.8) if and only if the set Σ+

x0
is uniformly positively

stable (in the sense of Definition 2.19) with respect to non-autonomous dynamical
system 〈(X,S+, π), (Y,S, σ), h〉 generated by cocycle ϕ.

This statement follows from the corresponding definitions and the fact that X =
E × Y and π = (ϕ, σ).

Lemma 5.10. Let P be normal cone in Banach space E and 〈P,ϕ, (Y,S, σ)〉 be
a monotone and sub-linear cocycle. Suppose that u0 ∈ Int(P ) such that Q =

ϕ(S+, u0, y0) ⊂ Int(P ), then the point x0 := (u0, y0) ∈ Int(P ) × Y is positively
uniformly stable.

Proof. Suppose that this statement is not true, then there are r > ε0 > 0, δn → 0
(δn > 0), {un} with

||ϕ(τn, un, y0)− ϕ(τn, u0, y0)|| ≤ δn,

τn ≥ 0 and tn ≥ τn such that

||ϕ(tn, un, y0)− ϕ(tn, u0, y0)|| ≥ ε0
for any n ∈ N.

Notice that

γn := V (ϕ(tn, un, y0), ϕ(tn, u0, y0)) =

V (ϕ(tn − τn, ϕ(τn, un, y0), σ(τn, y0)), ϕ(tn − τn, ϕ(τn, u0, y0), σ(τn, y0)) ≤
V (ϕ(τn, un, y0), ϕ(τn, u0, y0)) ≤ ln(1 + ||ϕ(τn,un,y0)−ϕ(τn,u0,y0)||

r )→ 0

as n→∞, where V (u, v) := p(u, v). On the other hand

ε0 ≤ ||ϕ(tn, un, y0)− ϕ(tn, u0, y0)|| ≤ (2eγn − e−γn − 1)R→ 0

as n→∞, i.e., ε0 ≤ 0. The obtained contradiction proves our statement.

Corollary 5.11. Under the conditions of Lemma 5.10 the semi-trajectory Σ+
x0

is
positively uniformly stable and on the set K := ωx0

is defined a two-sided dynamical
system (K,S, π̃) which is an extension of one-sided dynamical system (K, S+, π),
i.e., π̃(t, x) = π(t, x) for any (t, x) ∈ S+ ×K.

Proof. This statement follows from Lemma 5.10 and Theorem 2.24.

Lemma 5.12. Let V : Int(P )× Int(P )→ R+ be a function defined by equality

V (u, v) := p(u, v) (36)

for any (u, v) ∈ Int(P )× Int(P ).
Then the following statements hold:

1. V (u, v) = 0 if and only u = v;
2.

|V (u, v)− V (u0, v0)| ≤ V (u, u0) + V (v, v0) (37)

for any u, v, u0, v0 ∈ Int(P );
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3. the mapping V : Int(P )× Int(P )→ R+ is norm continuous, i.e.,

lim
n→∞

V (un, vn) = V (u0, v0)

for any u0, v0 ∈ Int(P ) and {un}, {vn} ⊆ Int(P ) such that

lim
n→∞

||un − u0|| = lim
n→∞

||vn − v0|| = 0.

Proof. The first statement is evident. The second statement follows from (36) and
the triangle inequality for the metric p. The third statement follows from (35) and
(37) (see also [53]).

6. Comparability by character of recurrence of motions for sub-linear
cocycles.

Lemma 6.1. Let 〈(X,S+, π), (Y,S, σ), h〉be a monotone non-autonomous dynamical
system. Assume that the following conditions are fulfilled:

1. the point y0 ∈ Y is positively Poisson stable;
2. there exists a nonempty closed positively invariant subset K ⊆ X which is

conditionally compact and h(K) = Y ;
3. M is a nonempty E+y0 minimal subset of Ky0 ;

4. the E+y0 minimal set M is positively distal.

Then the E+y0 minimal set M does not contain two different points x1, x2 ∈ M
such that x2 ≥ x1.

Proof. Suppose that this statement is not true. Let x1, x2 ∈ M, x1 6= x2 and
x2 ≥ x1. Since the set K is conditionally compact, then Ky0 is a compact set and,
consequently, M⊆ Ky0 is so because it is closed. Taking in consideration that M
is partially ordered and compact, then by Zorn’s lemma it contains at least one
maximal element m ∈ M. Notice that M is a E+y0 minimal set and, consequently,

there exists ξ ∈ E+y0 such that ξ(x1) = m. For ξ ∈ E+y0 there exists a sequence

{tn} ∈ N+∞
y0 such that

lim
n→∞

πtn
∣∣Ky0 = ξ

and lim
n→∞

π(tn, x1) = m. By conditions of Lemma the set K is conditionally com-

pact, then the sequence {π(tn, x2)} is also conditionally compact because {h(π(tn,
x2))} = {σ(tn, y0)}. Thus we can extract a subsequence {tnk} ⊆ {tn} such that
the sequence {π(tnk , x2)} converges. Denote its limit by p := lim

n→∞
π(tnk , x2), then

taking in consideration that

π(tnk , x2) ≥ π(tnk , x1) (38)

for any k ∈ N and passing to the limit in (38) as k → ∞ we obtain p ≥ m and,
consequently, m = p.

On the other hand x2 6= x1, x1, x2 ∈ M and M is positively distal, i.e., there
exists a positive number α = α(x1, x2) such that

ρ(π(tnk , x2), π(tnk , x1)) ≥ α (39)

for any k ∈ N. Passing to the limit in (39) as k → ∞ we obtain ρ(p,m) ≥ α, i.e.,
p 6= m. The obtained contradiction proves our statement.

Lemma 6.2. Let 〈(X,S−, π), (Y,S, σ), h〉 be a monotone non-autonomous dynam-
ical system. Assume that the following conditions are fulfilled:

1. the point y0 ∈ Y is negatively Poisson stable;
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2. there exists a nonempty closed negatively invariant subset K ⊆ X which is
conditionally compact and h(K) = Y ;

3. M is a nonempty E−y0 minimal subset of Ky0 ;

4. the E−y0 minimal set M is negatively distal.

Then the E−y0 minimal set M does not contain two different points x1, x2 ∈ M
such that x2 ≥ x1.

Proof. This statement follows from Lemma 6.1 replacing t by −t.

Remark 6.3. Lemma 6.1 (respectively, Lemma 6.2) remains true, if we replace
the positive (respectively, negative) distality of minimal set M by the following
conditions:

inf
{tn}∈N+∞

y0

ρ(π(tn, x1), π(tn, x2)) > 0

(respectively,

inf
{tn}∈N−∞y0

ρ(π(tn, x1), π(tn, x2)) > 0 )

for any x1, x2 ∈M with x1 6= x2.

Lemma 6.4. Let 〈(X,S+, π), (Y, S, σ), h〉 be a non-autonomous dynamical system.
Suppose that the following conditions are fulfilled:

1. the point y0 ∈ Y is Poisson stable in the both directions;
2. X is conditionally compact, x0 ∈ X and h(x0) = y0.

Then the following statements are equivalent:

a. N+∞
y0 ⊆ N+∞

x0
;

b. the point x0 ∈ Xy0 is a common fixed point of the semigroup E+y0 , i.e., ξ(x0) =

x0 for any ξ ∈ E+y0 .

Proof. We will show that a. implies b. In fact, for any ξ ∈ E+y0 there exists a

sequence {tn} ∈ N+∞
y0 such that ξ = lim

n→∞
πtn
∣∣Xy0 and, consequently, ξ(x0) =

lim
n→∞

π(tn, x0) = x0 for any ξ ∈ E+y0 because N+∞
y0 ⊆ N+∞

x0
.

Conversely. Let x0 ∈ Xy0 be a common fixed point of the semigroup E+y0 , i.e.,

ξ(x0) = x0 for any ξ ∈ E+y0 . We need to show that N+∞
y0 ⊆ N+∞

x0
. Let {tn} ∈ N+∞

y0 .
Consider the sequence {π(tn, x0)}. Since {π(tn, x0} ⊆ X and X is conditionally
compact, then {π(tn, x0)} is relatively compact. Thus, for the convergence of
{π(tn, x0)} it is sufficient to show that it has at most one (exactly one) limiting
point. Let x′ be a limiting point of the sequence {π(tn, x0)}, then there exists
a subsequence {tnk} ⊆ {tn} such that π(tnk , x0} → x′ as k → ∞. Since X is
conditionally compact and {σ(tn, y0)} → y0 as n→∞, then the set

Q :=
⋃
{Xσ(tn,y0)| n ∈ N}

is compact. Consider the sequence {πtnk
∣∣Xy0} ⊂ QXy0 . By Tikhonov’s theorem we

can suppose that this sequence is convergent. Denote its limit by ξ, then ξ ∈ E+y0
and we have x′ = lim

n→∞
π(tnk , x0) = ξ(x0) = x0.

Theorem 6.5. Let 〈P,ϕ, (Y,S, σ)〉 (shortly ϕ) be a cocycle over dynamical system
(Y, S, σ) with the fiber P . Assume that the following conditions are fulfilled:

1. the point y0 ∈ Y is Poisson stable in the both directions;
2. the cocycle ϕ is monotone and strongly sub-linear;
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3. for every x ∈ X = P × Y the positive semi-trajectory Σ+
x is conditionally

compact;
4. there exists a point x0 = (u0, y0) ∈ Int(P )× Y such that

(1) the set Q := ϕ(S+, u0, y0) is compact;

(2) the closure Σ
+

x0
of positive semi-trajectory Σ+

x0
belongs to Int(P )× Y .

Then the following statements hold:

1. (a) the set ωx0
is negatively distal, i.e., for any q ∈ ωy0 and (v1, q), (v2, q) ∈

ωx0
with v1 6= v2 we have

inf
t≤0
||ϕ(t, v1, q)− ϕ(t, v2, q)|| > 0;

(b) the set ωx0

⋂
Xy0 consists of a single point p0 = (pu0

, y0);
(c) N+∞

y0 ⊆ N+∞
p0 ;

(d) lim
t→+∞

‖ϕ(t, u0, y0)− ϕ(t, pu0 , y0)‖ = 0.

2. for any u ∈ Int(P ) the set ω(u,y0)

⋂
Xy0 consists of a single point p = (pu, y0);

3. N+∞
y0 ⊆ N+∞

p ;
4.

lim
t→+∞

‖ϕ(t, u, y0)− ϕ(t, pu, y0)‖ = 0;

5.

pu1
= pu2

for any ui ∈ P (i = 1, 2).

Proof. Let 〈(X,S+, π), (Y,S, σ), h〉 be a non-autonomous dynamical system gene-
rated by cocycle ϕ, i.e., (X,S+, π) is the skew-product dynamical system (X =

P ×Y, π = (ϕ, σ) and h := pr2). Denote by X̃×̇X̃ := {(x1, x2)| x1, x2 ∈ X̃, h(x1) =

h(x2)} and V(x1, x2) := V (u1, u2), where (ui, y) := xi (i = 1, 2) and X̃ := Int(P )×
Y . By Lemma 5.4 we have

V(π(t, x1), π(t, x2)) ≤ V(x1, x2)

for any t ≥ 0 and (x1, x2) ∈ X̃×̇X̃ with π(t, xi) ∈ Int(P )× Y .
Denote by K := ωx0

the omega limit set of x0. Under the conditions of Theorem
the set K is invariant, conditionally compact and h(K) = ωy0 . According to Lemma
5.10 the point x0 and, consequently, also the set ωx0

is positively uniformly stable.
By Theorem 2.24 (see also Corollary 5.11) it is defined a two-sided non-autonomous
dynamical system 〈(K, S, π), (ωy0 ,S, σ), h〉. We will show that the constructed above
non-autonomous dynamical system is negatively distal. In fact. If we suppose that
it is not true, then there exists a point q ∈ ωy0 and pair of points x1, x2 ∈ Kq with
x1 6= x2 such that

inf
t≤0

ρ(π(t, x1), π(t, x2)) = 0.

This means that there exists a sequence tn → −∞ such that ρ(π(tn, x1), π(tn, x2))→
0 as n→∞. On the other hand we have

V(x1, x2) = V(π−tnπtn(x1), π−tnπtn(x2)) ≤
V(πtn(x1), πtn(x2)) = p(ϕ(tn, u1, q), ϕ(tn, u2, q)) ≤

ln
(
1 + ||ϕ(tn,u1,q)−ϕ(tn,u2,q)||

r

)
→ 0

as n→∞, where xi := (ui, q) (i = 1, 2) and, consequently, x1 = x2. The obtained
contradiction proves our statement. By Lemma 2.18 there are two sequences {t±n }
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such that t±n → ±∞ and for any x ∈ Ky0

π(t±n , x)→ x (40)

as n→∞.
Let xi = (ui, y0) (i = 1, 2). Consider the function β : T→ R+ defined by β(t) :=

V(π(t, x1), π(t, x2)). Note that the function β possesses the following properties:

1. β ∈ C(T,R+);
2.

lim
n→∞

β(t+ t±n ) = β(t) (41)

for any t ∈ S;
3. according to Lemma 5.4 the function α is monotone decreasing, i.e.,

if t2 ≥ t1 (t1, t2 ∈ S) then β(t2) ≤ β(t1). (42)

Now we will show that the function β figuring above is a constant. Let t1, t2 be two
arbitrary numbers from S. Without loss of generality we can suppose that t1 ≤ t2,
then by (42) we have β(t2) ≤ β(t1). On the other hand according to (41) there
exists a natural number n0 such that

t2 + t−n ≤ t1 (43)

for any n ≥ n0. Since the function β is monotone decreasing, then from (43) we
obtain

β(t1) ≤ β(t2 + t−n ) (44)

for any n ≥ n0. Passing to the limit in (44) as n→∞ and taking into consideration
(41) we obtain

β(t1) ≤ β(t2). (45)

From (42) and (45) we have β(t1) = β(t2) for any t1, t2 ∈ S and, consequently,
β(t) = β(0) for any t ∈ S. From this it follows that

V(π(t, x1), π(t, x2)) = V(x1, x2)

and, consequently,
p(ϕ(t, u1, y0), ϕ(t, u2, y0)) = p(u1, u2) (46)

for any t ∈ S.
Denote by

E+y0 := {ξ| ξ = lim
n→∞

πtn
∣∣Ky0 , {tn} ∈ N+∞

y0 }.

Note that Ky0 := {x ∈ K| h(x) = y0} is a compact subset of K. By Lemma 2.17 E+y0
is a nonempty, compact sub-semigroup of semigroup K

Ky0
y0 . According to Lemma

3.8 [6] (see also Lemma 4.3.10 [18, ChIV,p.212]) there exists a E+y0 minimal set M.
Now we will establish that the set M consists of a single point. If we suppose

that it is not so, then there are to different points x1, x2 ∈ M (xi := (ui, y0) and
ui ∈ Q ⊂ Int(P )). Let V(x1, x2) = p(u1, u2) = lnα0 > 0, then α0 > 1 because
x1 6= x2 (respectively, u1 6= u2). By Lemma 5.4 (item b.) we have

p(ϕ(t, u1.y0), ϕ(t, u2, y0)) < p(u1, u2) (47)

for any t > 0. Relations (47) and (46) are contradictory. The obtained contradiction
proves that the set M contains a single point {p0}. We will show that Ky0 =M.
In fact, since {p0} = M ⊆ ωx0

then there exists a sequence tn → +∞ as n → ∞
such that π(tn, x0)→ p0 as n→∞.

Note that {tn} ∈ N+∞
y0 . On the other hand {p0} = M = E+y0(p0) and, conse-

quently, ξ(p0) = p0 for any ξ ∈ E+y0 . By Lemma 6.4 we have N+∞
y0 ⊆ N+∞

p0 .
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From the above it follows that {tn} ∈ N+∞
y0 ⊆ N+∞

p0 and, consequently,

ρ(π(tn, x0), π(tn, p0)) ≤ ρ(π(tn, x0), p0) + ρ(p0, π(tn, p0))→ 0

as n→∞. By Lemma 3.2 we have

lim
t→+∞

ρ(π(t, x0), π(t, p0)) = 0.

This means that ωx0 = ωp0 and hence, ωx0

⋂
Xy0 = Ky0 = {p0}.

If x = (u, y0) ∈ P ×Y with u� 0, we can choose a point (ũ, y0) ∈ K = ωx0 such
that u� αũ for some α ∈ (0, 1). Then we have

ϕ(t, u, y0) ≥ ϕ(t, αũ, y0)� αϕ(t, ũ, y0)

for any t ≥ 0 and hence, ω(u,y0) ⊂ Int(P )×Y . Using the same arguments as above
for the point x0 = (u0, y0) and its omega limit set ωx0 we see that ωx

⋂
Xy0 consists

of a single point p and as above

lim
t→+∞

ρ(π(t, x), π(t, p)) = 0

or equivalently
lim

t→+∞
ρ(ϕ(t, u, y0), ϕ(t, pu, y0)) = 0,

where (pu, y0) = p.
To prove the last statement it is sufficient to show that ωx = ωx0

(or ωx
⋂
Xq =

ωx0

⋂
Xq for any q ∈ Y ) for any x = (u, y0) ∈ Int(P )× Y with u� 0.

Corollary 6.6. Under the conditions of Theorem 6.5 if the point y0 is stationary
(respectively, τ -periodic, Levitan almost periodic, almost recurrent in the sense of
Bebutov, Poisson stable), then the point p is so.

Proof. This statement directly follows from Theorems 6.5 and 2.40.

Theorem 6.7. [17] Let 〈(X,S+, π), (Y, S, σ), h〉 be a non-autonomous dynamical
system and x0 ∈ X be a conditionally Lagrange stable point. Suppose that the
following conditions are fulfilled:

a. Y is minimal;
b. H(x0)

⋂
Xy0 consists of a single point {x0}, where y0 := h(x0);

c. the set H(x0) is distal, i.e., inf
t∈S+

ρ(π(t, x1), π(t, x2)) > 0 for any x1, x2 ∈

H(x0) with x1 6= x2 and h(x1) = h(x2).

Then My0 ⊆Mx0
.

Remark 6.8. 1. Note that Theorem 6.7 coincides with the result of B. A. Shcher-
bakov [45, Ch.III] (see also [46, Ch.III]) in the case, when the set Y is compact.

2. Under the conditions of Theorem 6.7 the set H(x0)
⋂
Xq consists of a single

point for every q ∈ ωy0 = Y .

Theorem 6.9. Let 〈P,ϕ, (Y,S, σ)〉 (shortly ϕ) be a cocycle over dynamical system
(Y,S, σ) with the fiber P . Assume that the following conditions are fulfilled:

1. the set Y is minimal;
2. the point y0 ∈ Y is strongly Poisson stable in the both directions, i.e., q ∈

ωq
⋂
αq for any q ∈ H(y0);

3. for every x ∈ X = P × Y the positive semi-trajectory Σ+
x is conditionally

compact;
4. the cocycle ϕ is monotone and strongly sub-homogeneous;
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5. (1) the set Q := ϕ(S+, u0, y0) is compact;
(2) the positive semi-trajectory Σ+

x0
⊂ Int(P )× Y with x0 = (u0, y0);

(3) ωx0
⊂ Int(P )× Y .

Then the following statements hold:

1. for any u ∈ Int(P ) the set ω(u,y0)

⋂
Xy0 consists of a single point p = (pu, y0);

2. M+∞
y0 ⊆M+∞

p ;
3.

lim
t→+∞

ρ(ϕ(t, u, y0), ϕ(t, pu, y0)) = 0;

4. pu = pu0 for any u ∈ Int(P ).

Proof. By Theorem 6.5 for any u ∈ Int(P ) the set ω(u,y0)

⋂
Xy0 consists of a single

point p := (pu, y0) and N+∞
y0 ⊆ N+∞

p . Denote by H(p) the closure of the trajectory
of p, then the set H(p) = ωp is distal (see the proof of Theorem 6.5) in the negative
direction, i.e.,

inf
t≤0
||ϕ(t, v1, q)− ϕ(t, v2, q)|| > 0

for any q ∈ ωy0 and (v1, q), (v2, q) ∈ H(p) with v1 6= v2. Now to finish the proof it
is sufficient to apply Lemma 2.18 and Theorem 6.7.

Corollary 6.10. Under the conditions of Theorem 6.9

- if the point y0 is stationary (respectively, τ -periodic, quasi-periodic, Bohr al-
most periodic, almost automorphic, recurrent in the sense of Birkhoff), then
the point p is so;

- for any u ∈ Int(Rn+) the point x := (u, y0) is asymptotically stationary (respec-
tively, asymptotically τ -periodic, asymptotically quasi-periodic, asymptotically
Bohr almost periodic, asymptotically almost automorphic, asymptotically re-
current in the sense of Birkhoff).

Proof. This statement follows from Theorems 6.9 and 2.43.

Remark 6.11. Theorems 6.5 and 6.9 (respectively, Corollaries 6.6 and 6.10) re-
main true if we replace the conditions of monotonicity and strongly sub-linearity
of the cocycle ϕ (item (ii) of Theorem 6.5 or 6.9) by one of the following group of
conditions:

1. (a) ϕ is monotone and sub-linear;
(b) there exists a positive number t0 such that ϕ(t0, ·, y0) is strongly sub-

linear, i.e.,

ϕ(t0, λu, y0)� λϕ(t0, u, y0)

for any λ > 1 and u ∈ Int(P ).
2. (a) ϕ is monotone;

(b) there exists a positive number t0 such that ϕ(t0, ·, y0) is strongly mono-
tone, i.e.,

ϕ(t0, u1, y0)� ϕ(t0, u2, y0)

whenever u1 < u2 (u1, u2 ∈ Int(P ));
(c) ϕ is sub-linear.

Proof. This statement can be proved using the same arguments as in the proof of
Theorem 6.5 and using Lemma 5.6.



[POISSON STABLE MOTIONS OF MONOTONE AND STRONGLY SUB-LINEAR . . . 921

7. Application.

7.1. Ordinary differential equations. Let Rn be an n-dimensional real Eu-
clidean space with the norm | · |. Let us consider a system of differential equations

u′ = f(t, u), (48)

where f ∈ C(R × Rn,Rn). Along with equation (48) we consider its H-class, i.e.,
the family of equations

v′ = g(t, v), (49)

where g ∈ H(f) := {fτ : τ ∈ R}, fτ (t, u) := f(t+τ, u) for all (t, u) ∈ R×Rn and by
bar we mean the closure in C(R×Rn,Rn), which is equipped with the compact-open
topology and this topology can be generated by the following metric

d(f1, f2) :=
∑
k≥1

1

2k
dk(f1, f2)

1 + dk(f1, f2)
,

where dk(f1, f2) := sup
|t|≤k,|x|≤k

|f1(t, x)− f2(t, x)|.

Condition (A1). The function f is said to be regular, that is, for every equation
(49) the conditions of existence, uniqueness and extendability on R+ are fulfilled.

Denote by ϕ(·, v, g) the solution of equation (49), passing through the point
v ∈ Rn at the initial moment t = 0. Then the mapping ϕ : R+ × Rn ×H(f)→ Rn
is well defined and satisfies the following conditions (see, e.g. [3, 39]):

1. ϕ(0, v, g) = v for all v ∈ Rn and g ∈ H(f);
2. ϕ(t, ϕ(τ, v, g), gτ ) = ϕ(t+ τ, v, g) for all v ∈ Rn, g ∈ H(f) and t, τ ∈ R+;
3. the mapping ϕ : R+ × Rn ×H(f)→ Rn is continuous.

Denote by Y := H(f) and (Y,R, σ) the shift dynamical system on Y induced from
(C(R×Rn,Rn),R, σ), i.e., σ(τ, g) = gτ for τ ∈ R and g ∈ Y . Then the equation (48)
generates a cocycle 〈Rn, ϕ, (Y,R, σ)〉 and an NDS 〈(X,R+, π), (Y,R, σ), h〉, where
X := Rn × Y , π := (ϕ, σ) and h = pr2 : X → Y .

Remark 7.1. Let F be a mapping from H(f) × Rn → Rn defined by equality
F (g, x) = g(0, x), then F possesses the following properties:

1. F is continuous;
2. F (gτ , x) = g(τ, x) for any (g, x, τ) ∈ H(f)× Rn × R;
3. equation (48) (and its H-class (49)) can be rewritten as follows

x′ = F (σ(t, g), x) (g ∈ H(f); (50)

4. if ϕ is the cocycle generated by equation (50), then φ := λϕ (λ ∈ (0, 1)) is the
cocycle generated by equation

x′ = λF (σ(t, g), λ−1x) (g ∈ H(f)).

Let Rn+ := {x = (x1, . . . , xn) ∈ Rn| xi ≥ 0 for i = 1, 2, . . . , n}. Then it defines a
partial order on Rn: u ≤ v if and only if v − u ∈ Rn+.

Condition (A2). Equation (48) is monotone. This means that the cocycle
〈Rn, ϕ, (H(f), R, σ)〉 (or shortly ϕ) generated by (48) is monotone: if u, v ∈ Rn
and u ≤ v then ϕ(t, u, g) ≤ ϕ(t, v, g) for all t ≥ 0 and g ∈ H(f).

Let K be a closed cone in Rn (for example, K = Rn+). The dual cone to K is the

closed cone K∗ in the dual space
(
Rn
)∗

of linear functions on Rn, defined by

K∗ := {λ ∈
(
Rn
)∗

: λ(x) = 〈λ, x〉 ≥ 0 for any x ∈ K},
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where 〈·, ·〉 is the scalar product in Rn.
Recall ([49],[50, ChV]) that a function f ∈ C(R × Rn,Rn) is said to be quasi-

monotone if for any (t, u), (t, v) ∈ R × Rn and φ ∈
(
Rn
)∗

we have: u ≤ v and
φ(u) = φ(v) imply φ(f(t, u)) ≤ φ(f(t, v)).

Lemma 7.2. [11] Let f ∈ C(R×Rn,Rn) be a regular and quasi-monotone function,
then the following statements hold:

1. if u ≤ v, then ϕ(t, u, f) ≤ ϕ(t, v, f) for any t ≥ 0;
2. any function g ∈ H(f) is quasi-monotone;
3. equation (48) is monotone.

Remark 7.3. If the function f ∈ C(R × Rn+,Rn+) is quasi-monotone, then F is

also so, i.e., for any (g, u), (g, v) ∈ H(f) × Rn+ and φ ∈
(
Rn+
)∗

we have: u ≤ v and
φ(u) = φ(v) imply φ(g(0, u)) ≤ φ(g(0, v)).

Theorem 7.4. [24] Suppose that f ∈ C(R×Rn,Rn) is quasi-monotone and x0, x1 ∈
Rn. Let ≺ denote any one of the relations =, <,� . If x0 ≺ x1 then ϕ(t, , x0, f) ≺
ϕ(t, x1, f), hence equation (48) is monotone. Conversely, if (48) is monotone then
f is quasi-monotone.

Lemma 7.5. Let f ∈ C(R × Rn,Rn) be a regular and quasi-monotone function,
then the cocycle 〈Rn, ϕ, (H(f),R, σ)〉, associated by equation (48), is monotone.

Proof. This statement follows from Lemma 7.2 and Theorem 7.4.

Condition (A3). Equation (48) is sub-linear. This means that the cocycle ϕ,
generated by equation (48), is sub-linear, i.e.

λϕ(t, x, g) ≤ ϕ(t, λx, g)

for any (λ, t, x, g) ∈ (0, 1)× R+ × Rn ×H(f).
Let E and F be two Banach spaces and W ⊆ E. Denote by C(T ×W,F ) the

space of all continuous functions f : T×W → F equipped with the compact-open
topology, where T ⊆ S.

Lemma 7.6. Assume that f ∈ C(T×W,F ), then the following statement hold:

1. if

λf(t, x) ≤ f(t, λx) (51)

for any (λ, t, x) ∈ (0, 1)× T×W , then

λg(t, x) ≤ g(t, λx) (52)

for all (λ, t, x, g) ∈ (0, 1)× T×W ×H(f);
2. if

inf
(t,x)∈T×W

|λf(t, x)− f(t, λx)| > 0, (53)

for any λ ∈ (0, 1) then

λg(t, x) < g(t, λx) (54)

for all (λ, t, x, g) ∈ (0, 1)× T×W ×H(f).

Proof. Assume that condition (51) hold and g ∈ H(f), then there exists a sequence
{tk} ⊂ T such that f tk → g as k →∞ in C(T×W,F ). From (51) we have

λf(t+ tk, x) ≤ f(t+ tk, λx) (55)
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for any (λ, t, x) ∈ (0, 1)× T×W and k ∈ N. Passing to the limit in (55) as k →∞
we obtain (52).

To prove the second statement of Lemma we note that from (53) for any λ ∈ (0, 1)
we have some positive number α = α(λ) such that

|λf(t, x)− f(t, λx)| ≥ α (56)

for any (t, x) ∈ T×W . If g ∈ H(f) then there exists a sequence {tk} ⊂ R such that
f tk → g as k →∞ in C(T×W,F ). From (56) we obtain

|λf(t+ tk, x)− f(t+ tk, λx)| ≥ α (57)

for any (t, x) ∈ T ×W and k ∈ N. Passing to the limit in (57) as k → ∞ we will
have

|λg(t, x)− g(t, λx)| ≥ α
for all (t, x, g) ∈ T×W ×H(f) and, consequently,

λg(t, x) 6= g(t, λx) (58)

for any (t, x, g) ∈ T ×W × H(f). To finish the proof of the second statement of
Lemma it is sufficient to note that from (52) and (58) it follows (54).

Condition (A4). fi(t, x) ≥ 0 for all x ∈ Γi, t ∈ R and i = 1, . . . , n, where
Γi := {x ∈ Rn+ : xi = 0}.

Remark 7.7. It is easy to see that if the function f satisfies Condition (A4), then
every function g ∈ H(f) possesses the same property.

Theorem 7.8. [20, Ch.V] Assume that f ∈ C(R × Rn+,Rn) is regular, quasi-
monotone and 〈Rn+, ϕ, (H(f),R, σ)〉 is the cocycle in Rn+ generated by equation (48)
(respectively, by equation (50)).

Then the condition

F(g, x) ≤ F (g, x) (respectively F(g, x) < F (g, x) or F(g, x)� F (g, x)) (59)

for any (g, x) ∈ H(f) × Rn+ (respectively, (g, x) ∈ H(f) × Int(Rn+)) implies that
φ(t, x, g) ≤ ϕ(t, x, g) (respectively φ(t, x, g) < ϕ(t, x, g) or φ(t, x, g)� ϕ(t, x, g)) for
any t ≥ 0, g ∈ H(f) and x ∈ Rn+ (respectively, (g, x) ∈ H(f) × Int(Rn+)), where
F ∈ C(H(f)×Rn+,Rn) is some regular function and 〈Rn+, φ, (H(f),R, σ)〉 (shortly,
φ) is the cocycle generated by equation

x′ = F(σ(t, g), x) (g ∈ H(f)).

Lemma 7.9. Assume that the function f ∈ C(R × Rn+,Rn) is regular, quasi-
monotone and f(t, 0) ≥ 0 for any t ∈ R. Then Rn+ is a positively invariant
subset of the cocycle ϕ, generated by equation (48), i.e., ϕ(t, x, g) ∈ Rn+ for any
(t, x, g) ∈ R+ × Rn+ ×H(f).

Proof. Let g ∈ H(f), then it is easy to check that under the condition of Lemma
7.9 the function g is also regular, quasi-monotone and g(t, 0) ≥ 0 for any t ∈ R.
Now to finish the proof of Lemma it is sufficient to apply Proposition 3.3 from [24,
ChIII,p.49]. Lemma is proved.

Lemma 7.10. [20, Ch.V] Assume that f ∈ C(R × Rn+,Rn) is regular, quasi-
monotone and the mapping F : H(f) × Rn+ → Rn (F (g, x) = g(0, x) for any
(g, x) ∈ H(f)× Rn+) is sub-linear, i.e.,

λF (g, x) ≤ F (g, λx)
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for any (λ, g, x) ∈ (0, 1) ×H(f) × Rn+. Then the cocycle ϕ, generated by equation
(48), is sub-linear. Moreover ϕ is strongly sub-linear if the following condition is
satisfied:

λFi(g, x) < Fi(g, λx) (F = (F1, . . . , Fn)) (60)

for all i = 1, . . . , n, 0 < λ < 1, x ∈ Int(Rn+) and g ∈ H(f).

Lemma 7.11. Assume that f ∈ C(R × Rn+,Rn) is regular, quasi-monotone and
sub-linear, i.e.,

λf(t, x) ≤ f(t, λx)

for any (λ, t, x) ∈ (0, 1)×R×Rn+. Then the cocycle ϕ, generated by equation (48), is
sub-linear. Moreover ϕ is strongly sub-linear if the following condition is satisfied:

inf
(t,x)∈R×Int(Rn+)

|λfi(t, x)− fi(t, λx)| > 0 (61)

for any λ ∈ (0, 1) and i = 1, . . . , n.

Proof. Notice that by Lemma 7.6 the mapping F ∈ C(H(f) × Rn+,Rn) (F (g, x) =
g(0, x) for any (g, x) ∈ H(f)×Rn+) is sub-linear. Let ϕ be the cocycle generated by
equation (48) (respectively, by equation (50)), then it is easy to check that ϕλ := λϕ
is the cocycle generated by equation

x′ = F(σ(t, g), x) (g ∈ H(f)),

where F(g, x) := λF (g, λ−1x) for any (g, x) ∈ H(f)×Rn+. Since F is sub-linear we
have

F(g, x) ≤ F (g, x)

for any (g, x) ∈ H(f)× Rn+. According to Lemma 7.10 the cocycle ϕ is sub-linear.
Now we will show that condition (61) implies (60)). In fact. If g ∈ H(f),

then there exists a sequence {tk} ⊂ R such that f tk → g as k → ∞ in the space
C(R × Rn+,Rn). From (61) it follows that for any λ ∈ (0, 1) there exists a positive
number α(λ) such that

|λfi(t+ tk, x)− fi(t+ tk, λx)| ≥ α(λ) (62)

for any (t, x) ∈ R × Int(Rn+), k ∈ N and i = 1, . . . , n. Passing to the limit in (62)
as k →∞ we obtain

|λFi(g, x)− Fi(g, λx)| ≥ α(λ) (63)

for all (g, x) ∈ H(f) × Int(Rn+) and i = 1, . . . , n, where Fi(g, x) = gi(0, x). From
(62) and (63) we obtain

λFi(g, x) < Fi(g, λx)

for any (λ, g, x) ∈ (0, 1) × H(f) × Int(Rn+) and i = 1, . . . , n. To finish the proof
of the second statement of Lemma it is sufficient to apply Lemma 7.10 (second
statement).

Lemma 7.12. Let ψ ∈ C(T, Y ) and h : ψ(T)→ X be a continuous function. Then
the function ϕ ∈ C(T, X) defined by equality

ϕ(t) := h(ψ(t)) (t ∈ T) (64)

is comparable by character of recurrence with the function ψ, i.e., Nψ ⊆ Nϕ.
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Proof. If we suppose that this statement is not true, then there exists a sequence
{tk} ∈ Nψ such that {tk} /∈ Nϕ. This means that there are a positive number ε0,
compact subset K ⊂ T and a subsequence {tmk} ⊆ {tk} such that

max
t∈K

ρ(ϕ(t+ tmk), ϕ(t)) ≥ ε0

for any k ∈ N. From (65) it follows that there exists a sequence {τk} ⊂ K such that

ρ(ϕ(τk + tmk), ϕ(τk)) ≥ ε0 (65)

for any k ∈ N. Since K is a compact subset of T, then without loss of generality we
can suppose that the sequence {τk} converges. Denote by τ0 := lim

k→∞
τk, x0 := ψ(τ0),

xk := ψ(τmk) and yk := ψ(τmk + tmk), then (65) we can rewrite as follows

ρ(h(xk), h(yk)) ≥ ε0 (66)

for any k ∈ N.
On the other hand we have

ρ(h(xk), h(yk)) ≤ ρ(h(xk), h(x0)) + ρ(h(x0), h(yk))

for any k ∈ N. It is easy to see that

h(xk)→ h(x0)

as ak →∞. We will show that

h(yk)→ h(x0)

as k →∞. Indeed, taking into consideration that {tk} ∈ Nψ we have

sup
t∈K

ρ(ψ(t+ tk), ψ(t))→ 0

as k →∞ and, consequently,

ρ(ψ(τk + tmk), ψ(τk))→ 0

as k →∞, i.e.,

ρ(yk, xk)→ 0 (67)

as k →∞. Since xk → x0 as k →∞, then from (67) we obtain yk → x0 as k →∞.
By continuity of function h we get

lim
k→∞

ρ(h(xk), h(yk)) = 0. (68)

The relations (66) and (68) are contradictory. The obtained contradiction proves
our statement. Lemma is proved.

Corollary 7.13. Under the conditions of Lemma 7.12 if the function ψ ∈ C(T, Y )
is stationary (respectively, τ -periodic, Levitan almost periodic, almost recurrent,
Poisson stable), then the function ψ defined by equality (64) is so.

Remark 7.14. Note that in the case when T = R Lemma 7.12 was established in
the work [45, Ch.II].

Remark 7.15. 1. A sub-linear function f ∈ C(R × Rn+,Rn) satisfies to condition
(61) if and only if for any λ ∈ (0, 1) there exists a positive number α(λ) such that

f(t, λx)− λf(t, x) ≥ α(λ)e

for any (t, x) ∈ R× Int(Rn+), where e := (1, . . . , 1) ∈ Int(Rn+).
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2. Consider the function

h(t) = 2 + sin
1

2 + cos t+ cos
√

2t
(t ∈ R)

which is bounded and Levitan almost periodic (see Corollary 7.13), but not Bohr
almost periodic [31, Ch.V,p.212-213] (see also [32, ChIV,p.58-59]), because h is not
uniformly continuous.

It is easy to check that the function f ∈ C(R× R+,R), defined by equality

f(t, x) = −x+
x

x+ 1
+ h(t)

possesses the following properties:

1. it is Levitan almost periodic in t ∈ R uniformly with respect to x on every
compact subset from R+;

2. the function f is not Bohr almost periodic in t ∈ R;
3. f satisfies to conditions (61). In fact, if λ ∈ (0, 1) we have

f(t, λx)− λf(t, x) ≥ 1− λ = α(λ) > 0

for any (t, x) ∈ R× R+.

Definition 7.16. A solution ϕ(t, u0, f) of equation (48) is said to be compact on

R+ if the set Q(u0,f) := ϕ(R+, u0, f) is a compact subset of Rn, where ϕ(R+, u0, f)
:= {ϕ(t, u0, f) : t ∈ R+}.

Definition 7.17 ([15, 45, 46]). A solution ϕ(t, u0, f) of equation (48) is called
compatible (respectively, strongly compatible, uniformly compatible) if the motion
π(t, x0) (here x0 := (u0, f)) is comparable (respectively, strongly comparable, uni-
formly comparable) with σ(t, f) by character of recurrence.

Recall that a function ϕ ∈ C(T, E) (respectively, f ∈ C(T × W,E2), where
W ⊆ E1) possess the property (A), if the motion σ(·, ϕ) generated by ϕ possesses
this property in the shift dynamical system (C(T, E),T, σ). A function f ∈ C(T×
W,E2), where W ⊆ E1, possess the property (A) in t ∈ T uniformly w.r.t. u
on every compact subset of W if the motion σ(·, f) generated by f possesses this
property in the shift dynamical system (C(T ×W,E),T, σ). In the quality of the
property (A) there can stand Lagrange stability, periodicity, asymptotic periodicity,
almost periodicity, asymptotic almost periodicity and so on.

In accordance with the above convention, the function f ∈ C(R × Rn+,Rn) is
called Poisson stable in t ∈ R uniformly w.r.t. u on every compact subset from Rn+
in the both directions if there exist two sequences t±n → ±∞ as n → ∞ such that

f t
±
n converges to f in C(R× Rn+,Rn).

Theorem 7.18. Let f ∈ C(R × Rn+,Rn) be regular, Poisson stable in t ∈ R uni-
formly w.r.t. u on every compact subset from Rn+ in the both directions. Suppose
that f is quasi-monotone and

inf
(t,x)∈R×Rn+

(
λfi(t, x)− fi(t, λx)

)
> 0 (69)

for any λ ∈ (0, 1) and i = 1, . . . , n.

If for every u ∈ Rn+, the set Q
(u,f)
+ := ϕ(R+, u, f) is a compact subset of Rn+ and

there exists u0 ∈ Int(Rn+) such that Q
(u0,f)
+ ⊂ Int(Rn+). Then for any u � 0 the

following statements (1)-(5) hold:
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1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0 , f), where ω(pu0 ,f)

is

the ω-limit set of the motion π(t, x0, f)) (x0 = (pu0
, f)) of the skew-product

dynamical system (X,R+, π) (X := Rn+ × H(f), π := (ϕ, σ)) and Xf :=
Rn+ × {f};

2. the solution ϕ(t, pu0 , f) of equation (48) is defined on R, ϕ(R, pu0 , f) ⊆ Q(pu0 ,f)
+

and it is compatible;
3.

lim
t→∞

|ϕ(t, u0, f)− ϕ(t, pu0 , f)| = 0;

4. for any u ∈ Int(Rn+) the set ω(u,f)

⋂
Xf consists of a single point p = (pu, f)

and the solution ϕ(t, pu, f) of equation (48) is compatible and lim
t→∞

|ϕ(t, u, f)−
ϕ(t, pu, f)| = 0;

5. pu1
= pu2

for any u1, u2 ∈ Int(Rn+), i.e., equation (48) has a unique bounded

globally attracting in Int(Rn+) solution p : R→ Int(Rn) with p(R) ⊂ Int(Rn+).

Proof. Note that sub-linearity and (61) imply (69). In fact, as induced in Remark
7.15 (item 1.), for any λ ∈ (0, 1) there exists a positive number α(λ) such that

f(t, λx)− λf(t, x)� α(λ)e (70)

for all (t, x) ∈ R× Int(Rn+). This, together with the continuity of f , implies (69).
From (69) it follows that f(t, 0) ≥ (1−λ)−1e� 0, which deduces that g(t, 0)� 0

for all t ∈ R.
By Theorem 7.8 we have φ(t, x, g) � ϕ(t, x, g) for any t ≥ 0, g ∈ H(f) and

x ∈ Rn+, where ϕ is the cocycle generated by equation (48) (respectively, equation
(50)) and φ is the cocycle defined by equation x′ = 0, i.e., φ(t, x, g) = x for any
x ∈ Rn+, t ≥ 0 and g ∈ H(f). Thus we have ϕ(t, u, g) ≥ u for any (t, u, g) ∈
R+ × Rn+ × H(f). This means that ω(u,f) ⊂ Int(Rn+) × H(f). The statements
(1)-(5) follow immediately from Theorem 6.5.

Here is an example illustrating the theorem proved above.

Example 3. Consider the differential equation

x′ = −x+
x

x+ 1
+ h(t), (x ∈ R+) (71)

where h(t) = 2 + sin 1
2+cos t+cos

√
2t

(t ∈ R). Along this equation (71) we consider

its H-class
x′ = −x+

x

x+ 1
+ g(t), (g ∈ H(h)) (72)

where H(h) := {hτ | τ ∈ R} and by bar is denoted the closure in the space C(R,R).
Let f(t, x) := −x+ x

x+1 + h(t) ((t, x) ∈ R× R+), then

g(t, x) ≤ −x+ 4 := h̄ (73)

for any (t, x, g) ∈ R×R+ ×H(h). Denote by 〈R+, ϕ,H(h)〉 (respectively, (R+, φ))
the cocycle generated by family of equations (72) (respectively, semigroup dynamical
system generated by equation x′ = −x+ 4), then by Theorem 7.8 we have

ϕ(t, u, g) ≤ φ(t, u) = (u− 4)e−t + 4

for any (t, x, g) ∈ R+ × R+ ×H(h). Thus, all the conditions of the Theorem 7.18
are fulfilled (see Remark 7.14, item 2.) and, consequently, equation (71) has a
unique bounded, strictly positive, Levitan almost periodic solution that is globally
uniformly asymptotically stable.
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Lemma 7.19. Assume that f ∈ C(R×Rn,Rn) is almost automorphic (respectively,
recurrent) in t ∈ R uniformly with respect to u on every compact subset from Rn and
ϕ ∈ C(R,Rn) is a bounded on R and compatible solution of equation (48). Then ϕ
is also almost automorphic (respectively, recurrent).

Proof. Since the function f is almost automorphic (respectively, recurrent), then
it is Levitan almost periodic (respectively, almost recurrent) in t ∈ R uniformly
with respect to u on every compact subset from Rn. Taking into account that
ϕ is a compatible solution of equation (48), then by Theorem 2.40 it is Levitan
almost periodic (respectively, almost recurrent). Now to finish the proof of Lemma
it is sufficient to show that the function ϕ is Lagrange stable. Note that ϕ is
bounded on R and, consequently, K := ϕ(R) is a compact subset of Rn. Since f
is almost automorphic (respectively, recurrent), then it is Lagrange stable. This
means, in particular, that f is bounded on R ×K, i.e., there exists a C > 0 such
that |f(t, ϕ(t))| ≤ C for any t ∈ R. Thus we have

|ϕ′(t)| = |f(t, ϕ(t))| ≤ C
for all t ∈ R and, consequently, ϕ is uniformly continuous on R. Thus the function
ϕ is Lagrange stable and Levitan almost periodic (respectively, almost recurrent)
and, consequently, it is almost automorphic (respectively, recurrent). Lemma is
proved.

Corollary 7.20. Under the conditions of Theorem 7.18 if the function f ∈ C(R×
Rn+,Rn) is stationary (respectively, τ -periodic, Levitan almost periodic, almost au-
tomorphic, almost recurrent in the sense of Bebutov, recurrent, Poisson stable) in
time t ∈ R uniformly with respect to u on every compact subset from Rn, then the
following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0

, f);
2. ϕ(t, pv0 , f) is a stationary (respectively, τ -periodic, Levitan almost periodic,

almost automorphic, almost recurrent in the sense of Bebutov, recurrent, Pois-
son stable) solution of equation (48);

3. lim
t→+∞

|ϕ(t, u0, f)− ϕ(t, pu0
, f)| = 0, i.e., ϕ(t, u0, f) is asymptotically station-

ary (respectively, asymptotically τ -periodic, asymptotically Levitan almost pe-
riodic, asymptotically almost automorphic, asymptotically almost recurrent in
the sense of Bebutov, asymptotically recurrent, asymptotically Poisson stable);

4. for any u ∈ Int(Rn+) there exists a unique point p = (pu, f) ∈ ωx (x = (u, f))
such that the solution ϕ(t, pu, f) of equation (48) defined on R with values

from the compact Q
(u,f)
+ ;

5. equation (48) has a unique solution with the following properties:
(a) it is bounded;
(b) globally attracting in Int(Rn+) with p : R→ Int(Rn+);
(c) the solution p is stationary (respectively, τ -periodic, Levitan almost pe-

riodic, almost automorphic, almost recurrent in the sense of Bebutov,
recurrent, Poisson stable).

Proof. This statement follows from Theorem 2.40, 7.18 and Lemma 7.19.

Definition 7.21. Let f ∈ C(R × Rn+,Rn). The set H(f) is said to be minimal, if
it is a minimal set of shift dynamical system (C(R× Rn+,Rn),R, σ).

Definition 7.22. A function f ∈ C(R × Rn+,Rn) is said to be strongly Poisson
stable if every function g ∈ H(f) is Poisson stable.
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Theorem 7.23. Under the conditions of Theorem 7.18 if additionally the set H(f)
is minimal and f is strongly Poisson stable, then the following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0 , f);

2. the solution ϕ(t, pu0 , f) of equation (48) is defined on R, ϕ(R, pu0
, f) ⊆ Q(u0,f)

+

and it is strongly compatible;
3.

lim
t→∞

|ϕ(t, u0, f)− ϕ(t, pu0
, f)| = 0;

4. for any u ∈ Int(Rn+) the set ω(u,f)

⋂
Xf consists of a single point p = (pu, f),

the solution ϕ(t, pu, f) is strongly compatible and lim
t→∞

|ϕ(t, u, f)−ϕ(t, pu, f)| =
0;

5. pu1
= pu2

for any u1, u2 ∈ Int(Rn+), i.e., equation (48) has a unique bounded

globally attracting in Int(Rn+) solution p : R→ Int(Rn) with p(R) ⊂ Int(Rn+).

Proof. This statement can be proved using the same arguments as in the proof of
Theorem 7.18, but instead of Theorem 6.5 we need to apply Theorem 6.9.

Corollary 7.24. Under the conditions of Theorem 7.23 if the function f ∈ C(R×
Rn+,Rn) is stationary (respectively, τ -periodic, quasi-periodic, Bohr almost periodic,
almost automorphic, recurrent in the sense of Birkhoff, strongly Poisson stable) in
time t ∈ R, then the following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0

, f);
2. ϕ(t, pu0 , f) is a stationary (respectively, τ -periodic, quasi-periodic, Bohr al-

most periodic, almost automorphic, recurrent in the sense of Birkhoff, strongly
Poisson stable) solution of equation (48);

3. lim
t→+∞

|ϕ(t, u0, f) − ϕ(t, pu0
, f)| = 0, i.e., ϕ(t, u0, f) is asymptotically sta-

tionary (respectively, asymptotically τ -periodic, asymptotically quasi-periodic,
asymptotically Bohr almost periodic, asymptotically almost automorphic,
asymptotically recurrent in the sense of Birkhoff, asymptotically strongly Pois-
son stable);

4. for any u ∈ Int(Rn+) there exists a unique point p = (pu, f) ∈ ωx (x = (u, f))
such that the solution ϕ(t, pu, f) of equation (48) defined on R with values

from the compact Q
(u,f)
+ ;

5. the solution ϕ(t, pu, f) is stationary (respectively, τ -periodic, quasi-periodic,
Bohr almost periodic, almost automorphic, recurrent in the sense of Birkhoff,
strongly Poisson stable);

6. lim
t→+∞

|ϕ(t, u, f)− ϕ(t, pu, f)| = 0.

Proof. This statement follows from Theorems 7.23, 2.43 and Corollary 6.10.

7.2. Functional-differential equations with finite delay. Let us first recall
some notions and notations from [23]. Let r > 0, C([a, b],Rn) be the Banach
space of all continuous functions ϕ : [a, b] → Rn equipped with the sup–norm.
If [a, b] = [−r, 0], then we set C := C([−r, 0],Rn). Let σ ∈ R, A ≥ 0 and u ∈
C([σ − r, σ + A],Rn). We will define ut ∈ C for any t ∈ [σ, σ + A] by the equality
ut(θ) := u(t+ θ), −r ≤ θ ≤ 0. Consider a functional differential equation

u′(t) = f(t, ut), (74)

where f : R× C → Rn is continuous.
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Denote by C(R × C,Rn) the space of all continuous mappings f : R × C → Rn
equipped with the compact-open topology. On the space C(R × C,Rn) is defined
(see, e.g. [16, ChI] and [45, ChI]) a shift dynamical system (C(R × C,Rn),R, σ),
where σ(τ, f) := fτ for any f ∈ C(R× C,Rn) and τ ∈ R and fτ is τ -translation of

f , i.e. fτ (t, u) := f(t+τ, u) for any (t, u) ∈ R×C. Let us set H(f) := {fτ : τ ∈ R}.
Along with equation (74) let us consider the family of equations

v′(t) = g(t, vt), (75)

where g ∈ H(f).
Condition (F1). The function f is said to be regular, that is, for every equation

(75) the conditions of existence, uniqueness and extendability on R+ are fulfilled.

Remark 7.25. Denote by ϕ̃(t, u, f) the solution of equation (74) defined on [−r,+∞)

(respectively, on R) with the initial condition u ∈ C. By ϕ(t, u, f) we will denote
below the trajectory of equation (74), corresponding to the solution ϕ̃(t, u, f), i.e.,
a mapping from R+ (respectively, R) into C, defined by ϕ(t, u, f)(s) := ϕ̃(t+s, u, f)
for any t ∈ R+ (respectively, t ∈ R) and s ∈ [−r, 0]. Below we will use the notions
of “solution” and “trajectory” for equation (74) as synonymous concepts.

It is well-known [3, 39] that the mapping ϕ : R+ × C ×H(f) → C possesses the
following properties:

1. ϕ(0, v, g) = v for any v ∈ C and g ∈ H(f);
2. ϕ(t+ τ, v, g) = ϕ(t, ϕ(τ, v, g), σ(τ, g)) for any t, τ ∈ R+, v ∈ C and g ∈ H(f);
3. the mapping ϕ is continuous.

Thus equation (74) generates a cocycle 〈C, ϕ, (Y,R, σ)〉 and an NDS 〈(X,R+, π),
(Y,R, σ), h〉, where Y := H(f), X := C × Y , π := (ϕ, σ) and h := pr2 : X → Y .

Remark 7.26. Denote by B := {f ∈ C(R×C,Rn) : f is continuous in t uniformly
w.r.t u on any bounded subset of C and f(B) is a bounded subset of Rn for any
bounded subset B ⊂ R × C}, equipped with the topology of uniform convergence
on every bounded subset of R × C. This topology can be defined by the following
metric

d(f1, f2) :=
∑
k≥1

1

2k
dk(f1, f2)

1 + dk(f1, f2)
,

where dk(f1, f2) := sup
|t|≤k,||φ||C≤k

|f1(t, φ)− f2(t, φ)|. Note that

1. the metric space (B, d) is complete;
2. the subset B ⊂ C(R × C,Rn)) is translation invariant, i.e. fh ∈ B for any
f ∈ B and h ∈ R;

3. the mapping σ : R × B → B, defined by equality σ(h, f) := fh for any
(h, f) ∈ R× B, is continuous.

Thus on the space (B, d) is defined a shift dynamical system (B,R, σ).

Denote by Y := H(f) and (Y,R, σ) the shift dynamical system on Y induced
from (C(R×C,Rn),R, σ), i.e., σ(τ, g) = gτ for τ ∈ R and g ∈ Y . Then the equation
(74) generates a cocycle 〈C, ϕ, (Y,R, σ)〉 and an NDS 〈(X,R+, π), (Y,R, σ), h〉, where
X := C × Y , π := (ϕ, σ) and h = pr2 : X → Y .

Remark 7.27. Let F be a mapping from H(f) × C → Rn defined by equality
F (g, x) = g(0, x) for any C, then F possesses the following properties:

1. F is continuous;
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2. F (gτ , x) = g(τ, x) for any (g, x, τ) ∈ H(f)× C × R;
3. equation (74) (and its H-class (75)) can be rewritten as follows

u′(t) = F (σ(t, g), ut) (g ∈ H(f)); (76)

4. if ϕ is the cocycle generated by equation (76), then φ := λϕ (λ ∈ (0, 1)) is the
cocycle generated by equation

u′(t) = λF (σ(t, g), λ−1ut) (g ∈ H(f)).

Let C+ := {u ∈ C : u ≥ 0, i.e., u(t) ≥ 0 for any t ∈ [−r, 0]} be the cone of
nonnegative functions in C. By C+ on the space C is defined a partial order: u ≤ v
if and only if v − u ∈ C+.

Condition (F2). Equation (74) is monotone, that is, the cocycle 〈C, ϕ, (H(f),
R, σ)〉 generated by (74) possesses the following property: if u ≤ v, then ϕ(t, u, g) ≤
ϕ(t, v, g) for any t ≥ 0 and g ∈ H(f).

Recall (see, e.g. [49], [50, ChV]) that a function f ∈ C(R × C,Rn) is said to be
quasi-monotone if (t, u), (t, v) ∈ R × C, u ≤ v, and ui(0) = vi(0) for some i, then
fi(t, u) ≤ fi(t, v).

Lemma 7.28. [11] Let f ∈ C(R × C,Rn) be a quasi-monotone function, then the
following statements hold:

1. if u ≤ v, then ϕ(t, u, f) ≤ ϕ(t, v, f) for any t ≥ 0;
2. any function g ∈ H(f) is quasi-monotone;
3. u ≤ v implies ϕ(t, u, g) ≤ ϕ(t, v, g) for any t ≥ 0 and g ∈ H(f).

Corollary 7.29. Let f ∈ C(R× C,Rn) be a regular and quasi-monotone function,
then the cocycle 〈C, ϕ, (H(f),R, σ)〉, associated by equation (74), is monotone.

Remark 7.30. If the function f ∈ C(R × C,Rn) is quasi-monotone, then F
(F (g, x) = g(0, x) for any (g, x) ∈ H(f) × C) is also so, i.e., for any (g, u), (g, v) ∈
H(f)× C+, u ≤ v, and ui(0) = vi(0) for some i, then Fi(g, u) ≤ Fi(g, v).

Theorem 7.31. [50, Ch.IV] Let f, g ∈ C(R × C+,Rn) be regular and assume that
either f or g is quasi-monotone. Assume also that f(t, u) ≤ g(t.u) for all (t, u) ∈
R× C+. If u, v ∈ C+ satisfy u ≤ v, then ϕ(t, u, f) ≤ ϕ(t, v, g) for all t ≥ 0.

Corollary 7.32. Assume that f ∈ C(R × C+,Rn) is regular, quasi-monotone and
〈C+, ϕ, (H(f),R, σ)〉 is the cocycle in C+ generated by equation (74) (respectively,
by its H-class (75)). Then the condition

F(g, u) ≤ F (g, u)

for any (g, x) ∈ H(f)× C+ implies that

φ(t, u, g) ≤ ϕ(t, u, g)

for any t ≥ 0, g ∈ H(f) and x ∈ C+, where F ∈ C(H(f)× C+,Rn) is some regular
function and 〈C+, φ, (H(f),R, σ)〉 (shortly, φ) is the cocycle generated by equation

u′ = F(σ(t, g), ut) (g ∈ H(f)).

Proof. This statement follows directly from Theorem 7.31.

Condition (F3). The cone C+ is positively invariant with respect to cocycle ϕ
generated by equation (74), i.e., ϕ(t, φ, g) ∈ C+ for any (t, φ, g) ∈ R+ × C+ ×H(f).
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Lemma 7.33. Assume that the function f ∈ C(R × C,Rn) is regular, quasi-
monotone and f(t, 0) ≥ 0 for any t ∈ R. Then C+ is a positively invariant
subset of the cocycle ϕ, generated by equation (74), i.e., ϕ(t, x, g) ∈ C+ for any
(t, x, g) ∈ R+ × C+ ×H(f).

Proof. Let g ∈ H(f), then it is easy to check that under the condition of Lemma
7.33 the function g is also regular. According to Lemma 7.28 the function g is also
quasi-monotone and g(t, 0) ≥ 0 for any t ∈ R. Now to finish the proof of Lemma it
is sufficient to apply Theorem 4.2 from [24, Ch.IV,p.72]. Lemma is proved.

Condition (F4). For any bounded subset A ⊂ C the set f(R × A) is bounded
in Rn.

Lemma 7.34. Let ϕ(t, u, f) be a bounded on R+ solution of equation (74), then
under the condition (F4) the set ϕ(R+, u, f) ⊂ C is pre-compact.

Proof. This statement follows from the Lemmas 2.2.3 and 3.6.1 in [23].

Definition 7.35. A solution ϕ(t, u0, f) of equation (74) is said to be:

- (positively) uniformly stable, if for arbitrary ε > 0 there exists δ = δ(ε) > 0
such that ||ϕ(t0, u, f)−ϕ(t0, u0, f)||C < δ (t0 ∈ R, u ∈ C) implies ||ϕ(t, x, f)−
ϕ(t, x0, f)||C < ε for any t ≥ t0;

- compact on R+ if the set Q := ϕ(R+, u0, f) is a compact subset of C, where
by bar we mean the closure in C and ϕ(R+, u0, f) := {ϕ(t, u0, f) : t ∈ R+}.

Condition (F5). Every solution ϕ(t, v, g) of every equation (75) is bounded on
R+ and uniformly stable.

Lemma 7.36. [11] Let ϕ(t, u, f) be a bounded on R+ solution of equation (74),
then under the Condition (F5) the set ϕ(R+, u, f) ⊂ C is pre-compact.

Condition (F6). Equation (74) is sub-linear. This means that the cocycle ϕ
generated by equation (74) is strict sub-linear, i.e.,

λϕ(t, u, g) ≤ ϕ(t, λu, g)

for any (λ, t, u, g) ∈ (0, 1)× R+ × Int(C+)×H(f).

Lemma 7.37. Assume that f ∈ C(R×C,Rn) is regular, quasi-monotone and sub-
linear, i.e.,

λf(t, u) ≤ f(t, λu)

for any (λ, t, u) ∈ (0, 1)×R×C. Then the cocycle ϕ, generated by equation (74), is
sub-linear.

Proof. Notice that by Lemma 7.6 the mapping F ∈ C(H(f) × C,Rn) (F (g, u) =
g(0, u) for any (g, u) ∈ H(f)× C) is sub-linear. Let ϕ be the cocycle generated by
equation (74) (respectively, by its H-class (76)), then it easy to check that ϕλ := λϕ
is the cocycle generated by equation

u′ = F(σ(t, g), ut) (g ∈ H(f)),

where F(g, u) := λF (g, λ−1u) for any (g, u) ∈ H(f) × C. Since F is sub-linear we
have

F(g, u) ≤ F (g, u)

for any (g, u) ∈ H(f)× C. According to Theorem 7.31 (item (iii)) the cocycle ϕ is
sub-linear.
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Let E1, E2 be two Banach spaces. Denote by L(E1, E2) the space of all linear
bounded operators A : E1 → E2 equipped with the operator norm. Consider the
linear equation

u′(t) = A(t)ut, (77)

where A ∈ C(R, L(C,Rn)).
Condition (F7) [24, Ch.V,p.75]. The operator A ∈ C(R, L(C,Rn)) (respec-

tively, equation (77)) is said to be cooperative, if for all t ∈ R and u ≥ 0 with
u(0) ∈ ∂(Rn+) one of the conditions (i)-(ii) are fulfilled:

1. ui(−r) > 0 and ui(0) = 0 for any i ∈ {1, . . . , n}, or
2. ui(s) > 0 for any −r ≤ s ≤ 0 and i ∈ {1, . . . , n}, there exists i0 ∈ {1, . . . , n}

such that ui0(0) = 0 and (A(t)u)i0 > 0.

We suppose that U := R × D, where D is an open subset of C. Suppose that
∂f
∂u (t, v) exists and ∂f

∂u ∈ C(R×D,L(C,Rn)). In this case, u(t, t0, u) is continuously
differentiable (see, for example, [24, Ch.V] and the bibliography therein) in its last

argument and v(t, t0, κ) := ∂f
∂u (t, t0, u)κ satisfies the variational equation

v′(t) =
∂f

∂u
(t, ut(t0, u))vt.

A function f (or equation (74)) is said to be cooperative[24, Ch.V] if for all

(t, v) ∈ J ×D the function κ→ ∂f
∂u (t, v)κ satisfies Condition (F7).

Recall that a subset S of an ordered Banach space E is p-convex if it contains
the line segment {tu+ (1− t)v| t ∈ [0, 1]} by u, v whenever u, v ∈ S and u < v.

Theorem 7.38. [24, Ch.V] Let D be p-convex, ∂f
∂u (t, v) exists and ∂f

∂u ∈ C(R ×
D,L(C,Rn)), and f be cooperative.

Then
u0, u1 ∈ D, u0 < u1 implies x(t, t0, u0)� x(t, t0, u1)

for all t ≥ t0 + 2r. In particular,

ut(t0, u0)� ut(t0, u1)

for all t ≥ t0 + 3r.

Theorem 7.39. Suppose that the following assumptions are fulfilled:

- let D = Int(C+), ∂f
∂u (t, v) exist, ∂f

∂u ∈ C(R×D,L(C,Rn)) and f be cooperative;
- the function f ∈ C(R× C+,Rn) is strongly Poisson stable in t ∈ R uniformly

w.r.t. u on every compact subset from C+ in the both directions;
- the set H(f) is minimal.

Then under conditions (F1)–(F5) the following statements hold:

1. for any u ∈ C+ the set ω(u,f)

⋂
Xf consists of a single point p0 = (pu, f), where

ω(u,f) is the ω-limit set of the motion π(t, (u, f)) of the skew-product dynamical
system (X,R+, π) (X := C+ ×H(f), π := (ϕ, σ)) and Xf := C+ × {f};

2. the solution ϕ(t, pu, f) of equation (74) is defined on R, ϕ(R, pu, f) ⊆ Q
(u,f)
+

and it is strongly compatible;
3.

lim
t→∞

|ϕ(t, u, f)− ϕ(t, pu, f)| = 0.

Proof. Let f ∈ B and (B,R, σ) be the shift dynamical system on B. Denote by
Y := H(f) and (Y,R, σ) the shift dynamical system on H(f) induced from (B,R, σ).
Consider the cocycle 〈C, ϕ, (Y,R, σ)〉 generated by equation (74) (see Condition
(F1)). According to Theorem 7.38 we have: u < v (u, v ∈ D = Int(C+)) implies
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ϕ(t, u, f) � ϕ(t, v, f) for any t ≥ 3r. Now to finish the proof of Theorem it is
sufficient to apply Lemma 2.7 and Theorems 4.4, 2.43.

Corollary 7.40. Under the conditions of Theorem 7.39 if the function f ∈ C(R×
C+,Rn) is stationary (respectively, τ -periodic, quasi-periodic, Bohr almost periodic,
almost automorphic, recurrent in the sense of Birkhoff, strongly Poisson stable) in
time t ∈ R, then the following statements hold:

1. the set ω(u,f)

⋂
Xf consists of a single point p = (pu, f);

2. ϕ(t, pu, f) is a stationary (respectively, τ -periodic, quasi-periodic, Bohr almost
periodic, almost automorphic, recurrent in the sense of Birkhoff, strongly Pois-
son stable) solution of equation (74);

3. lim
t→+∞

|ϕ(t, u, f) − ϕ(t, pu, f)| = 0, i.e., ϕ(t, u, f) is asymptotically stationary

(respectively, asymptotically τ -periodic, asymptotically quasi-periodic, asymp-
totically Bohr almost periodic, asymptotically almost automorphic, asymptot-
ically recurrent in the sense of Birkhoff, asymptotically strongly Poisson sta-
ble).

Proof. These statements follow from Theorems 7.39, 2.43 and Corollary 6.10.

Condition (F8). A function f ∈ C(T × E1, E2) is completely continuous
(compact) if for any bonded subset M from E1 there exists a pre-compact sub-
set K = K(M) from E2 such that f(t,M) ⊆ K for any t ∈ T.

Remark 7.41. If the function f ∈ C(T×E1, E2) satisfies condition (F8) then for
any bounded subset M from E1 there exists a compact subset K from E2 such that
g(t,M) ⊆ K for any g ∈ H(f) and t ∈ T.

Lemma 7.42. Assume that f ∈ C(R × D,Rn) satisfies condition (F8) and α ∈
C(R+,Rn) (respectively, α ∈ C(R,Rn)) is a bounded on R+ (respectively, on R)
solution of equation (74). Then the set {αt| t ≥ 0} (respectively, {αt| t ∈ R}) is
pre-compact in C.

Proof. Note that the family of functions {αt| t ≥ 0} (respectively, {αt| t ∈ R}) is
bounded in C if the function α : R+ → Rn (respectively, α : R → Rn) is bounded.
Since f is completely continuous, then there exists a C > 0 such that |f(t, αt)| ≤ C
for any t ∈ R+ (respectively, t ∈ R). Thus we have

|α′(t)| = |f(t, αt)| ≤ C
for all t ∈ R+ (respectively, t ∈ R) and, consequently, α is uniformly continuous on
R+. Thus the family of functions {αt| t ≥ 0} ⊆ C is bounded and equicontinuous.
By Arzela-Ascoli theorem {αt| t ≥ 0} (respectively, {αt| t ∈ R}) is pre-compact in
C. Lemma is proved.

Theorem 7.43. Suppose that the following assumptions are fulfilled:

1. Let D = Int(C+), ∂f∂u (t, v) exist, ∂f∂u ∈ C(R×D,L(C,Rn)) and f be cooperative;
2. the function f ∈ C(R× C+,Rn) is Poisson stable in t ∈ R uniformly w.r.t. u

on every compact subset from C+ in the both directions, i.e., there exist two

sequences t±n → ±∞ as n→∞ such that f t
±
n converges to f in C(R×C+,Rn);

3. for every u ∈ C+ the set Q
(u,f)
+ := ϕ(R+, u, f) is a compact subset of C+;

4. there is a solution ϕ(t, u0, f) of equation (74) such that

Q
(u0,f)
+ := ϕ(R+, u0, f)

is a compact subset of Int(C+).
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Then under the conditions (F1)-(F3) and (F6)-(F8) the following statements
hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0 , f), where ω(u0,f) is the

ω-limit set of the motion π(t, (u0, f)) of the skew-product dynamical system
(X,R+, π) (X := C+ ×H(f), π := (ϕ, σ)) and Xf := C+ × {f};

2. the solution ϕ(t, pu0 , f) of equation (74) is defined on R,

ϕ(R, pu0 , f) ⊆ Q(u0,f)
+

and it is compatible;
3.

lim
t→∞

|ϕ(t, u0, f)− ϕ(t, pu0
, f)| = 0;

4. for any u ∈ Int(C+) the set ω(u,f)

⋂
Xf consists of a single point p = (pu, f),

the solution ϕ(t, pu, f) is compatible and

lim
t→∞

|ϕ(t, u, f)− ϕ(t, v, f)| = 0;

1. for any u1, u2 ∈ Int(C+) we have pu1 = pu2 , i.e., equation (74) has a unique

bounded globally attracting in Int(C+) solution p : R → Int(C+) with p(R) ⊂
Int(C+).

Proof. Let f ∈ C(R × C+,Rn) and (C(R × C+,Rn),R, σ) be the shift dynamical
system on C(R × C+,Rn). Denote by Y := H(f) and (Y,R, σ) the shift dynam-
ical system on H(f) induced from (C(R × C+,Rn),R, σ). Consider the cocycle
〈C+, ϕ, (Y,R, σ)〉 and non-autonomous dynamical system 〈(X,R+, π), (Y,R, σ), h〉,
with X = C+ × Y , π = (ϕ, σ) and h = pr2 : X → Y , generated by equation (74)
(see Condition (F1)).

Note that the cocycle ϕ, generated by equation (74), under the conditions of
Theorem 7.43 possesses the following conditions:

1. the set C+ is positively invariant with respect to cocycle ϕ, i.e., ϕ(t, v, g) ∈ C+
for any (t, v, g) ∈ R+ × C+ ×H(f);

2. ϕ is monotone and by Theorem 7.38 ϕ(t, ·, f) strongly monotone for any t ≥
3r.

Let x0 := (u0, f). Since Q
(u0,f)
+ := ϕ(R+, u0, f) is a compact subset of Int(C+),

then Σ+
x0 ⊆ Int(C+)×H(f).

Now to finish the proof it is sufficient to apply Theorems 6.5 and Remark 6.11
(item (ii)).

Lemma 7.44. Assume that f ∈ C(R×C,Rn) is completely continuous and almost
automorphic (respectively, recurrent) in t ∈ R uniformly with respect to u on every
compact subset from C and α ∈ C(R, C) is a bounded on R and compatible solution
of equation (74). Then α is also almost automorphic (respectively, recurrent).

Proof. Since the function f is almost automorphic (respectively, recurrent), then
it is Levitan almost periodic (respectively, almost recurrent) in t ∈ R uniformly
with respect to u on every compact subset from C. Taking into account that ϕ is
a compatible solution of equation (74), then by Theorem 2.40 it is Levitan almost
periodic (respectively, almost recurrent). Now to finish the proof of Lemma it is
sufficient to show that the function ϕ is Lagrange stable. Note that ϕ is bounded
on R and by Lemma 7.42 K := {αt| t ∈ R} is a compact subset of C. Since ϕ
is uniformly continuous on R (see the proof of Lemma 7.42), then it is easy to
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check that the family of functions {αt| t ∈ R} is equicontinuous and, consequently,
the mapping t → αt from R to C is uniformly continuous. Thus the function
α is Lagrange stable and Levitan almost periodic (respectively, almost recurrent)
and, consequently, it is almost automorphic (respectively, recurrent). Lemma is
proved.

Corollary 7.45. Under the conditions of Theorem 7.43 if the function f ∈ C(R×
C+,Rn) is stationary (respectively, τ -periodic, Levitan almost periodic, almost au-
tomorphic, almost recurrent in the sense of Bebutov, recurrent, Poisson stable) in
time t ∈ R, then the following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0

, f);
2. ϕ(t, pu0 , f) is a stationary (respectively, τ -periodic, Levitan almost periodic,

almost automorphic, almost recurrent in the sense of Bebutov, recurrent, Pois-
son stable) solution of equation (74);

3. lim
t→+∞

|ϕ(t, u0, f)− ϕ(t, pu0
, f)| = 0, i.e., ϕ(t, u0, f) is asymptotically station-

ary (respectively, asymptotically τ -periodic, asymptotically Levitan almost pe-
riodic, asymptotically almost automorphic, asymptotically almost recurrent in
the sense of Bebutov, asymptotically recurrent, asymptotically Poisson stable);

4. for any u ∈ Int(C+) such that ϕ(R+, u, f) ⊂ Int(C+) there exists a unique
point p = (pu, f) ∈ ωx (x = (u, f)) such that the solution ϕ(t, pu, f) of equa-

tion (74) defined on R with values from the compact Q
(u,f)
+ ;

5. the solution ϕ(t, pu, f) is stationary (respectively, τ -periodic, Levitan almost
periodic, almost automorphic, almost recurrent in the sense of Bebutov, re-
current, Poisson stable);

6. lim
t→+∞

|ϕ(t, u, f)− ϕ(t, pu, f)| = 0.

Proof. These statements follow from Theorem 7.43, 2.40 and Lemma 7.42.

Definition 7.46. Let f ∈ C(R × C+,Rn). The set H(f) is said to be minimal, if
it is a minimal set of shift dynamical system (C(R× C+,Rn),R, σ).

Definition 7.47. A function f ∈ C(R × C+,Rn) is said to be strongly Poisson
stable if every function g ∈ H(f) is Poisson stable.

Theorem 7.48. Under the conditions of Theorem 7.43 if additionally the set H(f)
is minimal and f is strongly Poisson stable, then the following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0 , f), where ω(u0,f) is the

ω-limit set of the motion π(t, (u0, f)) of the skew-product dynamical system
(X,R+, π) (X := C+ ×H(f), π := (ϕ, σ)) and Xf := C+ × {f};

2. the solution ϕ(t, pu0
, f) of equation (74) is defined on R, ϕ(R, pu0

, f) ⊆ Q(u0,f)
+

and it is uniformly compatible;
3.

lim
t→∞

|ϕ(t, u0, f)− ϕ(t, pu0 , f)| = 0;

4. for any u ∈ Int(C+) the set ω(u,f)

⋂
Xf consists of a single point p = (pu, f),

the solution ϕ(t, pu, f) is strongly compatible and lim
t→∞

|ϕ(t, u, f)−ϕ(t, pu, f)| =
0;

5. for any u1, u2 ∈ Int(C+) we have pu1
= pu2

, i.e., equation (74) has a unique

bounded globally attracting in Int(C+) solution p : R → Int(C+) with p(R) ⊂
Int(C+).
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Proof. These statements can be proved using the same arguments as in the proof
of Theorem 7.43, but instead of Theorem 6.5 we need to apply Theorem 6.9.

Corollary 7.49. Under the conditions of Theorem 7.48 if the function f ∈ C(R×
C+,Rn) is stationary (respectively, τ -periodic, quasi-periodic, Bohr almost periodic,
almost automorphic, recurrent in the sense of Birkhoff, strongly Poisson stable) in
time t ∈ R, then the following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0 , f);

2. ϕ(t, pu0
, f) is a stationary (respectively, τ -periodic, quasi-periodic, Bohr al-

most periodic, almost automorphic, recurrent in the sense of Birkhoff, strongly
Poisson stable) solution of equation (74);

3. lim
t→+∞

|ϕ(t, u0, f) − ϕ(t, pu0 , f)| = 0, i.e., ϕ(t, u0, f) is asymptotically sta-

tionary (respectively, asymptotically τ -periodic, asymptotically quasi-periodic,
asymptotically Bohr almost periodic, asymptotically almost automorphic,
asymptotically recurrent in the sense of Birkhoff, asymptotically strongly Pois-
son stable);

4. for any u ∈ Int(C+) such that ϕ(R+, u, f) ∈ Int(C+) there exists a unique
point p = (pu, f) ∈ ωx (x = (u, f)) such that the solution ϕ(t, pu, f) of equa-

tion (74) defined on R with values from the compact Q
(u,f)
+ ;

5. the solution ϕ(t, pu, f) is stationary (respectively, τ -periodic, quasi-periodic,
Bohr almost periodic, almost automorphic, recurrent in the sense of Birkhoff,
strongly Poisson stable);

6. lim
t→+∞

|ϕ(t, u, f)− ϕ(t, pu, f)| = 0.

Proof. These statements follow from Theorems 7.48, 2.43 and Corollary 6.10.

7.3. Difference equations. Let us consider a difference equation

u(t+ 1) = f(t, u(t)), (78)

where f ∈ C(Z×Rn,Rn). Along with equation (78) we consider its H-class [3, 32,
39, 45, 46], i.e., the family of equations

v(t+ 1) = g(t, v(t)), (79)

where g ∈ H(f) = {fτ : τ ∈ Z}, fτ (t, u) = f(t+ τ, u) for all (t, u) ∈ Z×Rn and by
bar we denote the closure in C(Z× Rn,Rn).

Remark 7.50. 1. Note that the compact-open topology on the space C(Z,Rn)

1. can be defined by distance

d(ϕ1, ϕ2) :=

∞∑
i=1

1

2i
di(ϕ1, ϕ2)

1 + di(ϕ1, ϕ2)
,

where d(ϕ1, ϕ2) := max{|ϕ1(k)− ϕ2(k)| : |k| ≤ i};
2. coincides with the topology of pointwise convergence.

2. A function ϕ ∈ C(Z,Rn) is Lagrange stable (i.e., the set Σϕ := {ϕh : h ∈ Z}
is relatively compact in the space C(Z,Rn)) if and only if the set ϕ(Z) is bounded.

3. The topology on the space C(Z× Rn,Rn)

1. can be defined by distance

d(f1, f2) :=

∞∑
i=1

1

2i
di(f1, f2)

1 + di(f1, f2)
,
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where d(f1, f2) := max{|f1(k, x)− f2(k, x)| : |k| ≤ i, |x| ≤ i};
2. coincides with the topology of pointwise convergence in k ∈ Z uniformly with

respect to x on every compact subset from Rn.

4. A function f ∈ C(Z×Rn,Rn) is Lagrange stable (i.e., the set Σf := {fh : h ∈
Z} is relatively compact in the space C(Z×Rn,Rn)) if and only if for any compact
subset K ⊂ Rn the following two conditions are fulfilled:

1. the set f(Z×K) is bounded;
2. the mapping f : Z×K → Rn is uniformly continuous.

Denote by ϕ(·, v, g) the solution of equation (79), passing through the point
v ∈ Rn at the initial moment t = 0. Then it is correctly defined a mapping
ϕ : Z+ × Rn × H(f) → Rn, verifying the following conditions (see, for example,
[3, 39]):

1) ϕ(0, v, g) = v for all v ∈ Rn and g ∈ H(f);
2) ϕ(t, ϕ(τ, v, g), gτ ) = ϕ(t+ τ, v, g) for every v ∈ Rn, g ∈ H(f) and t, τ ∈ Z+;
3) the mapping ϕ : Z+ × Rn ×H(f)→ Rn is continuous.

Denote by Y := H(f) and (Y,Z, σ) a dynamical system of translations on Y ,
induced by dynamical system of translations (C(Z × Rn,Rn),Z, σ). The triplet
〈Rn, ϕ, (Y,Z, σ)〉 is a cocycle on (Y,Z, σ) with the fiber Rn. Thus equation (78)
generates a cocycle 〈Rn, ϕ, (Y,Z, σ)〉 and a non-autonomous dynamical system 〈(X,
Z+, π), (Y,Z, σ), h〉, where X := Rn × Y , π := (ϕ, σ) and h : pr2 : X → Y .

Remark 7.51. Let F be a mapping from H(f) × Rn → Rndefined by equality
F (g, x) := g(0, x), then F possesses the following properties:

1. F is continuous;
2. F (gτ , x) = g(τ, x) for any (g, x, τ) ∈ H(f)× Rn × R;
3. equation (78) (and its H-class (79) can be rewritten as follows

x(t+ 1) = F (σ(t, f), x(t)) (g ∈ H(f)); (80)

4. if ϕ is the cocycle generated by equation (80), then φ(t, v, g) := λϕ(t, λ−1v, g)
(λ ∈ (0, 1)) is the cocycle generated by equation

x(t+ 1) = F(σ(t, f), x(t)) (g ∈ H(f)), (81)

where F(g, x) := λF (g, λ−1x) for any (g, x) ∈ H(f)× Rn.

Condition (D1). Equation (78) is monotone. This means that the cocycle
〈Rn, ϕ, (H(f), Z, σ)〉 (or shortly ϕ) generated by (78) is monotone, i.e., if u, v ∈ Rn
and u ≤ v then ϕ(t, u, g) ≤ ϕ(t, v, g) for all t ≥ 0 and g ∈ H(f).

Definition 7.52. A function f ∈ C(Z × Rn,Rn) is said to be monotone (order-
preserving) if for any (t, u), (t, v) ∈ Z× Rn u ≤ v implies f(t, u) ≤ f(t, v).

Lemma 7.53. Let f ∈ C(Z× Rn,Rn) be a monotone function, then the following
statements hold:

1. any function g ∈ H(f) is monotone;
2. u ≤ v implies ϕ(t, u, g) ≤ ϕ(t, v, g) for any t ≥ 0 and g ∈ H(f);
3. equation (78) is monotone.

Proof. Let g ∈ H(f), then there exists a sequence {hk} ⊂ Z such that g(t, u) =
lim
k→∞

fhk(t, u) for any (t, u) ∈ Z× Rn. Let u ≤ v (u, v ∈ Rn). Since f is monotone,

then we will have

fi(t+ hk, u) ≤ fi(t+ hk, v) (i = 1, . . . , n) (82)
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and passing to the limit in (82) as k →∞ we obtain that g is monotone too.
Let u ≤ v (u, v ∈ Rn) and g ∈ H(f), then we have

ϕ(1, u, g) = g(0, u) ≤ g(0, v) = ϕ(1, v, g). (83)

Let k be an arbitrary number from N. Suppose that

ϕ(t, u, g) ≤ ϕ(t, v, g) (84)

for any 2 ≤ t ≤ k. If t = k+ 1, then taking into consideration the first statement of
Lemma and (83)–(84) we obtain

ϕ(t, u, g) = ϕ(k + 1, u, g) = ϕ(1, ϕ(k, u, g), gk) ≤
ϕ(1, ϕ(k, v, g), gk) = ϕ(k + 1, v, g) = ϕ(t, v, g)

for any t ≥ 0. Lemma is completely proved.

Lemma 7.54. Suppose that fi ∈ C(Z×Rn,Rn) (i = 1, 2) and x1, x2 ∈ Rn and the
function f2 is monotone. Let ≺ denote any one of the relations ≤, <,� . If x1 ≺ x2
and f1(t, x) ≺ f2(t, x) for any (t, x) ∈ Z×Rn, then ϕ(t, x1, f1) ≺ ϕ(t, x2, f2), hence
equation (78) is monotone.

Proof. Let x1 ≺ x2 (x1, x2 ∈ Rn) and f1(t, x) ≺ f2(t, x) for any (t, x) ∈ Z × Rn
(fi ∈ C(Z× Rn,Rn) (i = 1, 2)), then we have

ϕ(1, x1, f1) = f1(0, x1) ≺ f2(0, x2) = ϕ(1, x2, f2). (85)

Let k be an arbitrary number from N. Suppose that

ϕ(t, x1, g) ≺ ϕ(t, x2, f2) (86)

for any 2 ≤ t ≤ k. If t = k + 1, then taking into consideration (85)–(86) we obtain

ϕ(t, x1, f1) = ϕ(k + 1, x1, f1) = ϕ(1, ϕ(k, x1, f1), f1k) ≺
ϕ(1, ϕ(k, x2, f2), f2k) = ϕ(k + 1, x2, f2) = ϕ(t, x2, f2)

for any t ≥ 0. Lemma is proved.

Lemma 7.55. Assume that f ∈ C(Z×Rn+,Rn) is monotone and 〈Rn+, ϕ, (H(f), Z,
σ)〉 is the cocycle in Rn+ generated by equation (78) (respectively, by equation (80)).
Let ≺ denote one of the three relations ≤, <,�. Then the condition

F(g, x) ≺ F (g, x)

for any (g, x) ∈ H(f)× Rn+ implies that

φ(t, x, g) ≺ ϕ(t, x, g)

for any t ≥ 0, g ∈ H(f) and x ∈ Rn+, where F ∈ C(H(f)×Rn+,Rn) is some function
and 〈Rn+, φ, (H(f),R, σ)〉 (shortly, φ) is the cocycle generated by equation

x(t+ 1) = F(σ(t, g), x(t)) (g ∈ H(f)).

Proof. This statement follows from Lemma 7.54.

Lemma 7.56. Assume that the function f ∈ C(Z×Rn+,Rn) monotone and f(t, 0) ≥
0 for any t ∈ Z. Then the following statements hold:

1. Rn+ is a positively invariant subset of the cocycle ϕ, generated by equation
(78), i.e., ϕ(t, x, g) ∈ Rn+ for any (t, x, g) ∈ Z+ × Rn+ ×H(f);

2. if g(t, 0) � 0 for any g ∈ H(f) and t ∈ Z+, then Int(Rn+) is positively
invariant with respect to cocycle ϕ, i.e., ϕ(t, x, g) ∈ Int(Rn+) for any t ≥ 0,
x ∈ Int(Rn+) and g ∈ H(f).
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Proof. Let g ∈ H(f), then it is easy to check that under the condition of Lemma
7.56 the function g is also regular, monotone and g(t, 0) ≥ 0 for any t ∈ R. Note
that F (g, x) = g(0, x) ≥ 0 for any (x, g) ∈ Rn+ × H(f). By Lemma 7.55 we have
φ(t, x, g) ≤ ϕ(t, x, g) for any t ≥ 0, g ∈ H(f) and x ∈ Rn+, where ϕ is the cocycle
generated by equation (78) (respectively, equation (80)) and φ is the cocycle defined
by equation x(t+ 1) = x(t), i.e., φ(t, x, g) = x for any x ∈ Rn+, t ≥ 0 and g ∈ H(f).
Thus we have ϕ(t, x, g) ≥ x for any (t, x, g) ∈ Z+ × Rn+ ×H(f). This means that
ϕ(t, x, g) ≥ 0, i.e., ϕ(t, x, g) ∈ Rn+ for any (t, x, g) ∈ Z+ × Rn+ ×H(f).

The second statement can be proved using the same argument as above. Lemma
is completely proved.

Lemma 7.57. Assume that f ∈ C(Z × Rn+,Rn) is monotone and the mapping
F : H(f)× Rn+ → Rn (F (g, x) = g(0, x) for any (g, x) ∈ H(f)× Rn+) is sub-linear,
i.e.,

λF (g, x) ≤ F (g, λx) (87)

for any (λ, g, x) ∈ (0, 1) ×H(f) × Rn+. Then the cocycle ϕ, generated by equation
(78), is sub-linear. Moreover ϕ is strongly sub-linear if the following condition is
satisfied:

λFi(g, x) < Fi(g, λx) (F = (F1, . . . , Fn)) (88)

for all i = 1, . . . , n, 0 < λ < 1, x ∈ Int(Rn+) and g ∈ H(f).

Proof. Let λ ∈ (0, 1). The function xλ(t) = λϕ(t, λ−1v, g) is the solution of equation
(81) passing through the point v ∈ Rn+ at the initial moment t = 0, where F(g, y) :=
λF (g, λ−1y) for any (g, y) ∈ H(f)×Rn+. From (87) we obtain F(g, y) ≤ F (g, y) for
any (g, y) ∈ H(f)× Rn+. By Lemma 7.55 (item (i)) we have

λϕ(t, v, g) ≤ ϕ(t, λv, g),

i.e., the cocycle ϕ is sub-linear.
The strong sub-linearity of ϕ under condition (88) follows from Lemma 7.55.

Lemma 7.58. Assume that f ∈ C(Z× Rn+,Rn) is monotone and

inf
(t,x)∈Z×Int(Rn+)

|λfi(t, x)− fi(t, λx)| > 0 (89)

for any λ ∈ (0, 1) and i = 1, . . . , n. Then the cocycle ϕ, generated by equation (80),
is strongly sub-linear.

Proof. Now we will show that condition (89) implies (88). In fact. If g ∈ H(f),
then there exists a sequence {tk} ⊂ Z such that f tk → g as k → ∞ in the space
C(R × Rn+,Rn). From (89) it follows that for any λ ∈ (0, 1) there exists a positive
number α(λ) such that

|λfi(t+ tk, x)− fi(t+ tk, λx)| ≥ α(λ) (90)

for any (t, x) ∈ Z× Int(Rn+), k ∈ N and i = 1, . . . , n. Passing to the limit in (90) as
k →∞ we obtain

|λFi(g, x)− Fi(g, λx)| ≥ α(λ) (91)

for all (g, x) ∈ H(f) × Int(Rn+) and i = 1, . . . , n, where Fi(g, x) = gi(0, x). From
(91) we obtain

λFi(g, x) < Fi(g, λx)

for any (λ, g, x) ∈ (0, 1)×H(f)× Int(Rn+) and i = 1, . . . , n. To finish the proof of
the second statement of Lemma it is sufficient to apply Lemma 7.57.
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Let f ∈ C(R,B) be a Bohr almost periodic function and f̃ : Z→ B be a function

defined by equality f̃(k) := f(k) for any k ∈ Z. By Theorem 1.27 [21, ChI] the

function f̃ is also Bohr almost periodic.

Example 4. Since the function ϕ(t) := 2+cos t+cos
√

2t (t ∈ R) is Bohr almost pe-

riodic, then by Theorem 1.27 [21, Ch.I] the function ϕ(k) := 2+cos k+cos
√

2k (k ∈
Z) is almost periodic. Consider the function f ∈ C(Z,R) defined by equality

f(k) =
1

2 + cos k + cos
√

2k
(k ∈ Z).

According to Corollary 7.13 this function is Levitan almost periodic. Since the num-
ber
√

2 is irrational, then there exists a sequence {km} ⊂ Z such that km → +∞,

cos km → −1 and cos
√

2km → −1 as m → ∞ (see, for example, [51, ChIII,p.157])
and, consequently, f(km) → +∞ as m → ∞. Thus the function f(k) is not Bohr
almost periodic.

Now we consider a function h ∈ C(Z,R) defined as follows

h(k) = sin
1

2 + cos k + cos
√

2k
(k ∈ Z). (92)

The function h is bounded and by Corollary 7.13 it is Levitan almost periodic.

Remark 7.59. 1. The function f ∈ C(Z × Rn+,Rn) satisfies to condition (89) if
and only if for any λ ∈ (0, 1) there exists a positive number α(λ) such that

f(k, λx)− λf(k, x) ≥ α(λ)e (93)

for any (k, x) ∈ Z× Int(Rn+), where e := (1, . . . , 1) ∈ Int(Rn+).
2. It is easy to check that the function f ∈ C(Z× R+,R), defined by equality

f(k, x) =
x

2
+

x

x+ 1
+ 2 + sin

1

2 + cos k + cos
√

2k
,

satisfies condition (89). In fact, if λ ∈ (0, 1) we have

f(k, λx)− λf(k, x) ≥ 1− λ = α(λ) > 0

for any (k, x) ∈ Z× R+.

Definition 7.60. A solution ϕ(k, u0, f) of equation (78) is said to be pre-compact

on Z+ if the set Q := ϕ(Z+, u0, f) is a compact subset of Rn, where by bar is
denoted the closure in Rn and ϕ(Z+, u0, f) := {ϕ(k, u0, f) : t ∈ Z+}.

Definition 7.61. A solution ϕ(k, u0, f) of equation (78) is called [15],[45],[46] com-
patible (respectively, strongly compatible or uniformly compatible) if the motion
π(k, x0) is comparable (respectively, strongly comparable or uniformly comparable)
by character of recurrence with σ(t, f).

Recall that the function ϕ ∈ C(Z,Rn) (respectively, f ∈ C(Z × Rn,Rn)) pos-
sesses the property (A), if the motion σ(·, ϕ) (respectively, σ(·, f)) generated by
the function ϕ (respectively, f) possesses this property in the dynamical system
(C(Z,Rn),Z, σ) (respectively, (C(Z× Rn,Rn),Z, σ)).

In the quality of the property (A) there can stand stability in the sense of La-
grange (st. L), uniform stability (un. st. L+) in the sense of Lyapunov, periodicity,
almost periodicity, asymptotical almost periodicity and so on.

For example, a function f ∈ C(Z×Rn,Rn) is called almost periodic (respectively,
recurrent, asymptotically almost periodic etc) in t ∈ R uniformly with respect to
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(w.r.t.) w on every compact subset from Rn, if the motion σ(·, f) is almost periodic
(respectively, recurrent, asymptotically almost periodic, etc.) in the dynamical
system (C(Z× Rn,Rn),Z, σ).

Theorem 7.62. Let f ∈ C(Z × Rn+,Rn) be regular, Poisson stable in t ∈ Z uni-
formly w.r.t. u on every compact subset from Rn+ in the both directions. Suppose
that f is monotone and

inf
(k,x)∈Z×Rn+

(
λfi(k, x)− fi(k, λx)

)
> 0 (94)

for any λ ∈ (0, 1) and i = 1, . . . , n.

If for every (u, g) ∈ Rn+×H(f), the set Q
(u,g)
+ := ϕ(Z+, u, g) is a compact subset

of Rn+ and there exists u0 ∈ Int(Rn+) such that Q
(u0,f)
+ ⊂ Int(Rn+). Then for any

u� 0 the following statements (1)-(5) hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0

, f), where ω(pu0 ,f)
is

the ω-limit set of the motion π(t, x0, f)) (x0 = (pu0
, f)) of the skew-product

dynamical system (X,Z+, π) (X := Rn+ × H(f), π := (ϕ, σ)) and Xf :=
Rn+ × {f};

2. the solution ϕ(t, pu0 , f) of equation (78) is defined on Z, ϕ(Z, pu0 , f) ⊆ Q(pu0 ,f)
+

and it is compatible;
3.

lim
k→∞

|ϕ(k, u0, f)− ϕ(k, pu0
, f)| = 0;

4. for any u ∈ Int(Rn+) with Q
(u,f)
+ ⊂ Int(Rn+) the set ω(u,f)

⋂
Xf consists

of a single point p = (pu, f) and the solution ϕ(t, pu, f) of equation (78) is
compatible and lim

k→∞
|ϕ(k, u, f)− ϕ(k, pu, f)| = 0;

5. pu1
= pu2

for any u1, u2 ∈ Int(Rn+), i.e., equation (78) has a unique bounded

globally attracting in Int(Rn+) solution p : Z→ Int(Rn) with p(Z) ⊂ Int(Rn+).

Proof. Note that sub-linearity and (93) imply (94). In fact, as induced in Remark
7.59 (item 1.), for any λ ∈ (0, 1) there exists a positive number α(λ) such that

f(k, λx)− λf(k, x)� α(λ)e (95)

for all (k, x) ∈ Z× Int(Rn+). This, together with the continuity of f , implies (94).
From (94) it follows that f(k, 0) ≥ (1−λ)−1e� 0, which deduces that g(k, 0)� 0

for all k ∈ Z.
By Lemma 7.55 we have φ(k, u, g) � ϕ(k, u, g) for any k ≥ 0, g ∈ H(f) and

u ∈ Rn+, where ϕ is the cocycle generated by equation (78) (respectively, equation
(80)) and φ is the cocycle defined by equation x(k + 1) = x(k), i.e., φ(t, u, g) = u
for any x ∈ Rn+, k ≥ 0 and g ∈ H(f). Thus we have ϕ(k, u, g) ≥ u for any
(k, u, g) ∈ Z+ × Rn+ × H(f). This means that ω(u,f) ⊂ Int(Rn+) × H(f). The
statements (1)-(5) follow immediately from Theorem 6.5.

The example below illustrates Theorem 7.62.

Example 5. Consider the difference equation

x(k + 1) =
x

2
+

x

x+ 1
+ h(k), (x ∈ R+) (96)

where h(k) = 2 + sin 1
2+cos k+cos

√
2k

(k ∈ Z). Along this equation (71) we consider

its H-class
x(k + 1) =

x

2
+

x

x+ 1
+ g(k), (g ∈ H(h)) (97)
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where H(h) := {hτ | τ ∈ Z} and by bar is denoted the closure in the space C(Z,R).
Let f(k, x) := x

2 + x
x+1 + h(k) ((k, x) ∈ Z× R+), then

g(k, x) ≤ x

2
+ 4 := h̄

for any (k, x, g) ∈ Z×R+ ×H(h). Denote by 〈R+, ϕ,H(h)〉 (respectively, (R+, φ))
the cocycle generated by family of equations (97) (respectively, semigroup dynamical

system generated by equation x(k + 1) = x(k)
2 + 4), then by Lemma 7.55 we have

ϕ(k, u, g) ≤ φ(k, u) = (u− 8)(
1

2
)k + 8 (98)

for any (k, x, g) ∈ Z+×R+×H(h). Thus, all the conditions of the Theorem 7.62 are
fulfilled (see Remark 7.59, item 2.) and, consequently, equation (96) has a unique
bounded on Z, strictly positive, Levitan almost periodic solution that is globally
uniformly asymptotically stable.

Lemma 7.63. Suppose that the function ϕ ∈ C(Z,Rn) is almost recurrent (re-
spectively, Levitan almost periodic) and bounded, then it is recurrent (respectively,
almost automorphic).

Proof. Note that an almost recurrent (respectively, Levitan almost periodic) is re-
current (respectively, almost automorphic) if and only if it is Lagrange stable. Thus,
to prove this statement it is sufficient to establish that under the conditions of
Lemma the function ϕ is Lagrange stable. Since the function ϕ is bounded, then
by Remark 7.50 (item 2.) it is Lagrange stable.

Corollary 7.64. Under the conditions of Theorem 7.62 if the function f ∈ C(Z×
Rn+,Rn) is stationary (respectively, τ -periodic, Levitan almost periodic, almost au-
tomorphic, almost recurrent in the sense of Bebutov, recurrent, Poisson stable) in
time k ∈ Z uniformly with respect to u on every compact subset from Rn, then the
following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0 , f);

2. ϕ(t, pu0
, f) is a stationary (respectively, τ -periodic, Levitan almost periodic,

almost automorphic, almost recurrent in the sense of Bebutov, recurrent, Pois-
son stable) solution of equation (78);

3. lim
k→+∞

|ϕ(k, u0, f)−ϕ(k, v0, f)| = 0, i.e., ϕ(k, u0, f) is asymptotically station-

ary (respectively, asymptotically τ -periodic, asymptotically Levitan almost pe-
riodic, asymptotically almost automorphic, asymptotically almost recurrent in
the sense of Bebutov, asymptotically recurrent, asymptotically Poisson stable);

4. for any u ∈ Int(Rn+) with Q
(u,f)
+ ⊂ Int(Rn+) there exists a unique point p =

(pu, f) ∈ ωx (x = (u, f)) such that the solution ϕ(k, pu, f) of equation (78)

defined on Z with values from the compact Q
(u,f)
+ ;

5. equation (78) has a unique solution with the following properties:
(a) it is bounded;
(b) globally attracting in Int(Rn+) with p : Z→ Int(Rn+);
(c) the solution p is stationary (respectively, τ -periodic, Levitan almost pe-

riodic, almost automorphic, almost recurrent in the sense of Bebutov,
recurrent, Poisson stable).

Proof. This statement follows from Theorems 2.40 and 7.62.
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Definition 7.65. Let f ∈ C(Z × Rn+,Rn). The set H(f) is said to be minimal, if
it is a minimal set of shift dynamical system (C(Z× Rn+,Rn),Z, σ).

Definition 7.66. A function f ∈ C(Z × Rn+,Rn) is said to be strongly Poisson
stable if every function g ∈ H(f) is Poisson stable.

Definition 7.67. Let f ∈ C(Z×C+,Rn). The set H(f) is said to be minimal, if it
is a minimal set of shift dynamical system (C(Z× C+,Rn),Z, σ).

Theorem 7.68. Under the conditions of Theorem 7.62 if additionally the set H(f)
is minimal and f is strongly Poisson stable, then the following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0

, f);

2. the solution ϕ(t, pu0
, f) of equation (78) is defined on Z, ϕ(Z, pu0

, f) ⊆ Q(u0,f)
+

and it is uniformly compatible;
3.

lim
k→∞

|ϕ(k, u0, f)− ϕ(k, pu0 , f)| = 0;

4. for any u ∈ Int(C+) with Q
(u,f)
+ ⊂ Int(Rn+) the set ω(u,f)

⋂
Xf consists of

a single point p = (pu, f), the solution ϕ(t, pu, f) is strongly compatible and
lim
k→∞

|ϕ(k, u, f)− ϕ(k, pu, f)| = 0.

Proof. These statements can be proved using the same arguments as in the proof
of Theorem 7.62, but instead of Theorem 6.5 we need to apply Theorem 6.9.

Corollary 7.69. Under the conditions of Theorem 7.68 if the function f ∈ C(Z×
C+,Rn) is stationary (respectively, τ -periodic, quasi-periodic, Bohr almost periodic,
almost automorphic, recurrent in the sense of Birkhoff, strongly Poisson stable) in
time t ∈ Z, then the following statements hold:

1. the set ω(u0,f)

⋂
Xf consists of a single point p0 = (pu0

, f);
2. ϕ(k, pu0 , f) is a stationary (respectively, τ -periodic, quasi-periodic, Bohr al-

most periodic, almost automorphic, recurrent in the sense of Birkhoff, strongly
Poisson stable) solution of equation (78);

3. lim
k→+∞

|ϕ(k, u0, f) − ϕ(k, pu0
, f)| = 0, i.e., ϕ(k, u0, f) is asymptotically sta-

tionary (respectively, asymptotically τ -periodic, asymptotically quasi-periodic,
asymptotically Bohr almost periodic, asymptotically almost automorphic,
asymptotically recurrent in the sense of Birkhoff, asymptotically strongly Pois-
son stable);

4. for any u ∈ Int(Rn+) with ϕ(Z+, u, f) ⊂ Int(Rn+) there exists a unique point
p = (pu, f) ∈ ωx (x = (u, f)) such that the solution ϕ(k, pu, f) of equation

(78) defined on Z with values from the compact Q
(u,f)
+ ;

5. the solution ϕ(k, pu, f) is stationary (respectively, τ -periodic, quasi-periodic,
Bohr almost periodic, almost automorphic, recurrent in the sense of Birkhoff,
strongly Poisson stable);

6. lim
k→+∞

|ϕ(k, u, f)− ϕ(k, pu, f)| = 0.

Proof. These statements follow from Theorems 7.68, 2.43 and Corollary 6.10.
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