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PREFACE 

 

The main purpose of writing this monograph is to provide readers with 

certain new opportunities for understanding and applying discrete optimization 

methods in solving numerous practical problems that arise in various areas of 

human activity. 

The book is developed mainly on the basis of the author's research and 

consists of four chapters. The first two chapters contain numerical algorithms 

for linear integer programming, which were used to solve specific problems 

reflected in the relevant works from the list of references. The third and fourth 

chapters relate to another area of discrete optimization. Here, methods for 

finding a system of different representatives are presented, and methods for 

solving the choice problem are applied. Particular attention is paid to methods 

for solving the traveling salesman problem. The choice of such a topic for 

research and writing the work is explained by the desire to show the difficulties 

and ways to overcome them in solving discrete problems. 

The work is intended for specialists in the application of numerical 

methods for solving discrete optimization problems, in particular, transport-type 

problems, for students of applied mathematics studying optimization methods. 

Some algorithms are brought to programs, which allows the user to better 

understand the new original methods available in the monograph, for example, 

for searching for systems of different representatives of subsets of a finite set, 

solving the traveling salesman problem using operations three-element of 

replacement, methods for generating cyclic solutions based on cost and estimate 

matrices. To understand the structure of the problem, methods for constructing 

a traveling salesman problem with a given cyclic solution as optimal are 

presented, which is an impetus for new research and conducting mass 

computational experiments 
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INTRODUCTION.  

DISCRETE OPTIMIZATION PROBLEMS  

AND METHODS FOR SOLVING THEM  

________________________________________________________________  

   

 

 

 

Many problems in science and economics require an integer solution. In 

some problems, the sought variables may be indivisible objects, such as the 

number of units of production, sets of equipment, the number of machines in a 

control complex, vehicles, etc. In other problems, integerness arises when 

choosing design options. Integer problems also include problems of rational 

cutting of materials, the parameters of which are whole sheets of plywood, tin, 

glass, etc. [1-10,11-15,17-21,23-27],[48,80,118,130,134,138]. 

Problems of finding the conditional extremum of a linear function with 

the requirement of integerness of all (or part) variables are called fully (or 

partially) integer programming. These problems are divided into two classes: 

fully integer and mixed (partially) integer [80,87,98,110, 113,117,129,136]. 

A trivial example of an integer programming problem is the classical 

linear programming transportation problem [149]. If the initial quantities of 

manufactured and consumed products (deliveries) are expressed as integers, 

then the condition of integer values of the variables in the optimal plan is 

satisfied. When the initial data are integer, various variants of the transport 

problem also have an integer solution, for example, the assignment problem, the 

problem of flows in networks. 

Integer problems can also be classified by the value of the variables. For 

example, integer problems can take the values 0 or 1 [28,111,153]. Thus, many 

combinatorial problems with the help of artificial so-called Boolean variables, 

which take the value 1 if some events occur and 0 if these events do not occur, 

can be written in terms of integer linear programming . These include the 

traveling salesman problem, which describes a class of models for finding 

routes for cargo delivery that minimize the total mileage; scheduling theory 

problem; covering problem (network optimization). 

Many problems of optimal development, specialization and placement of 

production are practically solved by using integer programming [3,8,13,71,74]. 
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The integer linear programming problem is formulated as follows: find a 

solution (plan) 1 2( , ,..., )nx x x x  for a problem with an objective function                

                                      
1

min(max)
n

j j

j

f c x


                                 (1) 

that satisfies the restrictions 

                                              
1

, 1, ;
n

ij j i i

j

a x wb i m


                                  (2) 

                                                 0, 1, ;jx j n                                      (3) 

                                                jx -intrger,
1 11, , .j n n n                                 (4) 

Problem (1)-(4) without constraints (4) is a general linear programming 

problem in a continuous setting. If 1 ,n n  then problem (1)-(4) is called a 

completely integer problem; if 1n n , then a partially integer problem.  

Problem (1)-(2) with condition  

                                                   0 1, 1, ;jx j n                                     (5) 

is a special case of an integer problem and is called a problem with 

boolean variables. 

Let us consider the problem of planning the production of indivisible 

types of products. 

Let 1,2,...,i m  denote production factors; let 1,2,...,j n  denote types 

of final products. Let us further denote: 

ija - the amount of resource of type i  required to produce a unit of 

product of type j ; 

ib  - available resources of type i ;   

jc - profit obtained from the sale of a unit of product of type j .   

Let products of type j be indivisible. Let us assume that it is necessary to 

draw up a production program that ensures a minimum total profit, given the 

limited availability of these resources. By designating the desired objects of 

manufactured products as jx , we see that this problem is reduced to model (1)-(4). 

Let us consider the problem of planning the use of indivisible production 

factors. Let 1,2,...,i m denote the types of work to be performed; let 

1,2,...,j n  denote the types of equipment. 

Let ija - be the cost of using a unit of equipment of type j on work of type i ; 
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ib - restrictions on the total cost for work of type i ; 

jc - the effect of using a unit of equipment of type j . 

Let all types of equipment be used only in whole non-negative quantities. 

It is required to draw up a program for using the equipment that satisfies the 

cost constraints and gives the maximum total effect. Let jx  denote the required 

number of units of equipment of type j . Then the problem will be reduced to 

model (1)-(4). 

This model may also contain upper limits on the number of units of 

equipment of each type, for example, non-negative integers ,jk 1,2,...,j n ; 

then the conditions of problem (1)-(4) should be supplemented with additional 

restrictions   

, 1, .j jx k j n   

One of the earliest integer problems that stimulated the development of 

integer programming is the knapsack problem (also called the backpack 

problem).    

There are n objects; the following values are given: 

ja  - weight of object j; 

jc - value of object j. 

It is required to load a backpack of volume v  with a set of items with the 

maximum total value. 

If we introduce variables jx , 1,2,...,j n , that have the following 

meaning: 

0,       ;

1 ,
j

if item j is subject to loading
x

otherwise


 


 

then the knapsack problem will be reduced to maximizing the objective 

function f, i.e. find        

1

max
n

j j

j

f c x


   

under conditions (5) and 

                                            
1

.
n

j j

j

a x v


                                          (6) 
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Other versions of this model may include restrictions (6) of several types, 

for example, not only the total weight of the loaded items may be limited, but 

also their volume, etc. 

Of practical interest are combinatorial problems, which we will 

understand as any formulation where, among a finite number of options, it is 

necessary to make a choice that gives the minimum (or maximum) value of the 

objective function [23,63-155]. 

Consider a simple combinatorial problem known as the assignment 

problem (or choice problem). 

Let there be n types of work and n candidates for these works. The 

assignment of candidate i to work j is associated with costs ijc ( , 1,2,..., ).i j n  

It is required to find the assignment of candidates to all works that yield 

minimal total costs. In this case, each candidate can be assigned to only one 

work, and each work can be occupied by only one candidate. 

The solution to this problem is a permutation of n  numbers, which for 

large numbers n  is practically impossible to search directly. The problem can 

be reduced to linear programming. The objective function of the problem is 

defined on the set of permutations of numbers (1,2,..., )n ; each such 

permutation is described by a point in n  -dimensional space; this point is 

conveniently represented as a matrix [ ]ijx of size n n . The elements ,ijx  

                       

          ;

;  

1,

0  
ij

if thei th applicant is appointed to
x

ot

the j t

herwi

h b

e

jo

s


 



 


                    (7) 

matrices [ ]ijx  must be subject to the conditions:  

                                            
1

1, 1, ;
n

ij

j

x i n


                                            (8) 

                                            
1

1, 1, .
n

ij

i

x j n


                                          (9) 

Condition (8) means that each applicant can be assigned to only one job, 

condition (9) means that each job is intended for only one applicant. 

It is required to find numbers ijx that satisfy conditions (7)-(9) and 

minimize total costs, i.e. 

                                            
1 1

min.
n n

ij ij

i j

c x
 

                                      (10) 
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As can be seen, the assignment problem (7)-(9) is a special case of the 

transportation problem (in which ,m n 1i ja b  ).  

Let us give the assignment problem another substantive meaning. 

Let there be n  aircraft of different types that need to be distributed among 

n  airlines. The expected effect ijc  from using the i -th aircraft on the j -th 

airline is known, measured, for example, by the number of passengers served. 

The task is to assign aircraft to the lines (one for each line) in such a way 

that the total effect of using all aircraft is maximal (i.e., the number of 

passengers served is maximized, for example). 

If we introduce variables ijx  defined by the formula 

1,   -       

;  

-  ;

0
ij

if the i th plane is assigned to the j th line
x

otherwise


 


 

then the mathematical model can be written as follows. 

Find such values of variables ijx that give the value of the objective 

function 

1 1

min
n n

ij ij

i j

c x
 

  

(cumulative effect) under conditions 

1

1, 1,
n

ij

i

x j n


   

(an aircraft is assigned to each line); 

1

1, 1,
n

ij

j

x i n


   

(each plane is assigned to one line). 

Condition 1ijx   or 0ijx  , generally speaking, greatly complicates the 

task. 

As for the assignment problem under consideration, it has been proven 

that condition 1 0ijx    can be replaced by a simpler one, namely 0 1ijx  . 

More precisely, if we apply the algorithm for solving the transportation problem 

as usual, then in this case it will automatically lead to integers ijx , i.e. to 

solving the problem in its original formulation. Thus, it turns out that the 

assignment problem is also essentially described by the model of the 

transportation problem. (However, for the assignment problem there is also a 

simpler algorithm for solving the general transportation problem).  
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The traveling salesman problem, which has great practical significance, 

has become widely used. 

There are n points. A matrix [ ]ijc  of transport distances between these 

points is given, with each point connected to all the others. Leaving one point, a 

salesman must visit the other points once and return to the starting point, while 

he forms a closed route (without loops). In what order should the points be 

visited so that the distance traveled is minimal? 

As in the assignment problem, we are talking about minimizing the total 

distance (costs). The salesman must visit each point only once (compare with 

the assignment problem; in it, each candidate is appointed to only one position); 

the problem differs in that it is necessary to construct a closed route. 

Let's introduce variables              

1,    ;      

, 0  
ij

if a salesman from point i moves to point
x

otherwise

j
 


 

where , 1, 2,..., ;i j n i j  . 

It is necessary to minimize 

                                                      
1 1

n n

ij ij

i j

f c x
 

  

under restrictions 

                                           
1

1, 1,
n

ij

i

x j n


  ;                                       (11)  

                                           
1

1, 1,
n

ij

j

x i n


  ;                                        (12) 

                                   1i j ijt t nx n    ,  , 1,2,..., ;i j n i j  .          (13) 

Here it  and jt are arbitrary real values. Constraint (11) means that the 

salesman leaves each point only once; constraint (12) means that the salesman 

enters any point only once; constraint (13) ensures that the route containing n  

points is closed and has no loops. 

If the traveling salesman problem describes a class of models for finding 

a route for cargo delivery that minimizes the total mileage, then the scheduling 

theory problem is a model for the bulk of production organization problems. 

The latter is also called the calendar planning problem. 

In general, it is described as follows. There are machines m  and n  parts. 

Each part must be processed on all machines in a certain sequence, which may 
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be the same for all parts or different for different groups. The known time ija  

required to process the j-th part on the i-th machine (for those parts j that do not 

require processing on the i-th machine, 0ija  ). 

Manufacturing operations are considered integer, i.e., having started 

processing part j on machine i, it is necessary to complete it without 

interruption. 

It is necessary to establish such a work order for each machine so that the 

total operating time of all parts is as minimal as possible. As noted above, the 

tasks of development and placement of production have received very 

significant application in the practice of planning and economic work. 

These include the problems of determining the specialization and 

concentration of production, finding ways to organize and cooperate, analyzing 

the location of construction of enterprises and their reconstruction. Determining 

the schemes for transporting raw materials and products, etc. In view of the 

huge volume of capital investments behind each such practical task, even minor 

improvements in planned designs actually lead to a large national economic 

effect. In the problems of development and placement, the transport factor plays 

an important role. Many models relate to production-transport problems in an 

integer formulation. 

The simplest model of placement is the so-called open transport problem, 

which consists of the following. 

Let there be production points ,iA 1,2,...,i m  of some homogeneous 

product with possible production volumes ia  and consumption points ,jB

1,2,...,j n  with consumption volumes jb .(Since we are talking about the 

production and consumption of some homogeneous product, we will identify 

production points with enterprises for the production of this product, which can 

be built.) In this case, the total volume of potential production of all suppliers 

exceeds the total volume of consumption, i.e. 

 

                                      
1 1

m n

i j

i j

a b
 

                                                 (14)  
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As in a normal transportation problem, the cost ijc  of transporting a unit 

of product from iA  to jB  is known. It is required to determine the supply plan 

[ ]ijx , satisfying the conditions: 

                                      
1

, 1, ;
n

ij i

j

x a i m


                                           (15) 

                                         
1

, 1, ;
m

ij j

i

x b j n


                                         (16) 

0ijx                                                   (17) 

and which minimizes total costs, i.e. 

                                              
1 1

min.
m n

ij ij

i j

c x
 

  

This problem differs from the classical transport problem only in that 

instead of the usual balance of production and consumption we have inequality 

(14). Due to this, in conditions (15) instead of equalities 
1

n

ij i

j

x a


  there are 

inequalities. 

The solution of problem (14)-(17) does not cause any difficulties, because 

with the help of a known method (introduction of a fictitious consumer) it is 

reduced to a transport problem. The optimal plan for this problem contains a list 

of real suppliers and their planned capacities, as well as a scheme for attaching 

suppliers to consumers.  

Conditions (14)-(17) of the problem can be supplemented with 

restrictions, i.e. the volume of production at a given point must be lower than 

the specified one,      

1

.
n

ij i

j

x r


  

When calculating the development and placement of production for the 

future using mathematical models, it is recommended to use some typical 

optimization problems. The latter are classified according to a number of 

features: problems for minimum costs, maximum national economic effect, 

maximum output; single-product and multi-product; static and dynamic with 

discrete and continuous variables; production and production-transport, etc. 

Depending on the set of features that appear when setting the problem, the latter 
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can be attributed to one or another type of optimization problem and described 

by the corresponding typical economic and mathematical model.  

Let us give an example of a model of a production and transport multi-

product static problem with discrete variables. The following notations are 

adopted: 

i  - index of the type of finished product or resource ( 1,2,..., );i n  

j - production facility index ( 1,2,..., );j m  

k - index of consumption point of products ( 1,2,..., );k l  

r - index of production method of the object ( 1,2,..., );jr R  

r

ija  - is the volume of output of product i ( 1,2,..., )i n  or the cost of 

resource type i ( 1,..., )i n n   during production using method r at facility j; 

kid  - the given volume of consumption of product type i  ( 1,2,..., )i n

at point k;  
r

jc - costs of production by method r  at facility j ; 

ip  - the total volume of use of resource i  ( 1,..., )i n n  allocated to a 

given industry; 

jkiS - the cost of transporting a unit of product i  ( 1,2,..., )i n  from 

facility j to consumer k; 

jkix  - volume of transportation of product i from facility j to consumer k;  

r

jz  - the desired intensity of use of method r on object j. 

The problem is reduced to finding such values of variables r

jz  and jkix  

that minimize the value of the objective function 

1 1 1 1 1

m R m l n
r r

j j jki jki

j r j k i

c z s x
    

   

and the following conditions are met: 

1 1

0
R l

r r

ij j jki

r k

a z x
 

   ( 1,2,..., )i n  

- the total volume of deliveries of product i by facility j to all consumers 

cannot exceed the corresponding volume of production; 

1

m

jki ki

j

x d


    ( 1,2,..., )i n  

- the given need of point k for the product of type i must be fully satisfied; 
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1 1

m R
r r

ij j i i

j r

a z p p
 

    ( 1,..., )i n n   

- all objects of the industry can use resources of various types within the 

limits established for the industry;                                                              

                                                       
1

1;
jR

r

j

r

z


  

                                                        0 1r

jz    

- the plan either includes only one production method at object j or does 

not include it at all (i.e. the object is not included in the plan); 

                                                0jkix   

- production volumes cannot be negative. 

Single-product models are special cases of the corresponding multi-

product models. The difference is that the number of types of resources or 

products included in the conditions of the problem is equal to 1, and thus the 

need for the index k disappears. 

Methods for solving linear integer programming problems [15,24-

27,118,134,138]. 

1. A number of special methods have been developed to solve integer 

programming problems  

The simplest and most accurate of the methods for solving the integer 

problem (1)-(4) consists of solving the corresponding continuous problem (1)-

(3) and then rounding the results to the nearest integers so that they also satisfy 

condition (4). The use of such a method is justified primarily in the case of 

mass production of hundreds and thousands of parts or some other products and 

the integer value can be neglected; rounding in this case will not lead to 

noticeable errors. For example, if when solving a specific integer programming 

problem, we obtain a solution (in a continuous statement), say x = 1407.35 

parts, then the result can easily be rounded to the integer 1407. 

However, this method is not always acceptable. For example, in the 

problem:   

                                          1 2 33 3 maxx x x    

under the following conditions 

                  1 2 3 1 2 1 2 32 4; 4 3 2; 3 2 3;x x x x x x x x          

                               0, 1,2,3,j jx j x    integers, 
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discarding the integer condition, we find the optimal solution to the 

corresponding continuous linear programming problem:  

                                1 2 30,5, 0,4, 4,5x x x   . 

It can be verified that no rounding options for the components of the non-

integer solution here yield a feasible solution.  

The optimal integer solution to this problem will be as follows:  

                                        1 2 32, 2, 5.x x x    

At the same time, the idea of discarding the condition of integerness and 

solving the corresponding continuous problem underlies a wide class of 

numerical methods of integer programming, called cutting methods.  

2. The methods of cutting off are characterized by: 

by temporarily discarding the conditions of the integer nature of the given 

problem; 

by solving the resulting continuous problem (let's call it an auxiliary 

problem) using known optimization methods; 

by checking the resulting optimal solution for optimality (if it exists) of 

the integer problem; if not, then by further transition to an integer solution 

[15,31,105,118]. 

In this case, an additional optimal constraint is constructed (it must be 

linear), with the help of which a part of the region is cut off, containing the 

optimal solution of the initial problem in a continuous statement and not 

containing any admissible solution of the integer problem. The process of 

constructing additional constraints and solving the resulting problems is the 

very essence of the cutting methods and continues until an optimal solution of 

the integer problem is obtained. 

The cutting methods are based on the principles of multi-stage linear 

approximation of the problem and the transition from stage to stage using the 

so-called correct cutting; these principles can be implemented if a method for 

constructing correct cuttings is specified, ensuring the finiteness of the solution 

process. 

Based on the general scheme of cutting methods, an algorithm for solving 

completely integer problems has been developed [links to cutting methods]. 

The algorithm for solving completely integer problems largely coincides 

with the general scheme of the cutting method: 

1) The given problem is solved without the requirement of integerness; 

2) The obtained optimal solution of this continuous problem, if it exists, is 

checked for integerness. 
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If the integer condition is satisfied for all variables, then the optimal 

solution of this problem is the optimal solution of the integer problem. 

If the integer condition is not satisfied for at least one variable, then we 

proceed to the third stage. 

If the continuous problem (1)-(3) turns out to be unsolvable, then the 

integer problem (1)-(4) also has no solution; 

3) An additional constraint is constructed that has the property that it is 

used to cut off a part of the domain that contains the optimal solution to the 

continuous problem and does not contain a single admissible solution to the 

integer problem. 

The process of constructing additional constraints and solving the 

resulting problems continues until we obtain an integer solution or are 

convinced that the problem is unsolvable. 

An important problem of the cutting method is the increase in the number 

of additional constraints as auxiliary problems are solved, i.e. their dimension 

increases. There is a method that limits the size of the considered extended 

simplex tables of auxiliary problems. This method is based on the fact that 

additional constraints are of interest to us as a way of cutting off a non-integer 

optimal solution to an auxiliary problem and moving on to the next problem.   

By introducing additional constraints, we obtain a new problem with 1m  

equations. To the last simplex table we add another row corresponding to the 

additional constraint, and a column for the variable 1.nx   In this case, the relative 

estimates of jс  do not change, i.e. the optimality condition is preserved.      

Continuing the process of transforming simplex tables, we apply the dual, 

simplex method and the variable 1nx   is derived from the basis. If after this we 

obtain a basic non-negative solution with integer components, then the problem 

is solved. If not, then we introduce new constraints with new variables and 

continue the dual simplex process until we obtain an optimal solution with 

integer non-negative values of the variables. 

Another algorithm of the cutting method is intended for solving partially 

integer linear programming problems. Its computational scheme is also 

applicable to solving completely integer problems and differs only in the rule 

for constructing the coefficients of the correct cutting. 

3. In addition to the cutting methods, which have been widely used until 

recently to solve integer programming problems, the branch and bound method 

is used to find optimal solutions to various optimization problems, integer 
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programming, and combinatorial optimization. The method is a development of 

the exhaustive search method, which, unlike the latter, eliminates subsets of 

admissible solutions that obviously do not contain optimal solutions. 

The general idea of the method can be described using the example of 

finding the minimum of the function f(x) on the set of admissible values of the 

variable x. The function f and the variable x can be of arbitrary nature. The 

branch and bound method requires two procedures: branching and finding 

estimates (bounds) [14,51,79,82]. 

The branching procedure consists of dividing the set of admissible values 

of the variable x into subdomains (subsets) of smaller sizes. The procedure can 

be applied recursively to the subdomains. The resulting subdomains form a tree 

called a search tree or a branch-and-bound tree. The nodes of this tree are the 

constructed subdomains (subsets of the set of values of the variable x). 

The procedure for finding estimates consists of finding upper and lower 

boundaries for solving the problem on a subdomain of admissible values of the 

variable x. 

The branch and bound method is based on the following idea: if the lower 

bound of the function values on a subdomain A of the search tree is greater than 

the upper bound on any previously viewed subdomain B, then A can be 

excluded from further consideration (the elimination rule). Usually, the 

minimum of the obtained upper estimates is written to the global variable m; 

any node of the search tree whose lower bound is greater than the value of m 

can be excluded from further consideration. 

If the lower bound for a tree node coincides with the upper bound, then 

this value is the minimum of the function and is achieved on the corresponding 

subdomain. 

The method is used to solve some NP-complete problems, including the 

traveling salesman problem and the knapsack problem. 

The following constructions are performed in the branch and bound 

method: 

calculation of the lower bound (estimate); 

division into subsets, i.e. branching; 

recalculation of estimates; 

finding solutions; 

determination of the optimality criterion; 

assessment of the accuracy of the approximate solution. 
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These constructions allow to significantly reduce the volume of solution 

enumeration. 

To implement the branch and bound method as applied to individual 

discrete optimization problems, it is necessary, based on their features, to 

specify the rules of branching, calculation of estimates (boundaries) and finding 

solutions.  

Based on the methods of cutting and the branch and bound method, 

hybrid methods are developed, the development of which proceeds mainly 

along the path of creating new numerical methods for solving both general 

problems of discrete optimization and problems of a particular type. 

4. Combinatorial methods for solving combinatorial problems (knapsack 

problems, traveling salesman problems, assignment problems, etc.) are being 

intensively developed. 

A combinatorial problem is defined as follows. Let there be a set of n 

elements. On this set, a set of combinations  1 2, ,..., ,nP P P P  is defined, where 

combinations are understood as combinations, substitutions, and rearrangements 

inherent in each problem. A function f is defined on the set P. In a combinatorial 

problem, the extremum of f  (maximum or minimum) is sought, and those 

elements of the set P on which the function f is extremal are found. When solving 

combinatorial problems, one must be able to sort through a set of values of the 

function f, and then calculate these values and compare them. 

A large number of algorithms have been developed to solve combinatorial 

problems, the general idea of which is to replace the complete enumeration of 

all variants with partial enumerations of smaller volumes. The implementation 

of such an algorithm is carried out by discarding some subsets that obviously do 

not contain the desired extremum and narrowing the area of promising variants. 

In this case, very diverse methods are obtained, determined by the structure of 

the corresponding finite sets P. 

5. At present, approximate methods, heuristic methods, local optimization 

methods, random search methods, in particular methods based on ideas 

borrowed from nature (genetic, ant colonies, etc.) are used to solve discrete 

optimization problems. 

The enumeration methods and all their improvements require running 

time, which usually grows exponentially with increasing problem dimension, 

which is unacceptable for solving practical problems. Research in the field of 

discrete optimization methods has made it possible to find a number of 
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problems for which effective (i.e. polynomial with a low degree of the 

polynomial) solution algorithms do exist. 

These include, for example, such problems as finding the shortest path 

between graph nodes, maximizing the flow in a network for a given edge 

throughput, etc. However, for most problems that arise in practice, effective 

algorithms for an exact solution are unknown. Therefore, approximate and 

heuristic methods are used to solve problems. 

In them, instead of strict proof that the resulting plan will give the exact 

minimum or maximum of the objective function, one has to rely on common 

sense considerations, which allow one to assume that the resulting plan is, with 

a sufficiently high probability, either optimal or at least close to optimal.                                                      

Optimization algorithms for which there are non-trivial estimates of the 

possible deviation of the solution from the optimum are called approximate or 

suboptimal. A good example of an approximate algorithm is known for the 

problem of multiprocessor scheduling. 

Given m identical processors and n independent tasks, each of which can 

be solved on any processor. The time to solve each task is , 1, .it i n . How to 

distribute tasks among processors so that all tasks are completed in the shortest 

possible time? 

The algorithm consists of arranging the tasks in descending order of their 

duration, and then assigning each subsequent task to the least loaded processor. 

It is quite typical that the algorithm used gives quite decent solutions, but there 

is no guarantee that these solutions are always close to optimal. This is an 

example of the application of a heuristic algorithm, very widely used in discrete 

optimization. 

Algorithms based on heuristic (plausible) considerations are called 

heuristic algorithms. There are no universal recipes for constructing heuristic 

algorithms for any task. At the same time, there are several well-proven 

approaches that prove useful for different types of tasks. 

Local step-by-step optimization algorithms are based on the following 

considerations. In most combinatorial problems, the construction of a plan can 

be organized as a step-by-step process. For example, at each step of the 

solution, the value of the next variable can be determined. In most cases, it is 

difficult to say what decision should be made at the next step in order to 

eventually arrive at the optimal plan for the problem. However, it is often easy 

to choose the solution that seems best for a given step, without taking into 

account the long-term consequences. 



22 

The simplest type of local step-by-step optimization algorithms are 

sequential choice algorithms. 

Let's look at the traveling salesman problem as an example. We randomly 

select a starting city and ask ourselves which city we should go to first. The 

obvious answer is the closest one. At the second step and at subsequent steps, 

using the same logic, we should select the closest of the cities that we have not 

yet visited. Of course, such an algorithm does not guarantee the optimality of 

the constructed plan, since it is possible that winning at the first steps will lead 

to greater losses at subsequent ones. However, we can confirm by probabilistic 

reasoning that when choosing the closest city at each step, the expected length 

of the entire route will be less than with any other choice. 

For the knapsack problem, we can propose the following sequential 

selection algorithm: sort the goods in descending order of the ratio of the cost of 

a unit of goods to its volume, and then at each step take the maximum amount 

of the next goods that fits in the remaining volume. 

The performance of sequential choice algorithms can be improved by 

allowing a limited search, i.e. choosing a solution at a given step, taking into 

account the results of two, three or more steps. For example, by searching through 

all the options for the first two trips of a traveling salesman, choosing the option 

that has the minimum length, and making the first step based on this choice. 

Then, in the same way, try the options for the second and third steps, take 

the second step, etc. If the number of steps to be tried is limited, the algorithm, 

although it will work much slower, will still retain polynomial complexity. Of 

course, due to the limited depth of the search, obtaining an optimal plan is not 

guaranteed. It is not even guaranteed that with an increase in the depth of the 

search, the quality of the plans obtained will always increase. 

Another type of local step-by-step optimization algorithms are sequential 

plan improvement algorithms. Let us assume that some (non-optimal) plan for a 

problem has already been constructed in one way or another (for example, using 

a sequential choice algorithm). Sometimes it is possible to propose a procedure 

for a simple modification of the plan, which will leave it as a feasible plan for 

the problem. 

If the value of the objective function is better for the modified plan than 

for the original one, then the new, improved plan should be taken instead of the 

original one and an attempt should be made to apply the improving 

modification to it again. The process stops when all possible modifications can 

only worsen the plan. 
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The main disadvantage of local optimization algorithms is that they do not 

necessarily lead to a globally optimal plan for the problem. In particular, for 

successive improvement algorithms, a good choice of the initial plan is very 

important. Using random selection to construct the initial plan can play a useful role. 

Random search. In random search, all combinations are selected 

randomly according to some distribution law. The values of the objective 

function on these combinations are calculated and the combination that gives 

the extreme value of the objective function is selected. The main problem in 

random search is the selection of essential features of combinations. There are 

two approaches: a) features are selected in advance by analyzing the conditions 

of the problem; b) features are obtained from the analysis of already obtained 

solutions. A randomly selected plan will most likely be worse in itself than a 

plan constructed using the sequential selection algorithm (although not 

necessarily), but with multiple repetitions of the combination "random selection 

+ sequential improvement" the probability of arriving at a global optimum 

increases.  
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CHAPTER 1. ON ONE CLASS OF PROBLEMS  

WITH SEPARATING SETS OF CONSTRAINTS  

________________________________________________________________ 

 

 

 

 

1.1 On the definition and solution of problems with separating sets of 

constraints 

An analysis of many applied problems formulated as integer linear 

programming or Boolean programming problems shows that they have the 

following features: their constraints are divided into two sets, which we denote 

by A and B. For the constraints of set A, it is possible (relatively simple) to 

develop an effective (fast) generator of vectors satisfying them. Another group 

of constraints, which make up set B, is such that the admissibility check of the 

vector obtained by this generator is carried out fairly quickly due to the use of 

the specifics of these constraints [28-62].  

Let us formulate several types of restrictions with the specified property: 
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                                    d)  

                                             
1

1, 1,
m

ij

i

x j n


   

,

1

1,
n

ij ij i

j

A x B i m


   

{0,1}, 1, ; 1, .ijx i m j n    

For example, for the group of constraints from d)          
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{0,1}, 1, ; 1, .ijx i m j n   , 

which we assign to the set A, it is easy to develop a generator of vectors 

satisfying them. The remaining constraints from d) form the set B and have a 

feature that is well visible if we represent the constraints d) in the form ,Gx b , 

where x is an m n -dimensional vector 11 1, 12 2 1( ,..., ,..., , ,..., ).m m n mnx x x x x x x  

If the coefficients ijA  in constraints d) were non-negative, then all 

constraints could be assigned to set A, and set B would be empty. Thus, the 

division of the set of constraints into two groups is ambiguous and is carried out 

in practice depending on the complexity of the generator of vectors satisfying 

constraints A. 

The class of problems with separable sets of constraints, for example 

those defined in a)-d), also represents, accordingly, applied problems from 

various areas of the national economy: the problem of determining the 

development strategy of a technical object, the problem of planning the release 

of specialists; the frequently encountered multidimensional knapsack problem 

with positive coefficients. 

The list of problems with separable sets of constraints could be continued. 

However, it is already clear from the above problems that this class is quite 

meaningful. For it, as in general, for the class of discrete programming 

problems, the methods known in discrete optimization are applicable: cutting, 

branches and boundaries, sequential analysis of options, construction of a 

sequence of solutions, random search with local optimization, etc. 

There are known difficulties that one has to face when using some integer 

linear programming methods: 1) slow convergence rate, 2) accumulation of 

rounding errors at intermediate iterations, 3) absence (in approximate 

algorithms) of a criterion for the optimality of the found solution, 4) the need 
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for a large amount of memory to bring the solution to the optimal one and, in 

general, insufficient efficiency in solving problems of sufficiently large 

dimensions. 

The available information on solving large-scale problems (of the order of 

1000 or more variables and 100 or more constraints) relates, as a rule, to 

problems of a special type, to random phenomena. In addition, the accumulated 

experience of solving discrete optimization problems shows that in this area 

there is no effective algorithm for solving all problems, including those that 

arise in practice. We can say that for two given algorithms A and B, as a rule, 

there will be a problem that is solved by algorithm A faster than by algorithm B. 

Just as there will be another problem that can be solved by algorithm B faster 

than by algorithm A. For these reasons, the issue of developing new or 

modifying known exact or approximate algorithms that expand the possibilities 

of solving integer linear programming problems, in particular, problems with 

separable sets of constraints, is relevant. 

  

1.2. Modification of the cutting method 

The question of the prospects of exact methods for solving integer linear 

programming problems, in particular, the cutting method, is debatable. It is 

known that they are of little use in practice. Nevertheless, they are being 

developed and improved. For their study, the apparatus of other mathematical 

disciplines is used (group theory, dynamic programming, nonlinear 

programming, etc.). The cutting method has not yet been sufficiently studied. 

Therefore, modifications of this method are proposed, which are applicable to 

problems with separable sets of constraints as a special case of integer linear 

programming problems. Apparently, in the future, new and well-known 

numerical (computational) schemes of the cutting method will be developed 

and improved with the aim of its more complete study and application. 

Let it be required to solve a problem of type  
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                                                jx - integer, 1, ,j n                                     (1.4) 

with integer coefficients , , , 1, , 1, .ij i ja b c i m j n   

We will solve this problem using the first Gomory algorithm. (Note that 

Hadley [93] writes about the high competitiveness of the first Gomory 

algorithm compared to the third Gomory algorithm or the Land and Doig 

method). 

After applying the simplex method to solve the continuous problem (1.1)-

(1.3), the original problem can be represented in the form 

                                             max(f ( ))j j

j N

z x


                                  (1.5) 

under constraints  

                                        ( ), ,i i ij j
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                             (1.6) 

                                          0, 0, , ,i jx x i M j N                             (1.7) 

                            ,i jx x   integers, ,i M ,j N      .                         (1.8) 

where M is the set of indices i of the basic variables ix , N is the set of 

indices j of the non-basic variables jx , 

If is the value of the objective function (1.1) on the set of continuous 

solutions. If the objective function takes a non-integer value on the optimal 

solution from the set (1.6)-(1.8), as well as for a non-integer solution xp, we add 

the constraint to the constraints (1.9) 

                                       0,s  s  - integer                                           (1.9)   
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We treat the resulting problem in the same way as the original one 

 until we obtain an integer non-negative solution. After introducing the 

cutting (1.9),  the value of the objective function does not necessarily change. 

On such inefficient (definition in [15]) the possibility of forming the cutting 

using the representation (1.5) of the objective function is not used, since the 

value of the objective function is an integer (otherwise the objective function 

would change its value). 



28 

To speed up the convergence of the cutting method, it is also possible, in 

the case where the value of the objective function is an integer, to use 

representation (1.5) to form an additional constraint. Indeed, at some iteration 

of the cutting method, the value of the objective function is equal to f , the 

values of the dual estimates are equal to 
, 1,jz j n , and in the basic solution 

the i-th component ixp  is non-integer. There can be two cases depending on the 

value 'f  of the objective function after introducing the cutting (1.9) at the next 

iteration: а) 'f f  or b) 'f f . 

In case a) the iteration performed leads to a decrease in the value of the 

objective function. However, quite often, especially after a certain number of 

iterations, case b) occurs and is repeated at subsequent iterations, i.e. the value 

of the objective function does not decrease at subsequent iterations. In cases b) 

it is proposed to use a cutting different from (1.9). This cutting has the form         

                                                { } { },ij j i

j Z

x x xp


                                (1.10) 

where { | , 0}jZ j j N z    and i  such that { } 0ixp  . 

It is useful to introduce the cutoff (1.10) in order to quickly answer the 

question about the possibility of changing the objective function of its value f . 

From here, the main result can be formulated as follows: 

Lemma 1.1. If the new problem obtained from problem (1.5)-(1.8), (1.10) 

after equating the variables x j with numbers x j to zero turns out to be 

unsolvable, then an integer non-negative solution to problem (1.5)-(1.8) should 

be sought at a level of the objective function that is smaller in comparison with 

the previously obtained value of f . 

Using this result, we can describe a new algorithm 1.1 for the completely 

integer problem (1.1)-(1.4) with integer coefficients , , , 1, ; 1, ,ij i ja b c i m j n  , 

which is a variant of the first Gomory algorithm. 

Algorithm 1.1. 

Step 1. The problem (1.1)-(1.3) is solved by the simplex method and the 

representation (1.5)-(1.8) is obtained; if xp  is an integer solution, then the 

counting stops. 

Step 2. If f  is a non-integer number, then the counting continues 

according to the first Gomory algorithm. 
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Step 3. If f  is an integer, then a new problem is formed from the problem 

obtained in the last step without taking into account the columns with numbers 

j and the dual estimate jz  that is not equal to zero. 

Step 4. The new problem is solved using the first Gomory algorithm. 

Step 5. If the optimal solution to the new problem is integer, then it will 

be the same for the original problem and the count ends. 

Step 6. If the new problem turns out to be inconsistent, then a constraint is 

introduced in problem (1.1)-(1.4) 

                                               1j j

j N

z x


       

and the calculations begin with step 1. To do this, it is necessary to restore 

the problem from which the new one was composed.  

Algorithm 1.1 is fully described. Note the following property of the 

cutting (1.10). 

Theorem 1.1. The cutting  (1.10) cuts off the non-integer optimal solution 

of problem (1.5)–(1.8), but does not cut off any non-negative integer solution at 

the level of the objective function (1.5) with value .f  

Proof. Consider the level of the objective function with the value f . All 

feasible solutions (including non-negative integer ones) lying on it satisfy the 

relation 

                                              0j j

j N

z x


 . 

Since 0jz  , then for those j  for which 0jz  , we have 0jx  . Thus, 

in order for problem (1.5)–(1.8) to have a non-negative integer solution with the 

value f of the objective function, it is necessary that the problem obtained by 

deleting columns with numbers j  for which 0jz  also had the same solution. 

Cutting (1.10) is the Gomory cutting, but for this new problem, so it does not 

cut off integer non-negative solutions. Theorem 1.1 is proved. 

Theorem 1.2. The finiteness of the described algorithm 1.1 follows from 

the finiteness of the first Gomory algorithm, the conditions for the convergence 

of which are assumed to be satisfied. 

Remark 1.1. Algorithm 1.1 can be included in the scheme of the first 

Gomory algorithm after the last few iterations have been completed. 

Remark 1.2. Similar reasoning can be made regarding the third Gomory 

algorithm [15]. It is obvious that Algorithm 1.1 is useful for problems in which 
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the objective function has many nonzero dual estimates. (The number of such 

estimates changes from iteration to iteration.) In this case, the dimension (in 

terms of the number of variables) of the new problem is sharply reduced 

compared to the generating one. 

Algorithm 1.2 is based on a generalization of algorithm 1.1, which 

combines the usual Gomory cutting with cutting at a fixed level of the objective 

function. The usefulness of considering such an algorithm is explained as 

follows. The cutting algorithm, as a rule, is accompanied by a monotonic 

decrease in the objective function to a certain value , then becomes ineffective, 

i.e. the objective function does not change over a large number of subsequent 

iterations.   

In such cases, it is natural to consider the level corresponding to the last 

obtained integer value of the objective function, and to look for an integer 

solution on it. In the absence of an integer solution on this level, we decrease 

the value of the objective function by some positive number (per unit, for 

example, if its optimal value is an integer). Next, we look for a non-negative 

integer solution at a new level.  

A concrete implementation of this approach is presented here by 

Algorithm 1.2, which relies heavily on Theorem 1.1. It appears to be more 

general in the sense that the idea of Algorithm 1.1, first presented in [31], is 

repeatedly applied. 

Let the coefficients , ,ij i ja b c  in problem (1.1)-(1.4) be integers and the 

region of feasible solutions be limited. In what follows, we consider precisely 

this problem, which is denoted by T. We present a formalized description of 

algorithm 1.2. 

Algorithm 1.2. 

Step 1. Solve the continuous problem 0T  corresponding to the integer 

problem T . If 0T  is inconsistent, then the calculation is complete. Otherwise, 

we obtain a simplex table 
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Step 2. If the solution 
0f  of the objective function is non-integer, then 

the calculation continues according to the first Gomory algorithm. 

Step 3. If 
0f  is an integer and the corresponding solution is integerness, 

then the calculation ends, since the optimal integer solution has been found. 

Step 4. If 
0f  is an integer and the corresponding solution is non-

integerness, then problem iT is composed with 1i  : for all those j  for which 

0 0jz  , in problem 0T  the non-basic variable jx  is equated to zero. With 

respect to all remaining non-basic variables (if any), the set of indices of which 

we denote by 1N , the condition of integerness is preserved. Under these 

restrictions, problem iT consists of maximizing 

                                      
1

0 0
1 1 1 ( ).j j

j N

x xp x x


    

Step 5. Solve the continuous problem 1

сT , corresponding to problem 1T . If 

the conditions of the continuous problem are contradictory, then the 

calculations are performed from step 13. Otherwise, a simplex table is obtained 

                              
1

1

1 11 1

1

...

...

... ... ... ...

...

i

i i i i

i i i

n
i i i

ni
i

i i i

m m m n

f z z

xp x x
CT

xp x x

 
 
 
 
 
 
 

 

Step 6. If 1

1xp  is not an integer, then the process of solving problem 1T  

continues using the first Gomory algorithm. 

Step 7. If 1

1xp  is an integer and all 1 1, 2,ixp i m are integers, then the 

optimal solution to problem 1T  is determined, and therefore the calculation for 

problem T is complete. 

Step 8. Problem 1iT   is constructed from problem iT . If the continuous 

problem corresponding to problem iT  is solved and its optimal simplex table 

iCT has the form  

                                
1

1

1 11 1

1

...

...

... ... ... ...

...

i

i i i i

i i i

n
i i i

ni
i

i i i

m m m n

f z z

xp x x
CT

xp x x

 
 
 
 
 
 
 
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then problem 1iT   is constructed as follows: the set iz  of indices 

{ | {1,..., }, 0}i i i

ijz j j n x    is considered and in problem iT  the non-basic 

variable jx  is set equal to zero if 
ij z . For the remaining non-basic variables 

(the set of their indices is denoted by 1iN  ), the integer condition is preserved. 

Under these constraints, problem 1iT   consists of maximizing 

1

1 1 1, ( ).
i

i i
i i i j j

j N

x xp x x


  



    

Step 9. Solve problem 1

c

iT   (a continuous problem corresponding to 

problem 1iT  ). If 1

c

iT   is inconsistent, then calculations are performed starting 

from step 14. 

Step 10. If i

ixp  is not an integer, then the process of solving problem 1iT   

continues according to the first Gomory algorithm. 

Step 11. If i

ixp  is an integer and , 2,..., ,i i

sxp s i m   is an integer, it 

means that the optimal solution to problem T  has been found and the 

calculation ends. 

Step 12. If i

ixp  is an integer and there is a non-integer among 

, 2,..., ,i i

sxp s i m   , then i  is increased by one and the calculations from step 

8 are performed. 

Step 13. The last task with number 0T  is considered. If 0

min1f f   (the 

minimum value of the objective function of task 0T ), then an additional 

constraint is introduced 

                                                  
0

0 1j j

j N

z x


 . 

A new problem 0T is obtained and calculations are performed from step 1. 

Step 14. Return to problem c

iT . If the feasible region allows a decrease in 

ix  by one, then an additional constraint is introduced in it 

                                              1
i

ij j

j N

x x


 . 

A new problem iT  is obtained and calculations begin with step 5 if 1i  , 

and with step 9 if 1i  . 
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Step 15. If ix  cannot be decreased by one because it is outside the feasible 

solution region, then i is decreased by one and the calculations begin with step 14.     

Algorithm 1.2 is fully described. Its efficiency depends significantly on 

the dimensions of the problems iT  obtained in the process of computing, in 

other words, on the number of non-zero dual estimates of the auxiliary 

problems iT . Therefore, it is recommended to use Algorithm 1.2 for solving 

problems with densely filled simplex tables, in which there are many non-zero 

dual estimates. The following theorems 1.3 and 1.4 relate to Algorithm 1.2. 

Theorem 1.3. 
1 0n n  is always satisfied, i.e. the dimension of problem 

1T is less than the dimension of problem 0T .  

Proof. Let there be p elements in a set 0 0{ | 0},jz j z   where 0

jz  is from 

table 0 .T  If 0p  , then the optimal value of problem T  is known. Then we can 

introduce a constraint 
0 ,cx f  in the latter, thus eliminating one variable in 

problem T. Now in problem 1T  the number of variables will be at least one unit 

less than the number of variables in problem 0T . If p>0, then since 
1 0n n p  , 

then in this case 
1 0.n n   

Remark 1.3. A theorem similar to 1.3 is valid for each pair of problems 

1T  and 1iT  , i.e. we can assume that 
1 .i in n           

Remark 1.4. To control the calculations, we note that the simplex table 

iCT  corresponding to problem 1T  is represented as follows: 

                               

1

1

1

1

0 ... 0

0 ... 0

... ... ... ...

0 ... 0

...

... ... ... ...

...

i

i i i i

i

i

i

ii

i i i

i i in

i i i

m m m n

f

xp

xpCT

xp x x

xp x x



 
 
 
 
 

  
 
 
 
 
 

 

where 
if  is an integer and , 1, 1,i

kxp k i   are non-negative integers. 
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Theorem 1.4. Algorithm 1.2 finds an optimal solution to a problem with a 

bounded polyhedron of feasible solutions or establishes the absence of such a 

solution in a finite number of operations.  

The proof follows from the construction of algorithm 1.2 and from the 

finiteness of the first Gomory algorithm, which takes place under the given 

assumptions and using the dual lexicographic simplex method.  

Remark 1.5. With some modifications, Algorithm 1.2 can be extended to 

problems of mixed integer linear programming.  

Indeed, let us consider problem (1.1) - (1.4) , in which the condition of 

integerness of all variables is replaced by condition     

                               0(mod1), {1,..., }jx j K n                            (1.11) 

and assume that the optimal value of the objective function (1.1) under 

constraints (1.2) - (1.3), (1.11) is an integer. Then, for the applicability of 

algorithm 1.2, it is necessary: 

1) solve the corresponding continuous problem,  

2) arrange and fix the variables in the last simplex table so that any 

variable that must be an integer has a number smaller than any variable without 

the requirement of integerness, 

3) perform the input of the cutoff according to the rule of the second 

Gomory algorithm [15], 

4) perform the check for integerness of the basic variables at the 3rd, 7th 

and 11th steps according to (1.11).      

Computational experiments show that for some problems in Algorithm 

1.2 there is a decrease in both the number of iterations and the size of the 

generated problems, compared to the cyclic Gomory algorithm. Such situations 

arise, as a rule, in the initial period of the calculation, when the objective 

function monotonically decreases, and then it stabilizes. Then the question 

arises whether the objective function can have a smaller value. To answer the 

question, it is proposed to introduce new restrictions using the values of dual 

estimates of auxiliary problems. 
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1.3. Hermite's algorithm for solving systems of linear equations in integers 

The Hermite algorithm for solving systems of linear equations 

                                       
1

, 1, .
s

lj j l

j

l s m  


                          (1.12)                          

in integers plays an important role in integer linear programming (similar 

to Gaussian elimination in linear programming [13,29]. Its formalized 

presentation contains steps 0-13, as a result of which the following arrays of the 

corresponding dimensions are transformed: 

 

{ }, 1, ; 1,n

{v }, 1,n; 1,n

{ }, { }, { }, 1,

ij

kj

i i i

A i m j

v k j

u u b i m



  

  

  

   

 

 

Step 0. Initial formation of the specified arrays 

                                
, , , ,

min( , ), 1,

ij ij kj kj i i ia v u i b

p m n s

     

 
         

where ,ija ib  is the given integer coefficients of the system (1.12), kj  is 

the Kronecker delta. 

Step 1. Determine r and k such that       

                                     
0

min , , ; ,

ij

rk ij i s m j s n


 


    

If 0, , ; , ,ij i s m j s n    , then a check is made for the solvability of 

system (1.12). Namely, if s=1, then we check whether all i  are equal to zero, 

1, .i m  If yes, then any integer vector 1( ,..., )nx x x  is its solution; if not, then 

the system is inconsistent. In both cases, the process ends. If s=p and p<m, then 

we check whether the conditions are met 

                                        
1

, 1, .
s

lj j l

j

l s m  


                               (1.13) 

If not, then system (1.12) is inconsistent and the calculation ends. If 

conditions (1.13) are met, then go to step 13.  

Step 2. If s=r, then go to step 4. 
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Step 3. Permutation of the rows of matrix A  with numbers s and r of the 

corresponding components of vectors u and b: 

, ,

, ,

, , , 1,

rj rj sj sj

r r s s

r r s s

t t

t u u u u t

t t j n

   

   

  

  

   

 

Step 4. If s k , then go to step 6. 

Step 5. Permutation of columns of matrix A  and v with numbers s and k: 

, , , 1, ,

, , , 1, .

ik ik is is

jk jk js js

t t i m

t v v v v t t n

      

   
 

Step 6. If ,s n , then go to step 9. 

Step 7. Recalculation of columns with 1,j s n   numbers of matrices A  

and :v   

[ / ], , , ,

, 1,n.

j sj ss ij ij j is

kj kj j ks

t t i s m

v v t v k

        

  
 

Step 8. If 0sj   for some 1,j s n  , then go to step 1. 

Step 9. Definition s : 

                                1

1

/ , s 1

/ , 1.

s ss

s
s

s sj j ss

j

s

 


   








  
  

 


 

Step 10. If s  is an integer, then go to step 12. 

Step 11. If s  is not an integer, then system (1.12) has no integer 

solutions and the count ends. 

Step 12. If 1,p s   then increase s by one and go to step 1. 

Step 13. Obtaining all integer solutions 1( ,..., )nx x x  of system (1,12) 

with arbitrary integer parameters y :l  

                                      
0

1

x , 1,
s

j ji i

i

v j n


   

                                      

0

0

1

,

,

j

n
j

j jl l

j s

x s n

x
x v y s n

 




 
 




                            (1.14) 
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The Hermite algorithm is described. It follows directly from it  

Corollary 1.1. Whatever the integer matrix  , 1, ; 1,ijA a i m j n   of 

rank m, there exist two unimodular matrices u and v such that 

                                           ,H uAv L O                                        (1.15) 

where O is an upper triangular matrix of zero elements, and the matrix L 

has the form of a lower triangular matrix. 

Reducing the matrix A to the form (1.15) is ambiguous. Indeed, taking, 

for example, 1, 3, (3,5,7)m n A    for any integers t and s and unimodular 

matrices (1)u   and   

5 8 5 5 1

3 5 3 3 2

0 0 1

t s

v t s

   
 

     
 
 

 

we have (1,0,0).uAv   

From (1.15) it follows that the question of the solvability of a system of 

linear equations in integers is reduced to the presence of solutions of some 

triangular system, also with an integer matrix. In particular, such a triangular 

system is the system .Ly ub  

When solving system Ax b  in integers using the Hermite algorithm, at 

the k-th iteration two unimodular matrices ku  and kv  are constructed such that 

0 1, , 1, .k k k kH A H u H v k r                            

Then ,u v and H  are determined  

                             1 1 1 2... , ... , .r r r ru u u u v v v v H H uAv     

Since u  is a permutation matrix, the actual receipt of an integer solution 

depends on the growth of the modules of the elements of the matrix kH  at 

intermediate iterations of .k  The study of this issue is associated with the 

introduced function ( , , ).f m n M  

Let 
,

max ij
i j

M a  be the maximum absolute value element of matrix A , 

k

ijh  be the element of matrix , 1,m; 1,n; 1,kH i j k r   , and let function 

( , , )f m n M  be defined as follows:     

( , , ) max , 1,m; 1,n; 1,k

ijf m n M h i j k r     
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Theorem 1.5. ( , , )f m n M  is a non-decreasing function with respect to 

, , .m n M  

Proof. Let us fix .m  For 'm m , we represent the matrix (m' m) n  as 

A
С

B

 
  
 

, 

where the matrix B  written below is an integer matrix of size (m' m) n  

with elements ijb  such that .ijb M  If B  is a zero matrix, then applying the 

Hermite algorithm to the matrix С  yields ( ', , ) ( , , ).f m n M f m n M  Therefore, 

for 0B  , the function ( ', , )f m n M  can only increase. The non-decrease of 

( , , )f m n M  with respect to n  and M is proved similarly. 

Theorem 1.6. For 1m , the inequality holds    
1( , , ) ( 1) .mf m n M M M    

Proof: Apply Hermite's algorithm to the matrix    

1 0 ... 0

1 ... 0

... ... ... ... ...

... 1

...

M

M M

С

M M M

M M M M

 
 
 
 
 
  
    

 

of order m m .  The element 
,

m

m mh  of the matrix Н , corresponding to the matrix 

С , will be equal to 1( 1)mM M  . 

The estimate from Theorem 1.6 is not exact. In fact, the growth of the 

modules of intermediate elements is even higher. This follows from applying 

the Hermite algorithm to the matrix 

                                            
1

1 1

,
n n

n n

F F
A

F F



 

 
  

 
 

where nF  is the n-th Fibonacci number.  

The Hermite algorithm generates matrices 

                            
   

1 2

1

1 1 21 1

n k n k

k kk

k n k n

F F
H

F F F F

   



  

 
  
   

  

at intermediate iterations k  and finally leads to the matrix 
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   

2 1 2

2 1 1

0 1

1 1
n n

n n n

H
F F F

 

  

 
  
   

. 

From this it is clear that the largest absolute value number in the last 

matrix is equal to 
2 1n nF F 

 and therefore greater than 
1 1( 1), 1.n nF F n    

Theorem 1.7. Let A  be a matrix of size m n  with integer elements .ija  

The maximum number of iterations r for obtaining the matrix H in cases 2m 

and 2n   is determined from condition  
1min .p r

p
M F F    

Proof. In case 1m , the maximum number of iterations in the Hermite 

algorithm is equal to the number of transitions from matrix 1( , )n nF F  to matrix 

(1,0),H  , and in case 2m , it is equal to the number of transitions from 

matrix   

1

1 1

n n

n n

F F

F F



 

 
 

 
 

to the matrix 

   
2 1 2

2 1 1

0 1

1 1
n n

n n nF F F
 

  

 
 
   

 

In both cases, the number of iterations is the same and equal to 2.n  

Theorem 1.8. Let m n.  Representation (1.15) be invariant under right-

hand multiplication by a matrix R, 

21

1 2 , 1

1 0 ... 0 0

1 ... 0 0

... ... ... ... ...

... 1n n n n

r
R

r r r 

 
 
 
 
  
 

, 

where ijr  are arbitrary integers. 

Proof. Since the determinant of the matrix r is equal to one, the matrix vR  

is unimodular if v  is unimodular. The matrices u and v found by the Hermite 

algorithm are unimodular, therefore the pair u and vR  are unimodular and by 

direct verification we are convinced that they satisfy the representation (1.15). 

Note that the set of pairs satisfying (1.15) is not exhausted by the pairs u 

and ' .v vR The ambiguity of the construction of u and v in the Hermite 

algorithm arises at step 1 due to the fact that it is possible to choose a minimal 

element among several equal ones. Each such pair of unimodular matrices u and  
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v corresponds to a particular solution of system (1.12), among which there is 

not necessarily a non-negative integer solution of the corresponding system of 

equations. 

Applying the Hermite algorithm directly to the analysis and solution of 

the problem of maximizing the linear form (1.1) on the set of non-negative 

integer solutions of the system (1.12), we note the usefulness of the following 

circumstance [29].         

Let the matrix of system (1.12) have rank r. Then, having solved system 

(1.13) in integers using formula (1.14), we obtain a new problem with n-r 

arbitrary integer variables 1,..., .r ny y  Such a transition, in contrast to the usual 

elimination of variables, which leads to rounding errors, occurs accurately, 

since the calculations are made with integers. In addition, such a transition can 

show the insolvability of the original problem in integers before the application 

of a special algorithm for its solution. This circumstance is even more important 

if we take into account that the partly applied branch and bound method works 

poorly in the case of the absence of an integer non-negative solution to the 

original problem, although the corresponding continuous problem may have a 

solution. 
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CHAPTER 2. APPROXMATE SOLUTIONS OF  

PROBLEMS WITH SEPARATING SETS OF CONSTRAINTS 

 

 

 

 

In integer linear programming, exact algorithms were developed at the 

beginning of its development (for example, the cutting method and the branch 

and bound method). With the advent of the number of iterations by cutting 

methods, combined and others, approximate algorithms [6,17,25-27,28-44,105] 

began to appear more often, which turned out to be much more useful in 

practice than exact ones. The existing shortcomings of approximate algorithms 

(low convergence rate, lack of an optimality criterion) led to the fact that at 

present there is a parallel development of both exact and approximate methods. 

There are many ideas for constructing algorithms for approximate 

solutions to integer linear programming problems. For example, the following 

algorithm uses a random number generator to solve the maximization problem 

1

n

j j

j

c x


  

under restrictions   

1

, 1,
n

ij j i

j

a x b i m


   

with boolean variables , 1,njx j   and non-negative coefficients , , ,ij i ja b c  

1, ;i m 1, .j n The solution to the problem begins with fixing the value of the 

objective function 0b  and a certain number r  (the number of iterations). No 

more than r  iterations are performed to find an arbitrary admissible solution to 

the inequality system 

                                               
0

1

n

j j

j

c x b


                                            (2.1) 

                                            
1

, 1,
n

ij j i

j

a x b i m


                                   (2.2)  

                                              {0,1}, 1,jx j n                                     (2.3) 
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The essence of one iteration is as follows. Let 
0x  be an arbitrary set of 

zeros and ones. At the ( 1)k  -th iteration, the vector 
1kx 
 is found by 

kx . For 

this, the quantities are calculated 

0 0 0

1

max(( ) / ,0),
n

k

j j

j

b c x b


    

1

max(( ) / ,0), i 1, .
n

k

i ij j i i

j

a x b b m


     

The components of vector 
1kx 
 are obtained from the components of 

vector 
kx  by changing each of them with the same probability ,p  

 
0

min ,max i

i m

p 
 

  , 

where   is some constant from the interval (0,1). In the given 

calculations, when solving practical problems, the authors took  =1/2. If a 

feasible solution to problem (2.1)-2.3) is not found after r  iterations, then a 

conclusion is made about the non-existence of the solution and the calculation 

is terminated. If a feasible solution x  is found, then 0b  is replaced by 

1

,
n

jj

j

c x s


  

where s is some positive number chosen on the basis of experience. With 

respect to the changed problem, r  iterations are again made, etc., until a feasible 

solution acceptable for practice is obtained. One possible extension of this 

algorithm to mixed integer linear programming problems using a more targeted 

random vector generation method is discussed in the following sections. Later, 

approximate algorithms appeared, described in the works [6,26] and others. An 

interesting idea is to model an algorithm of the "devouring" type, in which 

aggregate estimates of the variables are first calculated. (The way these 

estimates are calculated is of great importance.) If jv  is defined, then the 

variables jx  are arranged in ascending order of values / , 1, .j jc v j n  

An approximate solution is obtained by successively assigning 1s to 

variables with larger estimates. A similar idea is used in another algorithm, in 

which an effective gradient is calculated for each variable. The variable with the 

largest gradient takes the value 1. The assignment of 1s occurs before the 

constraints of the problem are violated. 



43 

In integer programming with Boolean variables, the penalty function 

method is used. In addition to the terms that make up the objective function, the 

penalty function to be minimized includes the term                                                                

                                            
1

(1 ),
n

p p

j j j

j

k x x


  

typically 1p   or 2, to account for boolean variables jx  with penalty jk . The 

iterative process (in Section 2.1) also uses the idea of penalty functions with 

exponent 1.p   

The methods of the decay vector and the sequential analysis and selection 

of variants are widely developed in numerous works by Mikhalevich and 

Sergienko [1,20,21,24,25,26,27]. The general scheme of the decay vector 

method includes procedures for finding a local minimum of the objective 

function ( )f x relative to the neighborhood ( , )hO x   of radius   at point 
hx , 

which with each step h  gives a smaller value of f(x), 1( ) ( ).h hf x f x   

To solve a specific discrete programming problem (linear or nonlinear), 

the method of sequential analysis of variants and their elimination determines 

the rules for selecting a set of partial solutions and their development, as well as 

the choice of tests for eliminating partial solutions that cannot be completed to 

acceptable (and even more so optimal) solutions. 

The method of constructing a sequence of plans by Emelichev [3,4,5] has 

found significant application. The theorem presented in this work on the solution 

of a linear programming problem with one constraint and variables bounded from 

above is used further in presenting a procedure for the approximate solution of an 

integer linear programming problem with positive coefficients. 

The packages DISPRO [21], Z – system, MATLAB, Python, Maple and 

numerous computing programs [65,71,110,117] have allowed to accumulate a 

great deal of experience in solving discrete optimization problems 

[63,64,96,99,109, 127,128,131]. The algorithms included in them will be 

further improved, providing users with more and more opportunities in solving 

problems that arise in practice.  

In [28] the problem of partially boolean programming is considered. For 

it, the process of finding an approximation is described, based on minimizing a 

finite number of functions without restrictions by random search with local 

optimization on a line. Probabilistic theorems on convergence are proved. The 

proposed algorithms can be structurally adapted to a specific problem, taking 

into account its special type. This allows accelerating the calculation and 
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developing an effective vector generator that satisfies all or part of the 

constraints. This improves the search for an approximate solution. The 

development of algorithms and programs that take into account the specifics of 

problems, save the amount of stored information and accelerate the search for 

an optimal (suboptimal) solution is the goal of the studies described in the 

following sections of this chapter. 

 

2.1. Iterative process of solving problems with boolean variables 

Let it be required to find the maximum of the function 

                                                  
1

n

j j

j

c x


  

under restrictions  

                                        
1

, 1,
n

ij j i i

j

a x w b i m


  

                                   0 , {1,..., }j jx d j N n     

                                          x {0,1}, ,j j K N    

where iw  is a relation of the type “ ”, “”  or “ ” and jd  is a known 

upper limit of the change in x j . 

The solution to this problem is found by solving a finite sequence of 

problems 0 1, ,..., .rT T T Problem ,sT 0 ,s r   contains 1( )n n  variables and 

consists of finding a feasible solution 
11( ,..., )s s s

nx x x , the original problem and 

the constraint 

1

,
n

s

j j

j

c x M


  

1

1

, 0

, 0

s

s n
s s

j j

j

R s

M
c x h s



 


 
 




 

where sR  is a sufficiently large positive number, 1sx   is a vector found 

when solving problem 1sT  , ( 0)sh   is the accuracy of the solution, which can 

vary depending on .s  
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The solution to problem , 0,1,2,...sT s   is found using an iterative 

process of minimizing a non-negative function f ( ).s x  This function is such that 

if min ( ) ( ) 0s

s sf x f x   on the set D,  

11{ ( ,..., )|0 x 1, ;n jD x x x j K     0 , \ K;x 0, },j j jx d j N j n      

then 
sx  is its solution. In fact, we use a weakened requirement: a natural 

number k  and a sufficiently small positive number   are fixed. If during t  

iterations ( )t k  such a vector 
sx  is found that (x ) ,s

sf  , then it is 

considered that the problem 
sT  is solved (solvable). In this case, a transition is 

made to solving the next problem 1sT   and, if 1sT   is unsolvable, then the 

solution equal to is taken as an approximate solution to the original problem 

1\ 2 ,

,

s

j
j

s

j

x j K
x

x j K

    


 

and the process ends. If 0s   and during k iterations this process finds a 

vector 
0x  such that 0

0 ( ) ,f x   then as an approximate solution of the original 

problem, an approximate solution of the problem 0T  is taken, calculated 

according to (2.8) by replacing the vector 
sx  with 

0 .x  

 

2.1.1. Description of the iterative process for solving the problem sT  

Let us introduce the notation 1 01, ,s sm m b M     

                                    

1, w " "

0, w " "

1, w " "

i

i i

i

r

  


  
  

 

Let us assume that the problem is being solved for the maximum, i.e. 

0 1r    and 1, 1, ,ir i m   are all relations iw in (2.5) of the type " " . Then 

1 11 .n n m n m       

The matrix M is introduced   1 1, 1, ; 1,ijp p i m j n       
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1 2 0

11 12 1 1

1 2

... ... ... ...

... ... ... ...

... ... ... ... ... ... ... ...

... ... ... ...

n

n

m m mn m

c c c r

a a a r
p

a a a r

 
 
 
 
 
 

  

and vector   1, 1,ms s

ib b i  , 

                                      0 1( , ,..., b )s s

mb b b . 

Let's construct the following function          

                          
1 1

2

1 1

( ) ( ) (1 )
m n

s

s i ij j j j j

i j j K

f x b p x v x x
  

      , 

where ( 0)jv   is a given penalty for failure to meet the requirement of 

jx  being an integer, obtained using some heuristic rule or random (positive) 

number generator. 

Lemma 2.1. Every vector 
sx  such that 

                                           min ( ) ( ) 0s

s s
x D

f x f x


  , 

is the solution to the problem sT .  

Proof. If ( ) 0s

sf x   and ,sx D , then   

                     0 1, ;jx j K   0 , \ K;x 0, ,j j jx d j N j n     и  

                                              
1 1

2

1 1

( ) 0
m n

s

i ij j

i j

b p x
 

   ,  

                                              (1 ) 0j j j

j K

v x x


  . 

From these conditions it follows that 0jx   or 1, j K . Since the 

variables are non-negative, then the equalit 

                                           
1

1 1

nn
s

ij j i ij j i ii n i

j j n

p x b p x b p x 

  

      

takes the form: if 0i   

                                                         
1

,
n

s

j j

j

c x M


   

аnd with 1i   

                                                           
1

,
n

ij j i

j

a x b


  
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because , 1.n i ip    This means that the constraints of problem 
sT  are 

satisfied and Lemma 2.1 is proven. 

The solution to problem 
sT , according to Lemma 2.1, consists of 

minimizing the function ( )sf x  on the set M. For this, a sequence of vectors 

1 2

1 1 1, ,..., kx x x  is constructed such that  

                                                         1 1( ) ( )p q

s sf x f x , 

for p q , 

1 1

1 2x x , 

                              1

1 1 2(1 ) , 1, ,t t t t tx x x t k                                      (2.9) 

where 2

tx  is a random vector on the set ,D 1, ,t k  and the parameter 
t  

is selected so that 1

1

tx D   and so that the function ( )sf x reaches a minimum at 

the point 1

1

tx   on the segment connecting 1

tx  and 2

tx . 

Let   be a sufficiently large number. Let us introduce the notation  

 1 2 1 1, , , , 1,...,t t tx x y x u x y N n        

and calculate the numbers 
1  and 

2 :  

                                          1 1 1

1 1 2 3max( , , , ),       

where 

1

1

1

, 0

max( ) / ,
j

j j

j N u

y u
 

   

1

2

\ , 0

min( ) / ,
j

j j j

j N K u

d y u
 

   

1

3

, 0

max(1 y ) / )
j

j j

j K u

u
 

  , 

                                         2 2 2

2 1 2 3min( , , , ),                               (2.10) 

1

2

1

, 0

min( ) / ,
j

j j

j N u

y u
 

   

2

2

\ , 0

min( ) / ,
j

j j j

j N K u

d y u
 

   

2

3

, 0

max(1 y ) / )
j

j j

j K u

u
 

  . 

Lemma 2.2. For relation 1

1

tx D   to hold, it is necessary and sufficient 

that inclusion 
1 2[ , ]    holds. 
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The proof follows from the rule for calculating 
1 and 

2  according to 

(2.10). 

Let us write out formulas for calculating the following quantities: 

1 1

1, ,i ij j ij j

j N j N

l p x s p y i M
 

     

 
1

2 2

i i j j

i M j K

A l s v u
 

                              (2.11) 

 
1

( ) ( 1/ 2)s

i i i i j j j

i M j K

B b s l s v y u
 

       

 
1

2

(1 )s

i i j j i

i M j K

C b s v y y
 

      

and introduce the function 

                               2( ) 2 .A B C                                        (2.12) 

Lemma 2.3. The exact value of 
t  for determining 1

1

tx   is found from the 

condition 

1 2

1

1
[ , ]

min ( (1 ) ) (x )t

s sf x y f
  

  



    

and equal  

            

 

 

1 1 1 2

1 2

2 2 1 2

, 0 ( / )) ( ( ) ( )) 0)

/ A, 0 ( / )

, 0 ( / )) ( ( ) ( )) 0)

t

A B A A

B A B A

A B A A

     

  

     

      


    
       

         (2.13) 

Proof. In the notations introduced above 
1 1 2( ) ( (1 ) ) ,t

s i s s sf x f x y f f        

where 

1 1
2

1

1 1

( (1 ) )
m n

s

s i ij j j

i j

f b p x y 
 

 
    

 
   

2 ( (1 ) )(1 (1 ) ).s j j j j j

j K

f v x y x y   


       

The right-hand side of the last equality contains a polynomial in  , 

which has the form (2.12) under the notation (2.11). Since the choice of   

must be such that 1

1

tx D  , then, based on Lemma 2.2, 
1 2[ , ].   . It follows 

that the optimal value of 
t , for which 

1 2

1

1
[ , ]

( ) min ( )t

sf x
  

 



 , 
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is found from condition (2.13).  

Thus, the sequence 
1 , 1,tx t k  is defined. If ( )b x  is a generator of 

random vectors x  from the domain D , k  is a given natural number,   is a 

sufficiently small positive number, then Algorithm 2.1 for an approximate 

solution of problem 
sT  is as follows. 

Algorithm 2.1. 

Step 1. Formation of function ( ).sf x  

Step 2. Generation of random vector ( )b x  using sensor 1

1x  and 

assignment of 1t  .  

Step 3. Generate random vector 2

tx . 

Step 4. Calculate 
1

1 2 1, , ,B,C, , ( ), ,tA x       

using (2.9) - (2.13). 

Step 5. If ( )   , then go to step 7. 

Step 6. Increase t  by one and if t k , then go to step 8. 

Step 7. Form an approximate solution 
s

x  of problem 
sT : 

1

1

[ 1/ 2],

,

t
s j
j t

j

x j K
x

x j K

  
 


 

Step 8. End of the count. 

If we solve the sequence of problems ( )sT s r , we will obtain a solution 

to the original problem. For each s , the number k  of iterations is fixed. With a 

sufficiently large k , the problem 
sT  will be solved exactly or an approximate 

solution will be found. 

Note 2.1. In the process of solving some problems, it is useful to 

periodically, i.e. when , 2 ,...,
k

t p p p
p

 
  

 
 ( p  is a natural number greater than 

one), form 2

tx  not randomly, but using previous calculation results. 

Let the vector be 0 0y  . We find 
q

jy  and 
1q

jy 
, 

1

1

[ 1/ 2],

,

pq

jq

j pq

j

x j K
y

x j K

  
 


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( 1)

11

( 1)

1

[ 1/ 2],

,

p q

jq

j p q

j

x j K
y

x j K







  
 


 

Then, if 1q q

j jy y  , then ( 1) 1

2

p q q

j jx y    for j K . For the rest of the P 

components ( 1) 1

2

p q

jx   is a random number.  

This remark is taken into account in Algorithm 2.1, in which the process 

of generating random vectors in steps 2 and 3 can be generalized by a procedure 

that ensures the highest probability of 2

tx  falling into the neighborhood of a 

feasible solution to problem 
sT . 

Note 2.2. As an approximation to the sensor requirement ( )b x , the 

vector x  is modeled by the formulas 

                            

 

1

0

0

1

1/ 2 ,

, \

0, 0 0,

, 0,

j

j

j N i

s j K

s d j N K
x

t r j n i

t t j n i

 

  



 

    
   

,                                 (2.14) 

where  

1( ) / ,s

i ij j i

j N

t b p x r



   

0s  is a random number from the interval (0,1), determined, for example, 

using a mixed congruent sensor. It is known that such a sensor ensures a 

uniform distribution of the numbers obtained. 

       

2.1.2 Convergence Theorem. 

The probabilistic justification of Algorithm 2.1 is contained in the 

following Theorem 2.1. 

Theorem 2.1. Let ( )b x  be a procedure that ensures uniform distribution 

of the vector x  in the domain D , 
s

M  be the set of admissible solutions 
sx of 

the problem 
sT in the sense of ( )sf x  , 

s

kx  be an approximate solution found 

by Algorithm 2.1 in k iterations, and  
s s

kk P x M   be the probability that 

.
s s

kx M  

Then 1k   as k  ∞. 
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Proof. Let h  be a sufficiently small positive number and 1

s s

x M . The h

-neighborhood of a point 
s

x  is determined by the set Q: 

 11( ,..., ) | 1/ 2, ; , .
s s

j jn j jQ x x x x x j K x x h j K         

The measure of set Q ( mesQ ) satisfies the condition   

1(1/ 2) n uumesQ h  , 

where u  is the number of elements of the set K .  

Let 
s

x  be the probability that x Q . We will show that  1 1
s

kP x M  P 

when k ∞. To do this, we will imagine algorithm 2.1 as an experiment with 

k  independent tests of whether the vector 
2 , 1,ktx t   is in Q . Any vector 

2 , 1,ktx t   that is in the Q  with subsequent rounding of the components of 

2 , ,t

jx j K  to the nearest integer coincides with 
s

x . The probability   of a 

random vector 2

tx  falling into Q  at a fixed t  (in one trial) is equal to 

/mesQ mesD , due to the property of ( )b x  to generate uniformly distributed 

vectors 2

tx  from D . Therefore,   is strictly positive.  

It follows that  

 2 1 , 0 1 1.tP x Q         

Since the tests are independent, then  

 1 2

2 2 2... (1 )k kP x Q x Q x Q      . 

Now let us note that if 
2 , 1,k,tx Q t   is satisfied, then even more so is 

1

skx M , according to the construction of algorithm 2.1 and the choice of h . 

This means that  

   1 2 , 1,k 1 (1 ) .
s

k t kP x M P x t        

Then  1 1
s

kP x M   at k ∞, and therefore   1
s s

kP x M   at k 

∞i.e. Theorem 2.1 is proven. 

This theorem can be generalized as follows. 
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Theorem 2.2. 1k   holds for k ∞ and when ( )b x  is an arbitrary 

procedure that ensures a probability no less than 
0 0    of the vector x  

falling into Q . 

Proof. In one iteration of Algorithm 2.1, the probability of the vector 2

tx  

falling into the neighborhood of Q  is equal to 

 2 0

t tP x Q     , 

due to the property ( )b x . Then  

 2 1 .t tP x Q     

The probability that none of 
2 , 1,ktx t   will fall into Q  is 

2(1 )(1 )...(1 )k       . 

According to Algorithm 2.1, the probability of 1

kx  getting into Q  is not 

less than 1  , i.e.  1 1kP x Q  for k ∞. From here, as in the conclusion 

of Theorem 2.1, it follows that 1k   for k ∞. 

Remark 2.3. Theorems 2.1 and 2.2 are convergence theorems in the 

probability-theoretic sense. They are quite general and can be used to prove the 

probabilistic convergence of combinatorial optimization methods using a 

similar scheme. 

Indeed, let all variables jx  in the original problem be Boolean. Then 

algorithm  can be included in algorithm 2.1 if vector 2

tx  is formed from vector 

1

tx  by changing the values of its components with probability ,0 1/ 2.    

Since such a change ensures a positive probability of the changed vector 

coinciding with the optimal solution. 

Theorem 2.3. There exists a class of algorithms  A , where the 

parameter   is a real number from the interval (0,1) such that each algorithm 

A  converges in the probability-theoretic sense to an optimal solution to the 

boolean programming problem with a sufficiently large number of iterations. 

Proof. Let us describe the algorithm A  for a specific  . Let 

1( ,..., x )nx x   be a random vector,  0,1 , 1,x j n   and (0,1)  , and let 

the vector 
kx  be constructed. Then 

1kx 
 is found by the algorithm A  as 

follows. 
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For each j , the component 1k

jx   of the vector 1xk  is obtained from the 

component 1xk  by changing it with probability   as follows: 

1
1 , , 

, 1 . 

k

jk

j k

j

with probability

with probabili y

x
x

x t






 
 



 

Now the proof of the convergence of A  follows from Theorem 2.2 and 

similar arguments in Remark 2.3. 

The practical value of Theorem 2.3 is that, considering a specific class of 

problems with Boolean variables, one can choose the most suitable number   

for it (the A  algorithm). Such a choice of algorithm can be made after an 

extensive computational experiment on various problems from this class. In 

practice, it is useful to use the A  algorithm with   changing from a larger 

value to a smaller one in the process of solving a specific problem, which 

follows from the following reasoning. 

Let in a completely integer problem with boolean variables the optimal 

solution 
1( ,..., x )nx x  be such that 

1

1

0,

1

 

,  
j

with probability

with probability

p
x

q


 


 

for 1,j n .  

     After performing k  iterations using algorithm 2.1, we obtain a vector 

1(y ,..., y )ny  such that 

2

2

0,

1

 

,  
j

with probability

with probability

p
y

q


 


, 

for 1,j n .  

      Using the vector y  and an arbitrary but fixed  , we calculate the 

vector 
1(z ,..., z )nz   as follows: 

, 1

1

 

,  

j

j

j

y
z

with probability

with probabilityy






 


 

Let us find the probability  0jP z   that 0jz  , 

     0 , 0 1 , 1j j j j j j jP z P z y y P z y y        
2 2(1 )p q   . 
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Similarly we find     

     1 , 1 1 , 0j j j j j j jP z P z y y P z y y        
2 2(1 )q p   . 

Now we can calculate the probability  j jP z x  that ,j jx z  

     
   

   

   

1 2 2 1 2 2

1 2 2 2 1 2 2 2

1 2 1 2 1 2 1 2 1 2 2 1

0, 0 1, 1

(1 ) (1 )q

(q q

.

j j j j j jP x z P x z P x z

p p q q p

p p p q q p

p p q q p p q q p q p q

   

   

 

       

      

      

     

 

Let us introduce the notation 

1 2 1 2а p p q q   

Since 
1 1 1p q   and 

2 2 1p q   , then 

 1 1 2 2 1 2 2 11 ( ) .p q p q а p q p q       

Hence 
1 2 2 1 1p q p q а   .   

The desired probability is  

  (1 ) (1 ).j jP x z а а       

Finally    

 
0 1

, 1/ 2
max

1 , 1/ 2
j j

a if a
P x z

a if a 


  

 
 

From this relation follows 

Theorem 2.4. In order for the probability of coincidence of jz  with jx  to 

be maximal, in the definition of z  the value of the parameter   must be chosen 

close to one if 1/ 2a  , and close to zero when 1/ 2a  . 

Indeed, since a  is the probability of jy  coinciding with jx , then at the 

initial iterations it is necessary to choose the value of the parameter   close to 

one, and at the final iterations   close to zero. 

Often in practice a  is unknown, then similarly to the Laplace criterion in 

the theory of decision-making under uncertainty, it is considered that two 

conditions   - close to one or   close to zero - have equal probabilities and, 

since both of them are practically unrealizable, then the average value between 

the extremes is taken, i.e. 1/ 2   is assumed and the solution to the problem is 

carried out by the algorithm 
1/2A . 
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2.1.3 On assessing the effectiveness of the iterative process  

The analysis of algorithm 2.1 was carried out with the results of solving 

the same problems by other algorithms. According to the corresponding 

program for solving problems of Boolean and partially Boolean programming 

and its variants, taking into account the specifics of the problems being solved, 

test problems and real problems were solved: on maximizing the integral 

economic effect from the creation and use of digital methods by enterprises and 

industries in the planning period, on the implementation of a network of 

comprehensive schools, on the placement of agricultural crops [36], [40], etc.  

In each experiment, the parameter values that led to the approximate 

solution found were specified. Test problems were selected in such a way as to 

take into account, if possible, various groups of restrictions and their impact on 

the performance of algorithm 2.1. Experience in solving test problems using 

algorithm 2.1 has shown ways to improve it when the problem dimension 

increases. One of the ways to improve it is to use a vector generation method 

that, using a random number generator, produces vectors x that satisfy part or 

all of the problem constraints. Such generators will be discussed below. Among 

the vectors generated in a given time, the one that gives the best solution for the 

objective function is selected. 

Algorithm 2.1 provides the opportunity to use the vector generation 

method, which is of great help in solving large-scale applied problems, 

discussed in the next section. Each group of constraints has its own vector 

generator that satisfies these constraints. To develop such a generator and, 

ultimately, to apply the vector generation method, the following order of 

calculations is recommended: 

a) constraints are analyzed; each application task is usually such that its 

constraints can be divided into two groups (we will denote them by A and B); 

b) for constraint group A, it is possible to develop a generator that 

produces vectors that satisfy them; 

c) in constraint group B (in some tasks, group B can be empty, then this 

point is skipped) possibilities for reducing the count are identified, taking into 

account their specificity; 

d) feasible solutions are obtained and analyzed, an acceptable solution is 

selected. 

Summarizing the experience of solving a large number of problems, we 

note that optimal integer solutions have been obtained for some of them. 

However, it has been shown that in order to increase the efficiency of solving 
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problems, it is necessary to specialize the sensor for obtaining pseudo-random 

vectors. Thus, already from the formation of vector 
2x  in algorithm 2.1, the 

fulfillment of all or part of the restrictions is ensured. When solving practical 

problems, such a technique is substantially used. 

Thus, the conducted computational experiment demonstrated the real 

possibility of using algorithm 2.1 to solve partially Boolean programming and 

indicated ways to improve the efficiency of the iterative process by generating 

vectors that satisfy all or part of the constraints of the problem under 

consideration. 

It is precisely this specification of the scheme [28], developed in works 

[36, 40], that made it possible to solve a number of applied problems with 

separated sets of constraints. 

As the analysis of many applied problems shows, the specificity of 

constraints can be used to speed up the procedure of checking the general 

admissibility of the generated vector of the problem being solved. Therefore, 

after presenting the general scheme of the iterative process of solving problems 

with Boolean variables, we will present several vector generators that satisfy 

constraints of various types. 

 

2.2. Vector generators GV1-GV8. 

Let us give examples of vector generators for a number of constraint 

types. Let ( )d   be a random number generator   in the interval (0,1), a  - the 

integer part of the number a . If a uniform distribution of a  is required, then 

( )d   can be taken as a mixed congruent random number generator in the 

interval (0,1). 

The following generators GV1 – GV8 correspond to some types of 

constraints of a number of well-known problems (about a knapsack, about the 

placement and specialization of production, the multidimensional knapsack 

problem, etc. [13,15,26]). 

GV1 Vector generator for constraints 
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 

2

1

3

2

1

1

1

1

1

1

...

1, 0,1 ,
m

m

k

j

k k

k

j

k k

k

j j

k k

x

x

x x


 

 

 





 







 

where 
1 20 ... , 2,mk k k m       let us denote it as GV1. 

Algorithm GV1. 

Step 0. Put 0p  . 

Step 1. Increase p  by one. Get a random number   using the sensor ( )d  . 

 Step 2. Find 1[ ( 1] 1p p p pi k k k      . 

Step 3. Put 1
pi

x  , the rest 10, 1 .j p px k j k      

Step 4. If 1 ,p n   then end the count, otherwise go to step 1. 

GV2 Constraint Vector Generator 

                          
1

1, 0,1 , j 1, .
n

j j

j

x x n


                               (2.15) 

Algorithm GV2. 

Step 1. Generate number  , calculate 0 1.j n   

Step 2. Generate number   again and calculate   

0

0, 0 1/ 2

1, otherwise
j

if
x

 
 


 

Set the remaining 
0 0( )jx j j equal to zero. 

Remark 2.4. In the case of equality in (2.15), in the GV2 algorithm, step 2 

would consist of calculating the coordinates of jx  using the formula 

00,

1, otherwise
j

if j j
x


 


                               

GV3 Vector generator for constraints  

1

1
n

ij

j

x


  
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1

1
m

ij

j

x


  

0,ijx   integers, 1, , 1, .i m j n   

Algorithm GV3.  

Step 0. Put 0p  , sets M  and N  - empty. 

Step 1. Increase p  by one. 

Step 2. Get a random pair 
0 0( , )i j  such that  

   0 0 0 0, , 1,..., , 1,..., .i M j N i m j n     

Step 3. Get a random number   and calculate     

0 0

1, 1/ 2 1

0,
i j

if
x

otherwise

 
 


, 

0i  to set ,M and add 
0j to set .N  

Step 4. If ,p n then end of count, otherwise go to step 1. 

GV4 Vector generator for constraints  

1

n

j j

j

a x b


  

0,jx  ,integers 1, ,j n  

moreover 0, 0, 1, .jb a j n    

Algorithm GV4.   

Step 0. Put 0, .p c b   

Step 1. Increase p  by one. Get   with random number generator.  

Calculate / ,p pd c a [ 1/ 2].p px d   

Step 2. Replace c with p pc a x . 

Step 3. If 0p n c   , then return to step 1. 

GV5 Constraint-Satisfying Vector Generator                                                    

1

, 1,m
n

ij j i

j

a x b i


   

0, , 1, ,j intege s j nrx    

and 0, 0, 1,m; 1, .i ijb a i j n     

Algorithm GV5.   

Step 0. Put 
1 10, ( ,..., ) ( ,...,b ).m mp c c c b    
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Step 1 Increase p by one, get the number  and calculate 

1

min[ / ],p i ip

i m

d c a
 

  

[ 1/ 2].p px d   

Step 2. Replace 
ic  with , 1, .i ip pc a x i m   

Step 3. If 
1

min 0i
i m

p n c
 

   , then go to step 1. 

GV6 Vector generator for equality constraints 

1 2 1x y d   

1 , 2, 1,j j j jx y y d j n      

,n n nx y d   

where 
1, , ,  0, 2, .j jx x y integers all j n    

Algorithm GV6.   

Step 1. A random number   is generated using sensor ( )d   and 

 n ny d  is calculated.  

We find , 1.n n nx d y p n     

Step 2. A random number   is generated and determined 

1y ( ,p p pd y 
     

1 .p p p px d y y    

Step 3. Check 2?p  . If not, then decrease p  by one and return to step 2. 

Step 4. Calculate 
1 1 2x d y  . 

GV7 Vector generator for constraints  

1 1

l m

kj kj

k j

u c
 

  

1

1, 1,
l

kj

k

j m


   

 0,1 , 1, ; 1, ,kj k l j m     

 , 1, ; 1,kjc u k l j m   are non-negative numbers. 
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Algorithm GV7.   

Step 1 Generate a random permutation  1 2, ,..., nj j j  of numbers 

 1,2,...,m , 1, .p c   is assumed. 

Step 2. Form a set  | .
pjp kjK k u   Select a random number 

0k  from 

the set 
pj

K  and a random number   less than 1/2. 

Calculate 

01, non-empty, , 1/ 2

0, otherwise

p

p

j

kj

if K k k 


 
 


        

Step 3. Replace   with 
1

.
p p

l

kj kj

k

u 


  

If 0,   then the remaining undefined kj  are set to zero. End of 

counting. 

Step 4. Increase p  by one. If p m  and 0  , then go to step 2.                     

GV8 Vector generator for constraints  

1

1, 1,
m

ij

i

x j n


   

1

, 1,m
n

ij ij i

j

A x B i


   

 0,1 , 1, ; 1, .ijx i m j n    

No set  kjx  of zeros and ones satisfies these constraints unless there 

exists a 
0j j  such that 

0ijA B  holds for all 1,i m . We assume that the 

restrictions are not contradictory. 

Algorithm GV8.   

Step 1. 0, , 1,i ip c B i m   A is assumed and a random permutation 

 1 2, ,..., nj j j  of numbers  1 2, ,..., nj j j  is generated. 

Step 2. p  is increased by one. Calculate 

1, , 1,

0,

pij iif A c i m
d

otherwise

  
 


 

Step 3. If 1d  , then select a random number 1d   from the set 

 1,2,...,m .  
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Set 
0 01, 0, 1, ; .

o pi j ijx x i m i i     If 0d  , then 0, 1,
pijx i m  . 

Step 4. Replace 
ic  with ,

p pi ij ijc A x 1,i m . 

Step 5. If p n  and 0, 1, ,ic i m  , then go to step 2.                                                 

The presented generators containing random elements are, on the one 

hand, tied to specific problems, on the other hand, they are quite general (for 

example, GV5). This generality is determined by the possibility of reducing a 

problem with a limited domain of integer solutions to a finite series of problems 

with positive coefficients, which is shown in the following section 2.3. 

 

2.3 Transformations of the integer linear programming problem 

The importance of the form of representation for the successful solution 

of a specific discrete optimization problem is noted in [13]. Two 

transformations of the integer linear programming problem are presented here. 

The first transformation is associated with the reduction of the general integer 

linear programming problem to problems with positive coefficients (Section 

2.3.1), and the second is associated with the reduction of several linear 

constraints to one equivalent linear constraint. Unlike the known methods of 

reduction (aggregation), here we present an aggregation scheme where one 

equation is such that it can take integer values, and the other is such that it can 

take any real values. The latter result is contained in section 2.3.2. Both 

transformations lead to problems for each of which it is relatively easy to 

generate integer non-negative vectors that satisfy their constraints. 

      

2.3.1 Reduction of a general integer linear programming problem to a 

series of problems with positive coefficients 

Let in the maximization problem 

                                                
1

n

j j

j

c x


                                                (2.16) 

under restrictions  

                                       
1

, 1,m,
n

ij j i

j

a x b i


                                       

(2.17) 

                                       0, , 1,j integersx j n                                 (2.18)  
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In addition, we will assume that the region (2.17)-(2.19) is bounded, i.e. 

there exists an integer such that 

                                            
1

0
n

j

j

x B


   

and the coefficients  , , 1,m; 1,ij i ja b c i j n   are integers. 

     Problem (2.16) - (2.18) is reduced to a finite number of problems with 

positive coefficients of the form ( ),0 ,P b b B  b is an integer, 

1

max
n

j j

j

c x


  

, 1,j i ix b bt i m    

1

n

j

j

x b


  

0, , 1,j integersx j n  , 

,j jc c M   1,nj  , 

where A is a sufficiently large number, 

 | 0 , 1,i ijJ j a i m    

max( ),  ,

0, .

i

ij i

j J
i

i

a J not empty

t

J empty




  


 
 

 

For 0( 0)   , problem ( )P b  will have positive (non-negative) 

coefficients. 

Theorem 2.4. Let x  be an optimal solution to problem (2.16)-(2.18). The 

optimal solution z  of problem 
1

n

j

j

P x


 
 
 
  is an optimal solution to problem 

(2.16)-(2.18). 

Proof. Since x  is an optimal solution to problem (2.16)-(2.18), then 

                                         
1

, 1,m,
n

jij i

j

a x b i


   

0, 1,jx j n   



63 

From here  

                           
1

, 1,
n

jij i i i

j

a t x b bt i m


    ,                                (2.20) 

where 
1

n

j

j

b x


 . 

     Therefore, x  is a feasible solution to problem ( )P b . We denote by z  

the optimal solution to problem ( )P b , x  the optimal solution to problem 

(2.16)-(2.18). Then 

                       

1

n

j

j

cx cz

z b





                                                  (2.21) 

Since M  is a sufficiently large number, the equality follows 

                                          
1

n

j

j

z b


 .                                                 (2.22) 

Indeed, if  

                                                   
1

n

j

j

z b


 , 

tnen  

1 1 1 1

n n n n

jj jj j j j j

j j j j

M c x c x c z c x
   

         

1 1

1

,

n n

j jj j

j j

n

j

j

c z c x

b z

 









 


 

because 
1

1.
n

j

j

b z


   

From here  

1 1 1

n n n

j j jj j

j j j

M b z c z c x
  

 
   

 
    

1 1 1

,
n n n

j jj j j

j j j

c x Mb c z M z
  

      

or in view of  (2.20) 
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1 1 1 1

,
n n n n

j jj jj j

j j j j

c x M x c z M z
   

       

i.e. ,сx сz  which contradicts the optimality of z  in the problem ( )P b . 

Thus,      

1 1

n n

jj

j j

x z
 

                                                    (2.23) 

Subtracting equality (2.22) multiplied by 
it , from the inequality    

 
1

, 1,
n

jij i i i

j

a t z b bt i m


     

we obtain that z  is a feasible solution to problem (2.16) - (2.18).    

We have сx сz  and taking into account (2.23) we obtain 

сx сz                                                        (2.24) 

From (2.21) and (2.24) we deduce that сx сz  and again from (2.23) 

сx сz , i.e. z  is one of the optimal solutions of problem (2.16)-(2.19). 

Theorem 2.4 is proven. 

Let us show how the solution of problem (2.16) - (2.18) can be obtained 

from the solution of problems ( ), 0,P b b B . First of all, we note that if 0b 

or 0i ib bt  , then problem ( )P b  has only a trivial solution, and if for some 

,i 0i ib bt  , then the problem ( )P b is inconsistent. Therefore, we solve only 

those problems ( )P b  for which b 0  and 0i ib bt  . The number of such 

problems is 
1 1,B B B , and each with positive integer coefficients. 

Let ( )z z b  be the optimal solution to problem ( )P b . We check whether 

it is admissible for problem (2.16) - (2.18). If so, we remember the one that 

gives the greatest value of the objective function (2.16) - it will be the optimal 

solution to the original problem.  

Thus the following theorem is proved. 

Theorem 2.5. The solution of problem (2.16) - (2.18) is equivalent to 
1B  

of problems of type ( )P b  with positive coefficients. 

The transformation of problem (2.16) - (2.18) to problems with positive 

coefficients is of interest for the following reasons: 1) many integer linear 

programming algorithms require the presence of a feasible integer non-negative 

solution at their initial stage of operation. Here, the problem always has a 
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feasible solution, for example, a trivial one; 2) feasible vectors can be easily 

generated for the problem (using heuristic algorithms) (one such generator is 

described in [38], other vector generators for such a problem are described in 

section 2.4); 3) the transformation of problem (2.16)-(2.19) to ( )P b  problems is 

also valid in the case of Boolean variables. 

 

2.3.2 On aggregation of equations 

Consider the knapsack problem 

1

max
n

j j

j

c x


                                               (2.25) 

1

n

j j

j

a x b


                                                (2.26) 

0, 1,jx j n                                                (2.27) 

,jx integer, 1,j n ,                                         (2.28) 

where , , ( 1, )j jc a b j n are integers. The problem of integer linear 

programming is reduced to problem (2.25) - (2.28), in which condition (2.26) is 

replaced by condition B. 

                                          
1

, 1,
n

ij j i

j

a x b i m


                                           (2.29)  

Some results on aggregation of equations are contained in the works [13]. 

It is known that if aggregation of equations is performed in integers, then large 

absolute values may arise at intermediate iterations. When changing the 

formulation of the question of aggregation so that it is still possible, the 

numbers in the aggregating equation may not increase much. 

Let us formulate Lemma 2.4, and then prove that aggregation in the case 

of non-integer coefficients in one of the two aggregated equations is possible 

(Algorithm 2.2) and estimate the coefficients of the resulting equation [32]. 

Lemma 2.4. Let P  be a set of arbitrary structure, and let functions 
1( )f x  

and 
2 (x)f  defined on P  be such that there exists a real number   ( <∞) such 

that 

2

1 2

(x) 0

sup ( ) / f (x)
x P
f

f x 




  
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Then the system of two equations  

1( ) 0f x                                                        (2.30) 

2(x) 0,f x P   

is equivalent to equation  

1 2( ) (x) 0,f x f x P                                   (2.31) 

Proof. If x  satisfies (2.30), then it also satisfies (2.31). Conversely, let x  

satisfy (2.31). Then if 
2 (x) 0,f   then so does 

1( ) 0.f x  If we assume that 

2 (x) 0,f   then 

2

1 2 1 2

(x) 0

( ) / f (x) sup ( ) / f (x)
x P
f

f x f x




    

We get a contradiction.  

Based on Lemma 2.4, we describe the following algorithm 2.3 of 

aggregation (2.29). Let 2m  and P  be a set of bounded vectors, 

1( ,..., ), 0 x , 1, ;n j jx x x d j n     

and ,ij ia b  are integers. 

Algorithm 2.2. 

Step 0. Set i  equal to zero. 

Step 1. Increase i  by one 

Step 2. If ,i m then go to step 7. 

Step 3. Find 

1

maxik ij

j n

a a
 

  

Step 4. Divide both sides of the i -th equation by ika  to obtain the 

equation 

1

, 1,
n

ij j i

j

x i m 


  , 

where  

/ , / .ij ij ik i i ika a b a    

 

Step 5. By two equations 

1

n

ij j i

j

x 


  
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1, 1

1

,
n

i j j i

j

a x b 



  

using Lemma 2.4, we construct one equation  

' '

1, 1

1

,
n

i j j i

j

x  



  

where    
'

1, 1,i j ij i ja      

'

1 1i i ib      

1

0

max

j j

n

ij j i

j

x d

x  


 

   

Step 6. We make a replacement  
' '

1, 1, 1 1,i j i j i ia b       

and return to step 1. 

Step 7. End of calculation; the aggregate equation is represented by the 

coefficients 

1,...,m mna a  and .mb  

Lemma 2.5. Each coefficient of the equations obtained during the 

operation of algorithm 2.2 does not exceed the value 2rs r s  , 

where 

1

r ,
n

j

j

d


  

 1 2max , ,s s s  

1

1
1

max ij

i m
j n

s a
 
 

 , 2

1

max i

i m

s b
 

 . 

Proof. Any 1,ij ija s    and ,ib s    

0
11 1 1

max max .
j j

n n n

i ij j ij i j
x d

i mj j j

x b d  
 

   

      

Next, we will estimate the numbers 
' '

1, 1,i j i    and  , considering that 

0
1

max 1
j j

n

ij j i
x d

j

x  
 



   . 
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We receive  

1

2 1 2r 1,
n

j

j

d


     

'

1, 1, j 1 (2 1) 2 1,i j ij ia r s rs s            

'

1 1 (2 1) 2 .i i ib r r s rs s r            

It is natural to assume that 1,r   since otherwise all jx  would be equal to 

zero. Lemma 2.5 is proved. 

Thus, the moduli of the coefficients of the equation aggregated according 

to Algorithm 2.2 have an upper bound equal to 2 .rs r s  . This result does not 

contradict the fact that when aggregating equations with integer coefficients, the 

intermediate numbers grow in absolute value, since Lemma 2.4 allows one to 

aggregate two linear equations, in one of which the coefficients may be non-

integer. 

 

2.4 An approximate algorithm for solving an integer programming 

problem with positive coefficients. 

We describe the procedure P  for an approximate solution of ( )P b  for 

fixed , 0,b b   and 0, 1,i ib bt i m   . 

Procedure P . 

To solve the problem  

1

max
n

j j

j

c x


  

under restrictions 

1

, 1,
n

ij j i

j

a x b i m


   

0,jx   integer,  1, ,j n  

where  a , , 1, ; 1,ij i jb c i m j n   are positive integers. 

Step 1. Put 
*0, (0,...,0).F x   

max max0, (0,...,0).F x   
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Step 2. Find the upper integer bounds jx  for the variables jx , 

1
min[ / ], 1,j i ij

i m
x b a j n

 
   

Step 3. If 0, 1, ,jx j n   then go to step 11. 

Step 4. Generate (using the methods described below) a feasible vector z  

with the value s  of the objective function, .s cz  

Step 5. Find , 1,kz k n  from the solution to the problem 

1

max
n

k j j

j

z c x


   

under restrictions 

1

, 1,
n

ij j i

j

a x b i m


   

0 ,jjx x j k    

0kx   

Step 6. Put 

 
1

1 max min , ,j
j n

R s
 

   

where jjR z   
 and 0jy  at .jz   

  

Step 7. For each j  such that jz   and 0jx   find 

                                                               minj jy x  

under restrictions 

1

, 1,
n

ij j i

j

a x b i m


   

1

n

j j

j

c x 


  

0 , 1, .jjx x j n    

If the constraints of one of these problems (and therefore all of them) are 

contradictory or the found integer non-negative vector 

 1 1 1( ,..., ) ] [,..., [nx x x y y   
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does not meet the constraints  

1

, 1, ,
n

ij j i

j

a x b i m


   

then in case 
maxF F s  ,  calculations are performed 

*

max max, ,F F s x x z     

and go to step 11. 

Step 8. Find 

1

:
n

jj

j

F F c x


   

* *: , 1,jj jx x x j n    

If 
maxF F , then *

max max,F F x x  .    

Step 9. Recalculate the right-hand sides of the constraints 

1

: , 1, .
n

ji i ij

j

b b a x i m


    

Step 10. If 0, 1, ,ib i m   then go to step 2. 

Step 11. End of the count; 
maxx  is an approximate solution to the problem 

with the value 
maxF  of the objective function. 

The procedure P  is presented in full, but step 4 requires an explanation 

of the method for generating a feasible solution. Since a problem with positive 

coefficients always has a feasible, for example, trivial solution, then the 

generation of a feasible solution x  should be done, firstly, with the largest 

possible value cx  of the objective function and, secondly, quite simply. 

For these purposes, the following deterministic generators of admissible 

solutions are applicable: a) the optimal continuous solution 
1( ,..., ),nx x x  

corresponding to the problem ( )P b  is found. Then the solution 

1([ ],...,[ ])ny x x  obtained by taking the integer part of the coordinates of the 

vector x  is an admissible solution to the problem ( )P b , due to the positivity of 

its coefficients; b) obtaining an admissible solution in the following way. 

Initially calculating {1,..., }N n , repeat the following steps 1-2 no more than n 

times: 
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Step 1. Find the number k N  at which 

 

1
max ,

jk l

j n
lk j

cc b

a h 
  

where 
1
max ,

ij

j
i m

i

a
h

b 
  define 

1
max[b / ],k i ik

i m
g a

 
  

  

replace ib  with 
i ik kb a g  and N  with { }.N k  

Step 2. If all 0, 1,ib i m   and 0,N  then go to step 1, otherwise end of 

count. 

The positivity of the coefficients ( )P b  allows us to construct a whole 

series of other deterministic generators of admissible solutions, as well as 

generators that use elements of randomness, as, for example, in [38,41]. 

A number of operations of procedure P in the case of the knapsack 

problem are naturally simplified. In this case, a significant simplification occurs 

in the process of generating a feasible integer solution at step 4 and in solving 

auxiliary linear programming problems at steps 5 and 7. 

Here we use the theorem [18] that the solution { }jg  of the problem 

1 1

max | ,0 , 1, ,
n n

j j j j j j

j j

c x a x b x d j n
 

 
    

 
   

the variables of which are ordered in non-increasing order of the ratios of 

the / , 1,j jc a i n  are calculated using the formula 

 min , / , 1, ,j j jg d t a j n   

where 

1

1

, 1

, 1
j

k k

k

b if j

t
b a g if j








 
 




 

For the knapsack problem with boolean variables, 1jd  , at step 7, 

positive values of jy  correspond to positive values of ,jx i.e. 1jx  . By fixing 

these variables, we can reduce the dimensionality of the original problem. A 
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sign of the positivity of 
ly  (with the solvability of the l -th problem at step 7) is 

that the value of , equal to 

1

max
n

j j

j

с x


  

under restrictions 

1

,0 , 1, , 0,
n

j j j l

j

a x b x x j n x


      

will be less than .  

Let us present some theorems concerning the properties of procedure P . 

Theorem 2.6. If each execution of step 4 is carried out with the value 

1 s   , then procedure P  produces an exact solution to the integer linear 

programming problem with positive coefficients. 

Proof. Let each execution of step 4 be carried out with 1 s   . This 

means that 
1
min ,j

j n
s R

 
  i.e. there is a number q  such that qs R . Consequently, 

the objective function on the found feasible solution has no less value than on 

the optimal solution of the maximization problem 

1

n

j j

j

с x


  

under restrictions                                        

1

, 1,
n

ij j i

j

a x b i m


   

0 , 1,jx x j n    

 0, 1,...,qx q n   

Then, solving the problem of finding the lower boundaries of the 
jx

variables jx , 1, ,j n  at step 4 of the procedure P  with i q  we will have 

min 0qx   and ]y[ 1 . Therefore, x  will be non-zero and a shift in the origin 

of coordinates will necessarily occur (step 9 is performed), i.e. after no more 

than B  shifts of the origin of coordinates, the process will end with obtaining 

an optimal solution to problem (2.16)-(2.19) with positive variables.       

Theorem 2.6 contains one of the sufficient conditions for obtaining an 

exact solution by the procedure P . This condition is always satisfied for 2n  . 

Theorem 2.7. For 2n  , the procedure P  generates an exact solution to 

problem (2.16) -     (2.19) with positive coefficients. 
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Proof. The calculation according to step 4 of procedure P  leads at 2n   

to the construction of a non-zero vector for any right-hand side of the 

constraints (if, of course, a non-zero admissible vector exists). For this, it is 

sufficient to use one generator b). The use of other generators together with it 

can lead to an improvement in the admissible solution. 

Therefore, the points  20, x  and  20, x  lie below the line cx   

corresponding to the inequality 
1 1 2 2 0,c x c x   i.e. 22 ,c x   11 .c x  . This 

means that at 2n   at step 4, the value of   is equal to 1 .s    

Then, according to Theorem 2.6, the procedure produces an exact solution 

to the problem specified in Theorem 2.7. 

Theorem 2.8. The number of operations and the amount of memory 

required to implement procedure P  have orders   2O mn l n M  and  2O mn

, respectively, where l  is the complexity of solving a linear programming 

problem of order ( 1)m n  with variables bounded from above, 

 max , , , 1, ; 1, .ij i jM a b c i m j n    

The proof is carried out by direct calculation according to the description 

of the procedure .P  It is known that the value l  is polynomial in the length of 

the input information (and therefore in time) [54], therefore the procedure P  is 

pseudo-polynomial in time. 

Computational experiments conducted with the procedure P , when 

solving integer linear programming problems with positive coefficients, yielded 

the following results. 20 problems were solved with 

6 10, 6 10, 10 25,ijm n a       For each of the three intervals of change of 

the right-hand sides: 100 150,ib   200 250,300 350.   

The solutions obtained by the procedure ,P in most cases, coincided with 

the known optimal solutions of these problems.        
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CHAPTER 3. ALGORITHMS AND PROGRAMS FOR  

DISCRETE AND COMBINATORIAL OPTIMIZASTYION 

 

 

 

 

The section discusses various aspects and approaches regarding the search 

for a system of differenrt representatives (SDR) of subsets of a finite set. 

Algorithm 3 has been developed, which is an algorithmization of the search 

process for SDR on the basis of Hall's theorem on the existence of SDR. 

Algorithms 1-5 for searching for partial and complete SDRs based on the 

technology for solving problems of the transport type, in particular, the 

algorithm associated with the construction of cycles, are given. SDR search 

algorithms can be used as auxiliary tools for solving combinatorial problems. It 

is also shown, conversely, that the search for SDR can be considered as a 

combinatorial optimization problem [140,143]. 

 

3.1 Search Algorithms for a System of Different Representatives of Subsets 

of a Finite Set 

Let S be a non-empty finite set, 1 2( , ,..., )mM S S S    ̶some sequence of its 

non-empty subsets. A system of different representatives (SDR) for a collection 

of sets S is a set 1 2{ , ,..., }ka a a a  such that ai belongs to iS  and for any i and j 

i ja a . An SDR for any subsequence of the sequence M is said to be partial. 

The need to construct a system of distinct representatives (SDR) arises 

both in purely combinatorial mathematical studies and in their applications to 

linear programming, mathematical economics, and combinatorial optimization.  

Within the framework of combinatorial mathematics, SRPs are mainly used in 

solving problems of choice and optimization, in particular, in studying Latin 

rectangles [92], in the assignment problem, and in studying special matrices 

with non-negative elements. At the same time, the analysis of studies on SDR 

shows that the task of developing SDR search algorithms, especially algorithms 

that build SDR with certain properties, is relevant. In this regard, the algorithms 

1-5 presented in the paper can be useful. Let us give examples of practical 

interpretation of SDR: 
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a) There are m commissions in some institution. It is required from the 

composition of each commission to appoint their chairmen so that no one 

person presides over more than one commission. Here the SDRs of the 

commissions will be composed by their chairmen; 

b) There are n vacancies in the company, each of which requires a certain 

qualification. There are m people who apply for n jobs. What is the largest 

number of vacancies that can be filled from the pool of applicants, if the 

vacancy can only be filled by a person corresponding to his qualifications. In 

this problem, the interesting question is the largest number of jobs that can be 

filled by qualified candidates and the specific assignment of the largest number 

of applicants to the jobs they apply for; 

c) Suppose we are given a set of hours per week, a set of n teachers, each 

of whom has the opportunity to teach during some subset of hours, a set of m 

classes, each of which has only a few hours per week in the schedule, and an 

nxm matrix of non-negative integers numbers, in which the (i,j)-th element 

means the number of hours during which the i-th teacher must teach in the j-th 

class. It is required to determine whether it is possible to schedule lessons and 

distribute teachers in such a way that each class met at the required hours, each 

teacher could be in his classes, there would be only one teacher per class and no 

teacher would be assigned to two classes at the same time. 

In problems of type a)-b), it is required to determine a complete system of 

different representatives or a partial system, but with the maximum number of 

representatives. When studying the problems associated with SDR, the practical 

issue of algorithmization of the process of searching for such systems is 

relevant. 

The system of different representatives consists of elements ia , one from 

each subset jS  In case  

S= {S1, S2,S3,S4} = {{s1, s4, s5}, {s1}, {s2, s3, s4}, {s2, s4}} 

one can define four SDR: 

a1 = {s1, s2, s3, s4},   a2 = {s1, s2, s3, s5}, 

a3 = {s1, s3, s4, s5},   a4 = {s1, s2, s4, s5}. 

SDR exists only if for any k subsets jS  their union contains at least k 

elements[140]. For example, in the family of subsets 1 2 3 4 5,  ,  ,  ,  ,S S S S S  sets 

S={{s1, s2}, {s1, s3}, {s2, s3}, {s1, s2, s3}, {s1, s3, s4, s5}}, 
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unable to find five distinct is  elements one from each jS , so this family 

has no SDR. Here the union of four sets 
4

1

i

i

S


 contains only three elements 

 1 2 3,  ,  .s s s  

The idea of replacing sets with their representatives turned out to be 

fruitful and was further developed. Systems of representatives are singled out 

taking into account the conditions of the tasks or the goals of theoretical 

generalizations. For example, task research about splitting sets, led to the 

concept of systems of common representatives. Such a problem, like many 

other problems of combinatorial optimization, reduces to the problem of finding 

an SDR for subsets of a finite set. 

 

3.2 Criteria for the Existence of SDR a Family of Subsets 

With search SDR the following questions are solved: is there a complete 

SDR for a given family of subsets of a finite set (a partial SDR always exists 

because subsets are non-empty); how to determine the maximum (by the 

number of subsets) system of representatives. Further, we assume that 

1 2, ,..., kS S S  are subsets of a finite sets S={1,2,3,…,n}. If the total number of sets 

is finite, and the sets themselves are infinite, then we can discard all elements 

except n in each iS , i=1,…,k. The existence of an SDR can be established by 

the following criteria a)-b).  

a) The first criterion follows from Hall's theorem. The subsets 1 2, ,..., nS S S  

have SDR if and only if among the elements of any finite number k of sets is  

there are at least is  distinct elements; 

b) Another criterion for the existence of an SDR of a family of subsets is 

based on Sperner's theorem [106].  

Definition. The set of subsets 1 2, ,..., kS S S  is called Sperner collection, if 

none of the sets 1 2, ,..., kS S S  is a part of the other.  

Sperner's theorem. Let S be a set that consists of n elements, 1 2, ,..., kS S S

be a Sperner collection. Then for the Sperner collection there exists an SDR. 

For example, sets 

1S ={1,2,7}, 2S ={3,5}, 3S ={2,8}, 4S ={4,6}, 5S ={3,7,9}, 
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6S ={1,2,3}, 7S ={1,4,5,8,9}, 8S =1,6,7}, 9S ={2,5,8}                     (1) 

are such that neither is part of the other. In this case, for these sets, there 

exists an SDR.  

Each of the criteria allows us to conclude that subsets have SDRs, but not 

about their definition. Therefore, such criteria are used, one might say, at the 

stage of preliminary information processing. The question of searching for a 

complete or partial SDR is solved by special methods of combinatorics or graph 

theory. Let us consider some of these algorithms for searching for partial or 

complete SDR, preferring to present them in a more natural combinatorial 

interpretation. 

 

3.3 Algorithms for Constructing SDR 
 

The subsets iS  of the set S are represented by the matrix C. Each row 

corresponds to one subset. As a demonstration example of the operation of 

algorithms, we note that for the set (1) the corresponding matrix C has the form 

C=[1 2 0 0 0 0 7 0 0; 0 0 3 0 5 0 0 0 0; 0 2 0 0 0 0 0 8 0; 

         0 0 0 4 0 6 0 0 0; 0 0 3 0 0 0 7 0 9; 1 2 3 0 0 0 0 0 0;           (2) 

1 0 0 4 5 0 0 8 9; 1 0 0 0 0 6 7 0 0; 0 2 0 0 5 0 0 8 0]. 

In the description of the following search algorithms for SDR such a 

matrix form of representation of subsets iS , i=1,…,m, from a finite set 

S={1,2,…n} is used, which is more consistent with the formulation of criteria in 

combinatorial form. 

Algorithm 1. Alternate choice of representatives of sets. 

The choice of set representatives is carried out in turn, looking at the rows 

of the matrix C from left to right.  

The first non-zero element 1 js  of the first row and j of the column will be 

a representative  

of the set 1S . Cross out the first row and column j; 

b) Go to the next uncrossed line i. The first non-zero and not crossed out 

element of row i will be a representative of the set iS ; 

c) Repeat step b) as far as possible in order to determine the 

representatives of the sets. If there is no representative for iS  on some i, i≤n, 

then the search process stops and we get a partial SDR.  
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Such a method in many cases can reveal the full SDR. However, it may 

happen that in the presence of a complete SDR for the sets iS , by Algorithm 1 

we can determine only a partial SDR. The volume of such a system depends on 

the order of viewing the sets iS . 

Algorithm 2. Search for SDR. taking into account the number of elements 

in subsets 

1) Find all rows i containing only one positive element. Each such 

element will be a representative of the set iS , and the corresponding row i and 

column j of the matrix C are crossed out; 

2) Find all columns j containing only one positive element. Each such 

element from row i will be a representative of the set iS , and the corresponding 

row i and column j of the matrix C are deleted; 

3) If representatives for all sets are determined, then the process ends; 

4) If there are uncrossed rows or columns, then the numbers ik and jk  are 

determined: 

ik  is the number of uncrossed out elements in the i-th line, jk  is the 

number of non-crossed-out elements in the j-th column;  

5) 1k  and 2k  are defined as the minimum of ik  and jk , respectively; 

6) If 1k ≤ 2k , then a row containing 1k  elements is selected, one of the 

elements is selected, and the row and column are crossed out; 

7) If 1k > 2k , then a column containing 2k  elements is selected, one of the 

elements is highlighted, and the row and column are crossed out. 

All selected elements at the end of the algorithm constitute the SDR, 

which can be full or partial. For an example with matrix (2), we get the full 

SDR: 

 23 32 44 61 17 86 59 75 98, , , , , , , ,s s s s s s s s s s . 

Algorithm 2 can be used as an auxiliary algorithm in more complex 

algorithms that always determine a complete SDR. (if such a system exists) or 

establish that such a system does not exist for given subsets of a finite set. 
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3.4 Algorithm 3. Search for SDR using Hall's theorem 
 

At the beginning of Algorithm 3, Algorithm 1 is applied. The sets 

1, , nS S  are considered to be numbered and fixed in a certain order. The 

process of searching for representatives is carried out in turn, starting from the 

first set and up to the set kS . If k is equal to n, then we get the full SDR. If k<n, 

then this means that all elements of 1kS   are representatives of other sets. In 

such a situation, the SDR search process is not stopped. The possibility of the 

existence of an SDR is clarified, in particular, the existence of a representative 

for the set 1kS  . This part of Algorithm 3 requires the algorithmization of the 

process of further search for SDR. A sequence of sets 0T , iT , i=1,…,t is 

constructed, where 0T  is the initial set, consisting of elements kS , iT  is a set 

consisting of those elements of the set pS  whose representative is an element 

from the set 0T  and not yet used. The elements of the set iT  are written to the set 

0T  after the elements that have already been used. The process of constructing 

sets iT  continues until some element is found that belongs to some set from 

1, , kS S  with representatives 1, , ka a . In parallel, a set Q is constructed, 

whose elements are the numbers of the sets from which the elements were 

added to 0T . With the completion of the construction of the sets 0T  and Q, the 

SDR is rebuilt and a transition is made to the consideration of the next subset.  

For matrix (2), following Algorithm 3, we obtain representatives 

a={1,3,2,4,7} for the first five sets (represented by the first five rows). For the 

sixth set, 6S ={1,2,3}, it is not possible to find a representative, since all its 

elements are representatives of other sets. However, in this situation, one can 

also find a representative for 6S  using the following function included in 

Algorithm 3. Let us compose the initial set 0T  from the elements of 6S . The 

corresponding set is Q={6,6,6}. We include element 7 from the first set in 0T  

and correct Q. We get 0T ={1,2,3,7} and Q={6,6,6,1}. After the second 

adjustment, 0T  and Q are 0T ={1,2,3,7,5}  and Q={6,6,6,1,2}. Now we rebuild 

the SDR. As a result, a representative is determined for the set 6S , and in 
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general, for six sets, after the restructuring, we obtain a set of representatives a 

and a set P of the corresponding numbers of the sets iS , i=1,2,…,6, i.e. 

a = {3,5,1, 2,4,7}, 

P = {6,2,1,3,4,5}. 

The main part of the SDR reforming algorithm 3 is represented using 

MatLab (Attaway Stormy, 2019). The function is applied with the following 

data: the set 0T  consists of t elements 1kS   that have been used as 

representatives of other sets; rs=k+1; Q – consists of the numbers of the sets 

whose elements are included in 0T ,  1 2, , ka a a a   и  1 2, , kP P P P   are 

such that ia  is a representative for the set with number iP , i=1,2,…,k; the 

S={S(i1,j1)} matrix consists of elements, the rows of which represent the sets 

1 2, , nS S S ; prvd – a sign of the possibility of extending the set of 

representatives a by the representative 1kS  .  

For the FileSDR.m script, the input is: 

rs=6;   

k=5; a=[1 3 2 4 7]; P=[1 2 3 4 5];     % Representatives a for k sets P  

t=3; T0=[1 2 3]; Q=[6 6 6]. 

Transformations of the input data and the results obtained are 

commented:  

FileSDR.m 

for i1=1:rs-1   

   prvd=0;    

    for j1=1:n s=S(i1,j1); 

       if s==0 continue; end 

       % Checking whether an element s belongs to the set   

       h1=0;   

       for k1=1:t 

          if s~=T0(k1) h1=h1+1; end 

       end 

       if h1<t continue; end   

       if h1==t h2=0;  % Element s does not belong to      

          for k2=1:k  

            % Checking if element s matches one from the  

            % representatives of the set a. 

            if s~=a(k2) h2=h2+1; end  

          end 

       end 

       if h2<k t=t+1;  

         % Coincidence of the element s with one of the  

         % representatives of a and the inclusion of s in  
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           T0=[T0 s]; Q=[Q i1];  

       end    

             if h2==k  

           % s does not match with none of the representatives a 

          t=t+1; 

          T0=[T0 s]; Q=[Q i1]; prvd=1; 

          break;       

       end       

   end  %  j1 

   if prvd==1  

      % For  sets, there is an SDR in the form (a,P) 

      % The vectors ap and Tp are introduced, which are used  

      % in the formation of the SDR 

      ap(1:k)=1; Tp(1:t)=0;      

xQ=Q(t); yT=T0(t); Tp(t)=1;  

      PR=t+k;   

      for h=1:PR 

        pr=0;    

         for k1=k:-1:1 

            if xQ==P(k1) 

              xp=P(k1); ya=a(k1); ap(k1)=0; pr=1; break;  

            end 

         end 

         if pr==0 break; end 

       if pr==1 

           for t1=t:-1:1 

              if T0(t1)==ya 

                xQ=Q(t1); yT=T0(t1); Tp(t1)=1; 

              end 

           end 

         end 

      end   % h  

       % Sets ap and Tp are defined 

      % and an extended SDR of the form (an, Pn) is formed 

      r=0; 

      for k1=1:t 

         if Tp(k1)==1  

            r=r+1; an(r)=T0(k1); Pn(r)=Q(k1); 

         end 

      end  

      for k1=1:k 

         if ap(k1)==1  

            r=r+1; an(r)=a(k1); Pn(r)=P(k1);    

         end 

      end 

     

      for k1=1:k 

         if ap(k1)==1  

            r=r+1; an(r)=a(k1); Pn(r)=P(k1);    
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         end 

      end 

      k=r; P=[Pn]; a=[an];  

      fprintf('\n SDR is defined for the sets S1,...,S6:');   

      fprintf('\n a='); for ic=1:k fprintf(' %d',a(ic)); end 

      fprintf('\n P='); for ic=1:k fprintf(' %d',P(ic)); end 

      fprintf('\n'); 

      break; 

   end % prvd==1 

end  % i1 

 

       

As a result of the execution of this script: 

>> FileSDR 

SDR is defined for the sets 1 6,...,S S : 

a= 3 5 1 2 4 7 

P= 6 2 1 3 4 5 

>> 

If the set 0T , after the completion of the construction of the sets iT , will 

consist of representatives of the sets 1, , kS S , and k<n, we conclude that there 

is no SDR for the sets 1 1, , kS S   due to the absence of a representative for a 

separate set 1kS  . Thus, using Algorithm 3, one can construct a complete SDR 

or establish non-existence of such for given sets iS , i=1,2,…n. 

 

3.5 Algorithm 4. Reducing SDR search to solving an assignment problem 
 

To do this, the matrix C, representing the sets iS  with elements from 

 1,2,...,J n , is replaced by the matrix S, 

  ,ijS s  

where 1ijs  , if the i-th set iS  contains an element j from J, otherwise, 

,ijs M  and M is a sufficiently large positive number. 

We solve the following function minimization problem 

1 1

n n

ij ij

i j

f s x
 

  

provided that only one element ijx  is 1, the remaining elements of the row 

or column are 0.  
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Based on the obtained optimal solution, SDR is constructed for sets iS , 

i=1,…,n. Let us assume that the optimal solution, found, for example, by 

Kuhn's method [138], has the form  

 
1 1 2 2 1

, ,...,
n ni j i j i jx x x x . 

         Then the coordinate 
k ki jx  is 1 and the corresponding value

k ki js   is 1 or M. 

If 1
k ki js  , then the element of the row 

ki  in the column
kj   of the matrix C is 

considered to be a representative of the set, 1
k ki js  . All such representatives 

constitute the maximum possible SDR. If
k ki js М , then the set

ki
S  has no 

representative. The optimal value is f=k+(n-k)*M in accordance with the fact 

that k sets will have representatives and n-k sets will not have representatives. 

% Reducing SDR search to solving an assignment problem 

The sets are given S(1)={a,c}, S(2)={a}, S(3)={a}, S(4)={a,b),  

                                       S(5)={a,b,d,e,f}, S(6)={a,b}. 

We form a matrix C corresponding to the sets S(i), 1,i n , 

        n=6;  

        С=[1 M 1 M M M;  1 M M M M M;  1 M M M M M; 

            1 1 M M M M;  1  1  M  1  1   1;   1 1 M M M M];   

 

function SDR4     

  it=0; U(1:n)=0; V(1:n)=0; SUV=0;   

    

  while it<IT   

  it=it+1;   

  % = === == Step 1 Reduction of matrix C by rows and columns = ====  

  % Reduction of C by rows 

  mc1=min(C');    

  for ic=1:n C(ic,:)=C(ic,:)-mc1(ic); end     

  smc1=sum(mc1);  

  mc2=min(C);     

  for ic=1:n C(:,ic)=C(:,ic)-mc2(ic); end      

  % Reduction of C by columns   

  smc2=sum(mc2);  

  SUV=SUV+smc1+smc2; % Value of minimum elements 

    

  % = == = Step 2 Start searching for the optimal solution = == =      

       k=0; is(1:n)=0; js(1:n)=0; mi(1:n)=0; mj(1:n)=0;  

       p(1:n)=0; a(1:n)=0; cvn=0; pv=0;  
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 while pv<n  % Determining independent zeros 

        pv=pv+1; 

  % 1. The only zero of each row is taken as an independent zero 

  for i=1:n  

        if mi(i)>0 continue; end 

        cn=0;          

        for j=1:n  

           if C(i,j)==0 && mj(j)==0 cn=cn+1; j1=j; end 

        end 

        if cn==1  mj(j1)=j1; mi(i)=i;    

           k=k+1; p(k)=i; a(k)=j1;           

        end 

    end 

         

  % 2. The only zero of each column is taken as an independent zero 

     for j=1:n  

        if mj(j)>0 continue; end 

        cn=0;  

        for i=1:n  

           if C(i,j)==0 && mi(i)==0 cn=cn+1; i1=i; end 

        end  

        if cn==1 mi(i1)=i1; mj(j)=j;    

           k=k+1; p(k)=i1; a(k)=j;    

        end 

     end 

   

       % ki - number of zeros in line i 

    k1=M; r1=0;    

    for i=1:n  

        if mi(i)>0 continue; end 

        ki=0; 

        for j=1:n  

            if C(i,j)==0 && mj(j)==0 ki=ki+1; end 

        end 

        if (ki>0 && ki<k1) k1=ki; r1=i; end 

    end 

  

       % kj - number of zeros in column j 

    k2=M; s1=0;   

    for j=1:n  

        if mj(j)>0 continue; end 

        kj=0; 

        for i=1:n  

            if C(i,j)==0 && mi(i)==0 kj=kj+1; end 

        end 

        if (kj>0 && kj<k2) k2=kj; s1=j; end 

    end 

   

  if r1==0 && s1==0 break; end      
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    % An independent zero is selected from a string 

    if (k1>0 && k1<=k2) || (k1>0 && k2==M) 

        for j=1:n  

            if C(r1,j)==0 && mj(j)==0 

                j1=j; mj(j1)=j1; mi(r1)=r1; 

                k=k+1; p(k)=r1; a(k)=j;   

                break; 

            end 

        end 

    end 

     

  % An independent zero is selected from a column 

    if (k2>0 && k2<k1) || (k2>0 && k1==M) 

       for i=1:n  

            if C(i,s1)==0 && mi(i)==0 

                i1=i; mi(i1)=i1; mj(s1)=s1; 

                k=k+1; p(k)=i; a(k)=s1;  

                break;               

            end 

        end 

    end     

    if k==n break; end 

  end  % Completing the search for k independent zeros (p,a) 

      

  if k==n   % Optimal assignment found 

     f=0; cn=0;  

     for i=1:k  f=f+c(p(i),a(i));  

           

     end     

      

     for i=1:k    

         if c(p(i),a(i))<M cn=cn+1; end 

     end 

     if cn<n 

         fprintf('\n SDR does not exist cn=%d',cn); 

     end    

     break;      

  end  % k==n  

                     

  % Step 3 Determining the minimum set of lines  

  % that cross out all zeros of the matrix C   

     

  mst(1:n)=0; for j=1:n msb(j)=j; end 

  for i=1:n  

      if p(i)>0 mst(p(i))=p(i); end 

  end 

  fprintf('\n');  

  for i=1:n  
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      if mst(i)==0 fprintf(' i1=%d',i); end 

  end 

  for i=1:n fprintf(' %d', mst(i)); end 

   

  kz=0; pv=0;    

  while pv<3    

       pv=pv+1; 

        

      for i=1:n  

          if mst(i)>0 continue; end 

           

          if C(i,j)==0    

             pr=0; 

             for r=1:k  

                 if i==p(r) && j==a(r) pr=pr+1;  end 

             end 

             if pr==0 j1=j; msb(j1)=0; 

                for r=1:n fprintf(' %d',msb(r)); end    

                break; 

             end 

          end 

    

      end  

  end  

   

  for i=1:n  

      if mst(i)==0 continue; end 

      for j=1:n   

           

          if C(i,j)==0 && msb(j)==0     

              pr=0; 

              for r=1:k  

                  if i==p(r) && j==a(r) 

                      i1=i; pr=1; mst(i1)=0;    

                      for r=1:n fprintf(' %d',mst(r)); end    

                      break;  

                  end 

              end     

          end 

      end 

  end 

 

  end  % while pv<6 

     

  % The minimum set of rows and columns containing all zeros, 

% determined from mst and msb   

kz=0;   % kz – number of lines crossing out all zeros 

  if k<n   

  % Transform matrix C to obtain new zeros               
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  mnz=M; i0=0; j0=0;    

  for i=1:n  

      for j=1:n  

          if mst(i)==0 && msb(j)>0    

             if C(i,j)<=mnz mnz=C(i,j); i0=i; j0=j; end 

          end 

      end 

  end 

  % mnz - minimum unoccupied element   

       

  for i=1:n  

      for j=1:n  

          if mst(i)==0 && msb(j)>0    

              C(i,j)=C(i,j)-mnz;     

          end 

      end 

  end        

      for i=1:n  

          for j=1:n 

              if mst(i)>0 && msb(j)==0    

                  C(i,j)=C(i,j)+ mnz;     

              end 

          end 

      end       

  SUV=SUV+(n-k)*mnz; 

  end % k<n    

  end % it   

 

3.6 Algorithm 5. SDR search associated with the construction of cycles 
 

1) We build the matrix S based on the sets 1 2, , , nS S S ; 

2) As a representative of the set iS  from the group of sets 
1 2

,  , ,
ki j i j i jS S S  

with one element in the row is and in the same column j, we take an element 

from row i; delete all lines 
1 2

,  , ,
ki j i j i jS S S ; 

3) Similarly, we look through columns with one element and as a 

representative of the set jS  from the group of sets 
1 2
, , ,

sij ij ijS S S , we take an 

element from column j ; cross out all columns 
1 2
, , ,

sij ij ijS S S ; 

4) For the remaining elements of the matrix S after deleting all rows and 

all columns with one element , we build a cycle with pairs (r, s) of the 

following form 

         1 1 1 2 2 2 2 3, ,  , ,  , ,  , , , ,r si j j i i j j i j i                       (3) 
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5) From the odd pairs of the constructed cycle, we take for the sets rS  the 

representative .rss Cross out all rows of the matrix S corresponding to the sets rS ; 

6) From the remaining elements of the matrices S, we build another cycle 

(if any) and select representatives for the remaining rows; 

7) Repeat steps 4)-5) until all rows of the matrix S are crossed out. 

As a result of Algorithm 5, we obtain a system of sets with 

representatives, as well as sets that do not have representatives, since they do 

not correspond to the Sperner criterion. In this algorithm, it is possible to select 

representatives from the cycle and, according to another option, i.e. choice of 

representatives of sets from even pairs of cycle (3). Thus we get another system 

of different representatives. 

The presented algorithms can be used in solving problems from various 

fields of research related to the choice of their solution from several alternative 

options. The algorithms are presented without taking into account the features 

of the objects that form the initial subsets of the finite set, which ensures their 

universality. They can be used in transport-type problems, in planning, in the 

formation of independent expert groups, in resource allocation, and in other 

studies. 

 

3.7 Method of searching for SDR by incidence matrix 

There is a way to find several SDR using the incidence matrix D of the 

family of sets instead of the matrix C. Put one instead of a nonzero element in 

the matrix C and we get D. 

In general, if a family of subsets 
1 2, ,..., mS S S  of a set of elements 

1 2, ,..., na a a  is given, the matrix D has the form 

11 1 1

1

1

... ...

... ... ... ... ...

... ...

... ... ... ... ...

... ...

j n

i ij jn

m mj mn

d d d

d d dD

d d d

 
 
 
 
 
 
 
 

 

where 1ijd   only if j ia S  and 0ijd   otherwise. 

An ordered set of elements equal to 1, in which the elements lie in 

different columns, represents the SDR of the incidence matrix D. The number of 
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SDR of a family of sets 
1 2, ,..., mS S S  is equal to the number of SDR of the 

incidence matrix of this family. 

Algorithm 2 for searching for SDR by incidence matrix 

The task is to find the SDR 
1 21 2, ,...,

mj j mjd d d  by the incidence matrix D. 

To perform the search, we apply the following transformations. 

1. Determine the number of ones by rows, , 1,ir i m . 

2. Rearrange the rows in matrix D in ascending order 
ir . 

3. Determine the number of ones by columns, , 1,js j n , 

4. Rearrange the columns in descending order js . 

5. Select  elements 1 from different rows and columns. First, select 1 from 

the upper left matrix of dimension 3 3 . Then select units from the other three 

rows and three columns that make up the next matrix most saturated with units, 

etc. As a result, we can obtain several SDR, from the analysis of which an 

acceptable one is selected. 

Example. Let's apply algorithm 2 to matrix D: 

1 1 1 1 1 1 1 0 0

0 1 0 0 1 0 0 0 0

0 1 1 0 0 0 0 0 0

1 1 1 1 1 0 1 1 1

0 0 1 0 1 0 0 0 0

1 0 1 0 1 1 1 0 0

0 1 1 0 1 0 1 1 1

0 0 0 0 1 0 1 1 0

0 1 1 0 0 0 1 0 1

D

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

After the transformation D, we obtain the matrix C: 

1 0 1 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0

0 1 1 0 0 0 0 0 0

0 1 1 0 0 0 1 0 1

1 0 0 0 0 0 1 1 0

1 1 1 0 0 0 1 1 1

1 0 1 0 1 1 1 0 0

1 1 1 1 1 1 1 0 0

1 1 1 1 1 0 1 1 1

С

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Selecting elements with value 1 from three-dimensional matrices 
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1 2 3

1 0 1 0 1 1 1 0 1

1 1 1 , 1 1 1 , 1 1 0

0 1 1 1 1 0 1 1 1

m m m

     
     

       
     
     

, 

we get two SDR from 
1m , three SDR from 

2m  and 
3m . This means that 

there are a total of 18 SDR corresponding to the permutations 
1 2 9( , ,..., )j j j :   

              (1,2,3,4,5,6,7,8,9), (1,2,3,4,5,6,8,7,9), …, (6,5,2,4,3,1,8,7,9), 

(6,5,2,4,3,1,9,8,7). 

 

3.8 On the extension of the method for solving the choice problem  
 

There are many problems whose formulations fit into the framework of 

the choice problem. One of such formulations of the choice problem 

(assignment problem), as a transport-type problem, was given in the 

introduction. Therefore, it is natural that it can be solved by methods for solving 

the transport problem. 

Let us present one of such methods for solving the traveling salesman 

problem. 

Let c be an integer efficiency matrix of the traveling salesman problem of 

order n .  

Algorithm. 

1. We perform the reduction of the matrix c by rows and columns. 

2. We determine the cyclic set of ( , ), 1,r ri j r n  independent zeros (one 

from each row and column), i.e. the maximum cyclic partial transversal of the 

zero elements of the reduced matrix c. 

3. If r n , then the optimal solution is found. 

4. If r n , then we rearrange the rows and columns containing 

independent zeros to the upper left corner. 

5. Among the unoccupied (not crossed out) elements, we find the 

minimum cyclic element mm in position (p, q), complementing the partial 

cyclic transversal. 

6. Add the value of m h , (h>0, integer):   

a) to all elements of rows and columns containing unoccupied elements, 

with the exception of row p and column q; 

b) to all elements of rows containing the zero element in column q and to 

all elements of columns containing the zero element in row p. 
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7. Subtract the minimum element m from the unoccupied (not crossed 

out) elements; add m to the occupied (crossed out twice) elements; the rest 

(crossed out once) remain unchanged. 

8. Repeat steps 1-7 until a complete set of independent zeros is obtained 

and the optimal solution is determined from them.  

 

3.9 Heuristic algorithms  

The purpose of this section is to develop and experimentally study a 

method for solving the traveling salesman problem using a set of heuristics. 

Complementarity, algorithmic polynomiality and practical significance of the 

heuristics were the main criteria for including it in the set in order to approach 

the creation of an accurate method for solving problems of sufficiently large 

size in an acceptable time.  

One of the group of qualitative methods for solving discrete optimization 

problems are heuristic methods, which are a combination of logical methods 

and methodological rules of theoretical research and the search for an 

acceptable solution. Heuristic methods rely to some extent on intuition, 

experience, guesswork, ingenuity and creative search of specialists when 

solving economic problems [137]. They are especially useful for solving 

discrete economic models, since the search for an optimal solution may require 

a complete enumeration. 

In the general case, heuristic algorithms cannot find the optimal (exact) 

solution. However, applying them to a practical task leads to much better 

recommendations than an arbitrary and random decision. This applies, for 

example, to the class of practical discrete problems, in particular, the traveling 

salesman problem, for the solution of which heuristic techniques are proposed. 

Many heuristic techniques are used for both symmetric and non-

symmetric matrices. 

For greater certainty, let us consider the symmetric case. In this case, the 

conditions of the traveling salesman problem are often defined by considering a 

specific communication network, which can be represented as a graph 

( , ),G V E , where V is the set of vertices and E is the set of edges, such as a 

map of the cities of a country in which the cities constitute the set of vertices 

and the roads connecting these cities are arcs. 

Constructing a distance matrix for the traveling salesman problem can be 

done in two ways. The first method consists in calculating the matrix of 
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distances ijd  between vertices i and j according to the rectangular coordinates 

of the vertices taken from the city map or by geographical coordinates with 

their conversion into rectangles. 

The second way is to calculate the shortest distance between vertices 

along the actual paths between the points. In this case, the algorithm that solves 

this problem is the following. For this communication graph, we assume that 

the distance between points i and j is equal to 0

ijd . 

The value of 0

ijd  is limited, 0

ijd <∞, if the points are directly connected by 

elementary arcs, and unlimited, 0

ijd =∞, if it is impossible to go from one point 

to another, bypassing the other vertices of the graph,  0 0.iid   

A set of quantities k

ijd , k=1,2,3, … ,  is constructed using the Floyd 

algorithm or the following rule [2] 

 
1 0min( ), k 1,2,3,..., r,k k

ij il lj
l

d d d    

where r is determined from condition 1.r r

ij ijd d   

The matrix  r

ijd is the matrix of the shortest distances between any two 

points on the network. To describe the properties of the complete graph in 

which the Hamiltonian path is sought, the zero elements of the matrix  r

ijd  

along the main diagonal are replaced by a sufficiently large number. 

 

3.9.1 Decription of heuristics  

Using a set of heuristic algorithms leads to routes close to the optimal 

route. The study of heuristics E1-E4 for inclusion in such a set is based on their 

experimental research on a variety of test problems. If the best solution found 

by the previous heuristics is improved by the new one, then it is included in the 

set. 

Heuristic E1. 

Let c {c }ij  be a matrix that coincides with the original matrix { }ijd d  

for the traveling salesman problem. For each pair 
1 1( , )i j , the point number 

1i  is 

entered into set ,I  the point number 
1j  is entered into set J, and then a cyclic 

admissible solution of the traveling salesman problem is constructed. 
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1. For a fixed number of column 
1j  a row with a number 

2i  is selected, 

for which 

2 1 1, ,min ,i j s j
s

c c  

where s is the line number from 1 to n, which does not belong to set .I  

2. The number 
2i  of the selected line is entered in the set I and in the 

contour in construction 
1 1 2( , , ).i j i  

3. In matrix с element 
2 1( , )i j  is blocked, so as not to get an incomplete 

cycle. For this, it is assumed that 
2 1

,i jc M where M is a fairly large number. 

4. With a fixed line number 
2i  select the column with number 

2j , for which 

2 2 2, ,min ,i j i s
s

c c  

where s – line number from 1 to n, which does not belong to the set 
2j . 

5. The number 
2j of the selected column is inserted into set J  in the 

outline in construction 
1 1 2 2( , , , ).i j i j  

6. It is assumed that the 
2 2,j ic  element of the c matrix is equal to a 

sufficiently large number to eliminate the possibility of the 
2 2( , )j i  pair entering 

the contour in the construction. The number 
2j  is inserted into a set J. 

7. The number 
2j j is fixed and go to step 1. Next, 

2 ,j j  is assumed 

and calculations continue with step 2. 

Steps 1-7 are repeated until a complete cyclic solution is obtained. 

In order to obtain a large number of improvement solutions and 

statistically evaluate the occurrences of arcs ( , )i j  in the optimal solution within 

the heuristic E1, the transformation of the original matrix is used and obtaining 

a working matrix c with the elements 

c ,ij ij i jd p q    

where 
ip  and jq  – uniformly randomly distributed numbers from the 

range ( , )A B  chosen by the researcher. Such a transformation is possible, 

because the optimal solution of the traveling salesman problem with matrices 

{c }ij  and { }ijd  coincides. 

From the cyclic solutions obtained, the solution corresponding to the 

minimum length is selected. The best solution obtained by the first heuristic E1 

is the initial one to obtain new improved solutions using the following 

heuristics E2-E4. 
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Heuristic E2. An improvement of the initial solution can be obtained by 

changing the places of two elements. 

Let i and j be the numbers of two elements of the solution, i j ,   

(1,2,..., 1, , 1,..., 1, , 1,..., ,1)U i i i j j j n      

The new solution has the form 

(1,2,..., 1, , 1,..., 1, , 1,..., ,1)V i j i j i j n      

The difference between the route lengths is 

1, , 1 1, , 1 1, j , 1 1,i , 1ij i i i i j j j j i j i j i jd d d d d d d d                 

With a positive ij value, U is replaced by a V and with solution V the 

next improved solution is sought. 

The improvement solutions found are used for a statistical evaluation of 

the affiliation of the transitions (from point i to point j) to the optimal route. 

Using test examples, it was found that an improvement in the solution is 

also possible after passing the second heuristic using the following third 

heuristic. 

Heuristic E3. Element k is inserted between the other two. 

The cyclic decision in the construction based on the initial solution U 

starts with the choice of the first transition, the first pair of points (i,j), but the 

remaining  numbers  of  points  in   quantity n-2 will be entered according to the 

following scheme. For the first pair of points, a partial route is selected from 

three options 

( , , ),k i j  ( , , )i k j and ( , , ).i j k  
Suppose a partial route 

1 2 3( , , )i i i  of minimum length has been selected. In 

the following third heuristic step, partial paths are searched: 

1 2 3( , , , ),k i i i  
1 2 3( , , , ),i k i i  

1 2 3( , , , )i i k i  и 
1 2 3( , , , )i i i k                  (1) 

 

The best of the four partial routes is selected. Similarly, the calculation 

process continues until a full 
1 2 3 2( , , ,..., i , )n ni i i i

 cyclic route is obtained as the 

best of the partial routes constructed by analogy with (1).  

Heuristic E4. Improving the admissible solution using the inversion 

operation. 

One of the heuristic algorithms can be like this. We choose an arbitrary 

Hamiltonian contour and replace the two adjacent vertices in it. If the path 

value falls, then the previous path is remembered and move to the next pair of 
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points. If the route has improved, then a new circuit is stored and treated in 

analog fashion. 

For a problem with symmetric conditions, one such algorithm is as 

follows. We take a (more or less random) contour 
1 2 1, ,..., , ,ni i i i  that passes 

through all points of the graph. We renumber the points of the graph again, so 

that in the analyzed contour they meet in sequence 1,2,..., .n  For two arbitrary 

points i and j, ,i j , of this graph, an operation called inversion is introduced. 

We write the original route in the following form 

 

1,2,..., 1, , 1,..., 1, , , 1, 2,..., 1, ,1i i i i k i k j j j n n                     (2) 

 

The inversion consists of the following. We exclude arcs (i,i+1) and 

(j,,j+1) from contour (2). Instead, arcs (i, j) and (i + 1, j + 1) are included in the 

contour and the entire path between i + 1 and j, goes in the opposite direction. 

As a result of such an operation, a new outline is obtained 

 

1,2,..., 1, , 1, ..., , 1,..., 1, 1, 2,..., 1, ,1i i i j i k i k i j j n n              (3) 

 

The difference between the lengths of contours (2) and (3) is equal to 

, 1 , 1 , 1, 1ij i i j j i j i jd d d d        . 

With a positive ij , it is possible to improve the contour (2). 

Example of inversion shown in Fig.1. Algorithmically, the solution (3) is 

obtained as follows as a function of i and j. We denote the initial solution (2) by 

U. An improving solution V is obtained using the following transformation: 

                                               
Figure 1. Contour a) until inversion 1,2,3,4,5,6,7,8,1; 

b) after inversion of 1,2,3,7,6,5,4,8,1. 

 

1) It is believed ;V U   

2) When i+1=j the solution V does not change. The inversion in this case 

does not lead to a change to a change in U;       
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3) When 2i j   the replacements are produced 1 ,i jV U  1;j iV U 
  

4) In other cases, substitutions are made 1 ,k j i kV U      1, 2,..., .k i i j    

In the new contour (3), in a completely similar way, a favorable reversal 

can be sought. To study the practical possibilities of the heuristic, 

computational experiments were performed, in particular, the following. 

       

3.9.2 The experimental part  

Experiments were performed with arrays of different sizes 100,n  , 

which showed the possibility of using the software developed by the author to 

solve the metric problem of the traveling salesman. For example, for a problem 

with 100,n  the solution is shown in Fig. 2. To determine the solution, it is 

necessary to specify the (x,y)  coordinates of the graph points: 

 

x=( 20,  22,  26.5,  24.5,  27.5,  36,  40,  44,  36.5,  34,  24.5,  29,  29,  26,  22,  14,   9,   

3,   4.5,   7,  10,   4,  13,  12.5,  17,  11.5,  12,  19,  19.5  22,  21,  23,  26.5,  28.5,  29,  57,  23,  

28.5,  33,  36.5,  45.5,  45.5,  46,  50,  50,  54.5,  51,  52,  55,  55,  66,  64,  63,  64,  63,  64.5,  

62,  64, 62,  59,  58,  53,  50,  47,  42,  45,  45,  48.5,  51,  59,  66.5,  64,  60,  55,  56,  61,  64,  

65,  66.5,  58.5,  50,  44,  41,  34,  35,  32,  26,  23.5,  23,  19,  14,  12,  11,   7,   6,   6,   1.5,   

2.5,  15,  20), 

 

 y=(19,  16,  21,  23.5,  23,  22,  23,  22,  38,  46,  29,  37,  33,  32.5,  28.5,  34,  32.5,  

36.5,  39,  47,  49,  55,  65,  56.5,  55,  45.5,  43.5,  48,  52,  53,  58.5,  58.5,  56,  57.5,  62,  62,  

67,  66.5,  63,  68,  62,  57.5,  54,  51,  54,  60.5,  61.5,  64,  64,  67.5,  62.5,  60.5,  60,  58.5,  

56,  54,  52,  49,  43,  43,  37,  45,  47,  42,  41.5,  40,  36,  38,  32.5,  24,  24,  18,  22.5,  16.5,  

13.5,  14,  12,  11,  10,  10,   6,  15,  10,  13.5,   7,   8,   8.5,   5,   7,   8,   4,   3,   8,   9,  11,  18,  

18,  21,  24,  19) 



97 

 
Figure 2. Detour of 100 points 

 

An approximate solution is obtained 

M=( 67, 66, 65,  9,  10, 12, 13, 14, 11, 15, 16, 19, 18, 17, 99,,100,  1,  4,  

5,  3,  2, 96, 98, 97, 95, 94, 93, 92, 91, 90, 89, 88, 87, 86, 85, 84,  6,  7,  8, 82, 

83, 81, 80, 75, 74, 76, 77, 78, 79, 72, 71, 73, 70, 69, 61, 60, 59, 58, 57, 56, 55, 

54, 51, 52, 53, 36, 46, 49, 50, 48, 47, 41, 40, 39, 38, 37),   

by which its length is calculated. 

The following example with data based on a map of the cities of 

Moldova. It is necessary to present a route that passes only once through each 

of the 36 cities of Moldova with a minimum length. In Table 1, the numbers 

from 1 to 36 indicate the cities: Chisinau, Balti, Comrat, Orhei, etc.                                                                                                                    

Table 1 

1 Briceni 

2 Ocnita 

3 Edinet  

4 Donduseni 

5 Riscani 

6 Drochia 

7 Soroca 

8 Glodeni 

9 Balti 

10 Floresti 

11 Singereni 

12 Rezina 

13 Soldanesti  

14 Rezina 

15 Telenesti 

16 Ungeni 

17 Calarasi 

18 Orhei 

19 Nisporeni 

20 Straseni 

21 Dubasari 

22 Cruileni 

23 Chisinu 

24 Ialoveni 

25 Hincesti 

26 Anenii Noi 

27 Tighina 

28 Leova 

29 Cimislia 

30 Causeni  

31 Cantemir 

32 Comrat 

33 Basarabeasca 

34 Stefan Voda  

35 Cahul 

36 Taraclia 

An acceptable cyclic solution M determined using the heuristics E1-E4 is: 

M=(1,  3,  5,  8, 11,  9, 12, 15, 17, 16, 19, 20, 23, 24, 25, 28, 31, 35, 36, 

32, 29, 33, 34, 30, 27, 26, 22, 21, 18, 14, 13,  10,  7,  6,  4,  2, 1 ). 

0 10 20 30 40 50 60 70
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If you start with the first city, 1-Briceni, it is recommended to bypass the 

cities in sequence 3 - Edinet, 5-Riscani, 8-Glodeni, etc. Supported city numbers 

are shown in Fig. 3. 

 
Figure 3. Bypass route of Moldovan cities 

The accuracy of the approximate algorithm for solving the traveling 

salesman problem is investigated, for example, using a series of specially 

generated tests of varying complexity. The resulting set of acceptable and 

improving solutions represent useful statistics that are processed.The processing 

results are represented by an n-dimensional array { },ijH h  where ijh  is the 

frequency of occurrence of the element (k,1) in the improved solutions 

generated by heuristics E1-E4. Based on the matrix H we can make an 

assumption (heuristic or hypothesis) that its element of (k,1) with the highest 

frequency indicates the entry of the transition from one point k to another l with 

the distance 
kld  in the optimal solution. So the matrix 

kld  can be used to 

develop new heuristics. 

For the considered example, it was proved that the arcs of the cyclic 

solution M obtained by four heuristics E1-E4 are included in the set of arcs 

corresponding to the non-zero elements of the matrix H. The number of zero 

elements of the matrix H is much less than zero. This information can be used 

to reduce the size of the original matrix and find the best solution. 

Experiments have shown that for problems with a symmetric tariff matrix 

for moving from one point to another of medium size, n <= 100, practically 

good solutions can be obtained.        
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3.10 Statistical method of approximate solution of the discrete optimization 

problem  

1. One of the areas lying in the field of quantitative methods in economics 

is the problem of choice. A large number of situations that arise in various 

fields of activity are associated with the solution of choice problems as a 

problem of discrete optimization. Here are some examples of such tasks. 

Let's say there are n devices and n products. Each product can be 

processed on any device. The processing time of one part on one device may 

differ from the processing time on another. The processing times are considered 

to be known for each product and on each of the devices. All this information is 

set in the form of an n by n table, where at the intersection of row i and column 

j is the processing time of item i on device j. The task is to organize the 

production of products, i.e. place them on devices in such a way that the 

estimate of the total operating time is the smallest. Another example. A fairly 

large number of items are being considered. For each of the items, its weight is 

known. It is necessary to answer the question, is it possible to divide this set 

into two parts of equal weight? 

The given tasks have characteristic properties: the finiteness of a variety 

of choices; each option is compared with a quantitative characteristic (total 

operating time, weight of items in each of the two parts, etc.). It is required to 

choose a variant with the property that its numerical characteristic satisfies a 

certain previously formulated condition or to answer the question of the 

existence of such a variant. It is often required that this characteristic reach an 

extreme value on the chosen option. Such problems are related to discrete 

optimization problems.        

The most obvious method for solving discrete optimization problems 

(with a finite number of options) is to consider all feasible options and select 

the required one. Difficulties in solving such problems arise when the number 

of options is large enough. With an increase in the number and variety of such 

selection problems, problems began to arise of the existence of a common 

methodology for their solution, assessing the quality of an approximate 

solution. Questions arose about organizing an effective search in order to make 

available the solution of problems with a sufficiently large number of options, 

i.e. how to reduce the solution of a problem with a large dimension to a set of 

similar ones, but of a lesser dimension. 

All selection tasks can be divided into two groups. Problems for which 

there are effective algorithms for solving. For them, the complexity of the 
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solution is expressed by a polynomial function of the dimension of the problem. 

Another group consists of problems for which similar algorithms are not yet 

known. One of these problems is the traveling salesman problem, which serves 

as a testing ground for the development, research and testing of new methods 

and therefore is of great theoretical and practical interest. 

  2. About the statement of the problem. For the development of a statistical 

algorithm, the main requirements are a cyclic closed traversal of n cities with 

minimal costs. Perhaps the costs mean travel time, ticket price, distance 

traveled, or an arbitrary non-negative number. The statement of the problem 

uses a cost matrix with diagonal elements equal to zero or a sufficiently large 

number, depending on the calculation stage. 

 

3. Solution methods. The traveling salesman problem is NP-hard, and 

there is no algorithm yet that guarantees its solution in time polynomial in the 

number of cities n. However, for a small number of cities, there are many 

solution methods, including exact ones. Exact methods not only find some 

solution, but also prove at the end of their work that this is the best solution. An 

example of such a method is a complete enumeration of permutations of n-1 

numbers (since the starting city is fixed) and choosing the best route in 

accordance with them. This approach is practically difficult to implement for 

large values of n. Directed backtracking is an enumeration of options "around" 

some solution with the cutting off of paths that have a length greater than the 

best path to the current moment. 

The branch and bound method is the most effective known method of 

cutting off "unpromising" nodes, due to the analysis of the distance matrix. When 

searching for the optimal solution, a binary tree is built (means that at each node 

2 branches are generated, which are interpreted in the sense that the traveling 

salesman goes to some city or does not go to it). Linear programming is used to 

minimize (with constraints) the linear form of the c x , where x is the required 

binary vector of dimension n(n-1)/2, the components of which ijx  are equal to 1 

or 0, depending on whether the ( , )i j -th edge enters the path or not. Matrix c (of 

the same dimension), whose elements are equal to the lengths of the edges. 

Heuristic methods are usually much faster than exact ones. however, they 

do not guarantee optimality of the found solution [58]. The result of their 

combination can then be used as a first approximation for further improvement, 

for example, using backtracking search. Among these methods - the greedy 

algorithm, when choosing the next city, takes the nearest city that has not been 

visited before; shoelace method - a geometric variation of the greedy algorithm in 
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which it is assumed that cities are surrounded by a closed circuit. It gradually 

stretches out, trying to pass through all the cities, increasing its length in minimal 

ways; a sliding search is performed, as a result of which cities from a small part 

of the path are swapped. Then this the "window of options" slides along the entire 

path. The method has various variations and turns out to be an effective way to 

improve the solution found by the previous two heuristic methods. 

3. Probabilistic methods actually make a certain number of iterations, 

making random changes in the path, in anticipation of obtaining a shorter one. 

Examples of such methods are the annealing method in which the permutations 

of cities take place with a gradually "fading" intensity. At the same time, the 

best solution found is always retained. The genetic algorithm is a more 

"advanced" version, which creates a large number of different paths and which 

are constantly changing, they break apart and merge with each other, and at the 

same time exchanging individual sections. 

Characterizing the methods of solving traveling salesman problems that 

exist today, the following feature can be noted (as a hypothesis): for each 

developed algorithm, it is possible to define such a traveling salesman problem 

(to construct such a cost matrix) that will not be solved (an optimal route will 

not be obtained). For example, for the "greedy" algorithm - an algorithm for 

finding the minimum distance by choosing the shortest, not yet chosen edge, 

provided that it does not form a cycle with already chosen edges. This 

algorithm is called "greedy" because at the last steps it is necessary to choose 

the longest edge. 

 
Figure 1. A network representing a narrow rhombus, 

and the tour found by the greedy algorithm 

 

Let's see how the greedy algorithm behaves when solving the TSP. Here it 

will turn into a strategy "go to the nearest (which has not yet entered) city". 

Consider, for example, the network in Fig. 1 representing a narrow rhombus. 

Let the traveling salesman start from city 1. The “go to the nearest city” 

algorithm will bring it to city 2, then 3, then 4; at the last step, you have to go 

along the long diagonal of the rhombus, from 4 to 1. As a result, you will get 

not the shortest, but the longest round (1,2,3,4,1). 
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     Widely available online programs solve the traveling salesman problem (up 

to several dozen cities), with the exception of special cases leading to the 

solution of traveling salesman problems sometimes up to the size of several 

thousand cities, but without a guarantee of obtaining an exact solution, i.e. in 

the answer we can get some approximate solution. 

      A feature of this problem is that with an increase in the number of cities, the 

total number of different combinations of paths grows strongly (exponentially). 

And at the same time, the time for calculating the result obtained by the applied 

algorithm also increases. Therefore, the main thing in optimization can be 

reduced to discarding obviously not minimal paths during computations. It is 

necessary to specify a criterion that would cut off unnecessary branches in the 

shortest path search tree.  

Methods for solving the Euclidean traveling salesman problem should 

provide for a procedure for eliminating paths that have intersections. Such paths 

are not optimal. Indeed, let there be some path shown below in Figure 2.    

          

 
Figure 2. 2-opt conversion example 

 

If in the first picture we move two sections of the path (as in the second 

picture), then the total path will become shorter (the sum of the diagonals of a 

4-gon is always longer than the sum of two opposite sides):      

Interesting questions of a statistical nature are connected with the 

Euclidean traveling salesman problem. Consider, for example, a square in 

which n cities are randomly distributed with a uniform distribution. It turns out 

that in most cases such "maps of cities" have shortest paths of approximately 

the same length, proportional to the square root of n. Results of this kind can be 

obtained by methods with which you can quickly obtain the optimal route. As a 

rule, the exact solution of the gearbox is achieved for special tasks. At the same 

time, such methods are required for general problems, which would allow a 

wider variety of experiments to be carried out. This explains the appearance of 

works by many researchers on discrete optimization, including the traveling 

salesman problem. As a result, there is an intensive accumulation of experience 

in solving the PC, which can lead to the emergence of new, effective methods 

of solving them. 
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4. Algorithm for statistical solution of discrete optimization problems 

The algorithm is based on the use of statistics of the frequencies of 

transitions from one point to another. The first part of the route is formed by the 

maximum frequencies of transitions. The other part of the route, additional to 

the cyclic permutation, is found after removing the rows and columns in which 

the transitions from the first part are located. 

The sample consists of cyclic routes that are generated according to the 

scheme considered below. 

           The generation of the solutions that make up the sample is presented (in 

terms of the Vogel method for drawing up the basic plan of the transport 

problem). The corresponding step and the result of this step are shown by an 

example:  

 

 

Departure 

points 

Destinations Stocks 

B1 B2 B3 B4 

A1 M 4 7 8 1 

A2 4 M 3 7 1 

A3 7 3 M 5 1 

A4 2 8 5 M 1 

Needs 1 1 1 1 

 

In the table, along the main diagonal of the matrix of elements ijc , there 

are numbers M large enough to provide a transition from two different points i 

and j (except for the starting point and the final point in the route, which 

coincide). 

The first reference plan is found by the approximation method, taking into 

account the features of the problem. 

1) For each line 
iA , find the difference between the two minimum tariffs 

written in this line,  

U1=(3,1,2,3), 

and put them in the corresponding additional column. 
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2) For each column jB , we find the difference between the two minimum 

tariffs written in this column,  

V1=(2,1,2,2), 

and put them in the corresponding additional line.  

3) Let us choose the largest difference from all the obtained. In this case, 

the largest difference is 3. In this row, the minimum tariff is 4 and is located at 

the intersection of runoff 
1A  and column 

2B . The element 
4A  and 

2B  also have 

a difference of 3, but the element 
41c  is less than 

12c . Therefore, we fill the cell 

with 
41c , setting 

41 1.x   

4) Now, taking into account the peculiarities of the problem, we exclude 

both row 4 and column 1 at the same time. 

5) For the rest of the matrix, we carry out similar calculations according 

to items 1) -4). We get the following two additional columns 

                                                         U2=(3,4,2, -) 

                                                        U3=(4,-, 2, -) 

 

 

and two additional lines 

                                                           V1=(-,1,4, 2) 

                                                           V1=(-,1, -, 3), 

where the “-“ sign means the absence of a value in the corresponding 

column (row). As a result of calculations, we obtain the plan (4,1), (1,2), (2,3), 

(3,4), which turned out to be cyclical. But this is not always the case. In the 

general case, this scheme may not lead to a cyclical plan, which is required by 

the conditions of the problem. Therefore, we modify the procedure in order to 

generate cyclic plans in the general case, as well as for selecting the best and 

collecting statistics on the frequencies of occurrence of elements in improving 

plans.  

Algorithm. 

1) For each pair  1 1 1 1,  ,  1, , ;  1, , ,i j i n j n     we calculate the 

estimates for the column 
1j  and according to its maximum estimate of the 

difference between the two minimum tariffs, we determine the row 
2i . Then, by 

row 
2i , we similarly define the column 

2j , and with it the element in the cell 

 2 2,  i j  to be entered into the plan. So in n-1 steps we will get a cyclic plan 
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   1 1 2 2, , , , , ,( )n ni j i j i j  we will receive such plans in the number n(n-1), from 

which the improving route values are selected for calculations according to the 

next item 2). 

2) We form the matrix p from the frequencies pij to include the element 

(i,j) in the cyclic design. 

3) We select elements (i,j) with the highest frequency ijp  from all rows 

(columns) to be included in the plan. 

4) With respect to the reduced data matrix, similar calculations are carried 

out as in items 1) -3). The resulting parts of the cyclical plan are combined into 

one complete cyclical design with n elements. If, after the reduction, we have 

reached a matrix up to a sufficiently small dimension kxk, then we add another k 

elements of the cyclic plan under construction using a complete enumeration of 

possible options. 

5. Computational experiments were carried out in order to estimate the 

number of elements introduced into the route by successive iterations for the 

investigated approach in solving discrete optimization problems.  

The formation of statistical samples in the algorithm is carried out with 

changing the distance matrix с  to the matrix 
'с , adding values  

ip  to the i-th 

row and jq  j-th column. Thus, the new matrix generated by the transformation  

   1 1( , ) ( , ) ,i jc c i j c i j p q     

where 
1 2( , ,..., )np p p p  and  

1 2( , ,..., )nq q q q   are random vectors, 

without changing the optimal solution.  

For the solved problems, according to iterations of the selection of 

elements at the maximum frequencies to enter the best plan, it turned out that at 

the next iteration at least 50% of the elements in the route under construction 

are included. The unification of the two parts of the route under construction 

was carried out according to operations similar to those shown in Fig. 2. In 

particular, if one part of the route has the form 
1 2, , , )( ki i i , and the other 

 1 2,  , ,  ,k k sj j j    then the combination of the parts results in a permutation of 

the following type of  

1 21 2

1 21 2... ...

... ...k k k s

k k k s

i j j ji i  

  
 
   

provided that  1.ki k  The parts to be joined can always be prepared for 

such a combination.  
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To eliminate the effect that the reference plans obtained by the 

approximation method (used in solving transport problems and in the branch-

and-bound method for solving various discrete optimization problems)  basic 

plans at the final stage receive sufficiently large values,  in the algorithm when 

implementing item 4), the values of k did not exceed four. This allows you to 

include in the plan elements with a low frequency, but improving the solution. 

        

3.11 Decomposition of information relative to bypass points 

by convex hulls 
 

The paragraph presents the results of an algorithmic study of a special 

optimization problem of  the transport type (traveling salesman problem): 1) To 

solve the problem, a new natural algorithm has been developed, based on the 

decomposition of the initial data into convex hulls, which has a number of 

advantages: it is applicable for a fairly large dimension, does not require a large 

amount of memory, and has fairly good performance. The relevance of the 

algorithm lies in the fact that in practice programs for problems with the 

number of traversal points of no more than twenty are widely used. For large-

scale problems, the availability of algorithms and programs of this kind is 

difficult. The proposed algorithm is natural because the optimal solution found 

by the exact algorithm is not always feasible due to the presence of many other 

factors that may require some additional restrictions. 2) Another inverse 

problem solved here is to describe a class of traveling salesman problems that 

have a predetermined optimal solution. The constructed algorithm 2 allows us 

to characterize the structure of traveling salesman problems, as well as 

construct test problems to evaluate the effectiveness of algorithms and other 

purposes.  

One of the problems in the research of transport-type operations (the 

traveling salesman problem), which has been intensively studied, is to create a 

closed route that passes through each of N points only once and is the least in 

terms of travel time or cost. The traveling salesman problem (TSP) belongs to 

the class of NP-hard problems. Therefore, today, approximate methods 

(directed enumeration, heuristic, genetic, using neural networks, etc.) are being 

developed to solve it. The emergence of new solution methods allows for a 

deeper understanding of the TSP problem, which will lead to an effective, 

accurate solution with a complexity acceptable for practice. 

It is known that problems of sufficiently large dimensions have been 

solved when N reaches several tens of thousands of points. If we are talking 
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about a specific problem, then by transforming the posed problem and applying 

one or more known methods, as a rule, we can obtain an optimal solution.       

     

3.11.1 On the solution of special traveling salesman problems.   

In the general case, for some classes of problems, it is possible to present 

an algorithm for obtaining an exact solution. For example, in cases where the 

finite set of initial points is a convex hull, or close in structure to the set of 

points of an integer square lattice on the plane. 

In the first case, the value of the optimal solution will be equal to the sum 

of the sides of the polygon corresponding to the convex hull. In the second case, 

the algorithm for constructing the optimal solution can be described as follows. 

The entire set of points is decomposed into convex hulls of 1 2, ,..., kP P P .The 

first convex hull 1P
 
 is constructed from the set of all initial points. The vertices 

of the constructed convex hull iP  are excluded from consideration when 

constructing the next one 1iP . Any point of the initial data will belong to only 

one of the constructed convex hulls 

The solution to the traveling  salesman problemm is obtained by the 

inverse process of 
combining the vertices of the convex hulls of the iP ,  

1,2,...,i k . For this, the following procedure is applied. We consider the 

initial route of the traveling salesman to be a sequential bypass, in one 

direction, of the vertices of the set М= 1P . For two points 1 1( , )a b  and 2 2( , )a b

from M and two points 3 3( , )a b  and 4 4( , )a b  from 1, 1,2,..., 1,iP i k    all six 

distances between these points are calculated and analyzed, and thus two points 

from the second convex hull are included between two adjacent points from M. 

Note that such a procedure for including points from the lower shell to the 

upper one can also be applied in more general situations of mutual arrangement 

of points and can be used in the corresponding algorithms. 

     

3.11.2 On the solution of the TSP using the data decomposition algorithm 

for convex hulls 

Let's consider a more complicated case of location of initial data on a 

plane. Let us present in more detail the corresponding algorithm for 

constructing convex hulls and a demonstration example.  
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Example 1. Given points (xdat, ydat). Number of points n=30.  

 

xdat=[2 5 10 15 17 16 12 6 3 3    8 13 15 16 14 10 5 5 8 10   

                          13 14 14 12 8 8 9 12 13 10]; 

                 ydat=[11 13 13 11 7 3 1 2 5 10   12 11 9 6 3 2 5 7 10 11   

                            10 7 5 3 4 6 9 8 5 5]. 

 

The result of constructing convex hulls is shown in Fig. 2. 

First, the outer convex hull is determined, on the boundary and inside of 

which all the data is located. 

The points located on the shell k+1 are added to the points on the shell k. 

The solution is obtained as a sequence of points obtained as a result of the 

union of all constructed convex hulls 1, 2,..,k. Depending on the location of the 

points, different criteria apply for inserting a point V from the k+1th convex 

hull between two points A and B on the path obtained after combining the 

previous k convex hulls. 

 
Figure 1. Representation of the initial data by a set of convex hulls 

 

Algorithm 1. 

The algorithm 1 for constructing a set of convex hulls and constructing a 

solution to the traveling salesman problem can be represented by the scheme: 

1) Data analysis, identification and elimination of duplicate data; 

2) Checking the linearity of the data, i.e. location of points on a straight line; 

3) If all points lie on one straight line, then the end of the search for 

convex hulls; 
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4) Construction of the convex hull of points. Based on the x and y 

coordinates, we determine the numbers of the vertices located on the given 

convex hull; 

5) Eliminate from further consideration a set of points on the constructed 

convex hull, as well as intermediate points between the vertices of this convex hull: 

6) Check if there are points left to determine the next convex hull; 

7) If “yes”, then go to step 2); 

8) After the completion of the process of constructing all shells, starting 

from the first, outermost, to the last, the number and coordinates of all convex 

shells are stored. As in the previous case, we begin the reverse process of 

combining convex hulls. The first and second convex shells are combined 

according to the criterion of proximity of the vertices of the second to the faces 

of the first one or by the minimum distance of a given point on the second shell 

from two points on the first one, etc.; 

9) The result of combining convex hulls is a sequence of points, which we 

take as a “practically” optimal route. As in the previous case, we begin the 

reverse process of combining convex hulls. 

Applying the described algorithm, for the example under consideration, the 

solution is represented by a sequence of points 1,2,19, 27, 11, 3, ..., 9, 18, 10 in Fig. 2. 

 
Figure 2. Sequence of bypassing items 

Regarding Algorithm 1 and the program implemented on this basis in the 

Appendix, we note that they represent a demonstration of a new natural 

approach to solving the symmetric traveling salesman problem. At the same 

time, computational experiments with traveling salesman problems with 

uniformly distributed detour points, as in the examples (Fig. 2), show the real 

possibility of using the developments. 
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  % Demonstration program for solving the symmetric traveling salesman problem  

function S_TSP     

clc 

clear all 

rand('state', sum(100*clock)) 

global i2 vo PVO xdat ydat i1 m  ctpvo it km kb r   

  

fprintf(‘\n Demo results ’); 

% Enter: n - number of points, M - a sufficiently large positive number,  

% eps - a sufficiently small positive number 

% Enter point coordinates (xdat,ydat) 

fprintf('\n  Initial data n=%d \n (xdat,ydat): ', n);   

for k=1:n fprintf(' (%d,%d)', xdat(k), ydat(k)); end 

  

 figure   

 hold on 

 for i=1:n          

     plot(xdat,ydat,'r.') 

     text(xdat(i),ydat(i), num2str(i));     

 end 

    

 np=n; ndat=n; idat=1:n;         

 ndat=n; x=xdat; y=ydat;  

 ind=1:n; indt=1:n; indo=1:n;  

   

 % Determine the number of repeating points 

 i1=0; re=zeros(1,1); 

 for i=1:n-1 

     for j=i+1:n 

        if abs(x(i)-x(j))+abs(y(i)-y(j))<eps  

           i1=i1+1; re(i1)=j;  

        end 

     end 

 end 

  

 if i1>0  % elimination of duplicate points 

    x(re)=[]; y(re)=[]; ind(re)=[];  

    n=n-i1;  

 end   

   

 it=0; 

 while n>=3  

    it=it+1; 

    % Start building CH for (x,y) with ind numbers 

 r=0;  

 x1=x(1); x2=x(n);     

 y1=y(1); y2=y(n); 

    for k=2:n-1 

       x3=x(k); y3=y(k); 



111 

       a=x3-x1; b=y2-y1; c=x2-x1; d=y3-y1; 

       if abs(a*b-c*d)<eps r=r+1; end    

    end  

     

 if r==(n-2)    % All points are on the same line 

    for k=1:n-1 

       x1=x(k); x2=x(k+1); % (x,y) - на прямой 

       y1=y(k); y2=y(k+1); 

       plot([x1 x2],[y1 y2],'r');  

    end 

    it=it-1; break; 

 end  

      

 kvert=convhull(x,y);  % kvert - CH vertex numbers 

 cvo=length(kvert);    % number of vertices on CH 

   

 xkv=x(kvert); ykv=y(kvert);         

 xkv(cvo)=xkv(1); ykv(cvo)=ykv(1);     

 indv=indt(kvert); indv(cvo)=indv(1);   

          

 ctvo(it)=cvo;  

 for k=1:cvo VO(it,k)=indv(k); end 

   % CH vertices at iteration it 

    

 for k=2:cvo 

    x1=xkv(k-1); x2=xkv(k);  % (xkv,ykv) - coordinates of CH vertices 

    y1=ykv(k-1); y2=ykv(k); 

    plot([x1 x2],[y1 y2],'r'); %       

 end  % k      

       

 xp=x; yp=y;    

 xp(kvert)=[]; yp(kvert)=[];   % (xp,yp) - points without vertices CH   

 rx=length(xp);  ind=1:rx; indt(kvert)=[];   

 % The remaining points along with intermediate ones on the edges CH  

 promej=zeros(n,n); cpt=zeros(1,n); ocpt=0; 

 for j=1:rx     % Is the point intermediate  

    for i=2:cvo    

       x1=xkv(i-1); x2=xkv(i);   

       y1=ykv(i-1); y2=ykv(i);   

       c1=x2-x1; c2=y2-y1; 

       c3=xp(j)-x1; c4=yp(j)-y1;  

       c5=c3*c2-c4*c1;            

       if abs(c5)<eps  

          cpt(i-1)=cpt(i-1)+1; ocpt=ocpt+1;    

          promej(i-1,cpt(i-1))=indt(j); 

       end      

    end   % i  

 end  % j    

if ocpt>0  
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    indp=zeros(1,ocpt);    

    for i=1:cvo  

        upr=zeros(1,cpt(i)); x1=xkv(i); y1=ykv(i); 

        for j=1:cpt(i) i1=promej(i,j); x2=xdat(i1); y2=ydat(i1);   

            upr(j)=sqrt((x1-x2)^2+(y1-y2)^2);  

        end  

        [b,c]=sort(upr); 

        for j=1:cpt(i) g(j)=promej(i,c(j)); end     

        for j=1:cpt(i) promej(i,j)=g(j); end          

    end  %  i   

 end 

  

    r=0; 

    for i=1:cvo-1   

       r=r+1; indp(r)=indv(i);                   

       for j=1:cpt(i) r=r+1; indp(r)=promej(i,j); end 

    end 

      

    ctpvo(it)=r;   

    for j=1:r PVO(it,j)=indp(j);   

    end 

    k=n-r; 

    

    r=0;  

    x=zeros(1,k); y=zeros(1,k); ind=zeros(1,n); indt=zeros(1,n);  

    indo(indp)=-1; ind=1:k;  

    

    for i=1:ndat  

        if indo(i)>0   

           r=r+1; x(r)=xdat(i); y(r)=ydat(i); indt(r)=indo(i);    

        end 

    end      

    n=k;         

 end     

  

 % Built by it CH  

 % Numbers and coordinates of the remaining points:indt(i),x(i),y(i)) i=1:n  

  

  prlvo=0;   % prlvo - sign of linearity of the last CH 

  if n>0 

     it=it+1; prlvo=1;  

     for i=1:n VO(it,i)=indt(i); PVO(it,i)=indt(i); end 

     ctvo(it)=n+1;  ctpvo(it)=n;          

     VO(it,n+1)=VO(it,1);    

  end 

  

   % Building a route based on data from two adjacent convex hulls 

   i1=ctpvo(1); 

   m=zeros(1,i1);   



113 

   for i=1:i1 m(i)=PVO(1,i); end 

   m(i1+1)=m(1); i1=i1+1; 

   for i=1:i1 fprintf(' %d', m(i)); end  

   

   for vo=2:it  

      i2=ctpvo(vo);    

      zahvat();   

      % Joining points from the inner CH to the outer one 

      fprintf('\n Current route vo=%d i1=%d m: ',vo,i1); 

      for i=1:i1 fprintf(' %d', m(i)); end   

        

      figure; 

      hold on 

      for i=1:i1-1        

         j1=m(i); j2=m(i+1); 

         ai=xdat(j1); bi=ydat(j1);  

         aj=xdat(j2); bj=ydat(j2); 

         plot([ai aj],[bi bj],'k'); % External CH 

         plot(ai, bi,'r.');   

      end 

     

      PVO(vo,i2+1)=PVO(vo,1);  

      for i=1:i2 

         j1=PVO(vo,i); j2=PVO(vo,i+1); 

         ai=xdat(j1); bi=ydat(j1);  

         aj=xdat(j2); bj=ydat(j2); 

         plot([ai aj],[bi bj],'g');  % Attachable CH  

         plot(ai, bi,'r.');  

         fprintf(' %d', j1);       

      end     

      hold off  

   end    

    

   fprintf('\n ');      

   figure; 

   hold on 

   f=0;       

   for i=1:i1-1 

       j1=m(i); j2=m(i+1); 

       ai=xdat(j1); bi=ydat(j1);  

       aj=xdat(j2); bj=ydat(j2);  

       f=f+sqrt((ai-aj)^2+(bi-bj)^2); 

       plot([ai aj],[bi bj],'r');   

       plot(ai, bi,'b.');           

   end 

   hold off 

   fprintf('\n Route length m: f=%6.1f \n ', f); 

   for i=1:i1-1 fprintf(' %d', m(i));  

   text(xdat(i),ydat(i), num2str(i)); 
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   end 

   fprintf('\n\n');  

  

   for i=1:it 

       ctpvo(i)=ctpvo(i)+1;  PVO(i,ctpvo(i))=PVO(i,1); 

   end  

    

   % Getting started with obhod() 

   kz=M;  m=zeros(1,ndat); r=0;  

   kb=zeros(1,it); km=zeros(1,it); 

   if prlvo==1 it=it-1; end 

   for vo=1:it-1 

      obhod();  

   end 

  if prlvo==1 

     % Build route after obhod() and then 

     % join the last CH line to the previous CHs 

  end 

  

function obhod() 

   global i2 vo PVO xdat ydat i1 ctpvo km kb kz rkb rkm 

   i2=ctpvo(vo+1)-1;       

   dmin=1000.0;   

   for k=1:i2 

      if i2<2 break; end 

      i31=PVO(vo+1,k); i32=PVO(vo+1,k+1);  

      ak=xdat(i31); bk=ydat(i31); 

      ak2=xdat(i32); bk2=ydat(i32); 

      i1=ctpvo(vo)-1;     

     for i=1:i1   

        if i==kz-1 | i==kz | i==kz+1 continue; end   

        i4=PVO(vo,i); i5=PVO(vo,i+1);   

        ai4=xdat(i4); bi4=ydat(i4); 

        ai5=xdat(i5); bi5=ydat(i5); 

          

        dki4=sqrt((ak-ai4)^2+(bk-bi4)^2); 

        dk2i5=sqrt((ak2-ai5)^2+(bk2-bi5)^2); 

        di4i5=sqrt((ai4-ai5)^2+(bi4-bi5)^2); 

        dkk2=sqrt((ak-ak2)^2+(bk-bk2)^2); 

        a=dki4+dk2i5; b=di4i5+dkk2;  

        dt=a-b;     % dt=min(dki4,dki5);  

        if (dmin>dt)  

           dmin=dt; kb(vo)=i; km(vo)=k;  

           rkb(vo)=PVO(vo,i); rkm(vo)=PVO(vo+1,k); 

        end 

     end % i      

  end % k    

   

  kz=km(vo); 
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function zahvat() 

   global i2 vo PVO xdat ydat i1 m   

   for k=1:i2     

      dmin=1000.0;   

      i3=PVO(vo,k); 

      ak=xdat(i3); bk=ydat(i3); 

      for i=1:i1-1  

         i4=m(i); i5=m(i+1);  

         ai4=xdat(i4); bi4=ydat(i4); ai5=xdat(i5); bi5=ydat(i5); 

         dki4=sqrt((ak-ai4)^2+(bk-bi4)^2); 

         dki5=sqrt((ak-ai5)^2+(bk-bi5)^2); 

         di4i5=sqrt((ai4-ai5)^2+(bi4-bi5)^2); 

         dt=dki4+dki5-di4i5;    

         % dt=min(dki4,dki5);  

         if (dmin>dt)  

           dmin=dt; imin=i; im=i4; ib=i5;     

         end 

      end  % i    

       

      for j=i1:-1:imin+1 m(j+1)=m(j); end 

            m(imin+1)=PVO(vo,k);  

      i1=i1+1; m(i1)=m(1);    

   end % k       

  

Demo results 

Initial data n=30  

 (xdat,ydat):  (2,11) (5,13) (10,13) (15,11) (17,7) (16,3) (12,1) (6,2) (3,5) (3,10) (8,12)  

                      (13,11) (15,9) (16,6) (14,3) (10,2) (5,5) (5,7) (8,10) (10,11) (13,10) (14,7)  

                      (14,5) (12,3) (8,4) (8,6) (9,9) (12,8) (13,5) (10,5) 

Current route vo=1 i1=10 m:  9 8 7 6 5 4 3 2 1 9 

Current route vo=2 i1=18 m:  9 17 8 16 7 15 6 14 5 13 4 12 3 11 2 1 10 9 

Current route vo=3 i1=26 m:  9 17 8 25 16 7 24 15 6 23 22 14 5 13 4 21  

                                               12 20 3 11 19 2 1 10 18 9 

Current route vo=4 i1=31 m:  9 17 8 26 25 30 16 7 24 15 6 23 29 28 22 14 5  

                                                13 4 21 12 20 3 11 27 19 2 1 10 18 9 

Route length m: f=  73.6  

                      9 17 8 26 25 30 16 7 24 15 6 23 29 28 22 14 5  

                     13 4 21 12 20 3 11 27 19 2 1 10 18 
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CHAPTER 4. A NATURAL METHOD FOR  

SOLVING THE TRAVELING SALESMAN PROBLEM   

 

 

 

 

4.1 An approach to solve the traveling salesman problem with help of the 

potentials method 

The exposition of this paragraph follows article [52].  Approximate 

solution of the traveling salesman problem is carried out by modifying the 

potentials method to solve the transport problem and using the necessary 

optimality condition. In the process solutions, the cost matrix is converted to 

eliminate unwanted journeys from one point to another.          

When using quantitative methods to solve economic problems, it is 

necessary to take into account the limits that they possess. Transportation tasks 

are such classes, for example, the selection problem, the maximum flow 

problem, the shortest path problem, the distribution of products between 

enterprises, the distribution of cultivated area, the optimization of the supply of 

raw materials and materials for manufacturing enterprises, the optimization of 

goods deliveries from warehouses to retail stores, optimizing passenger traffic. 

This allows the development of more efficient methods for solving them 

compared to general methods. 

For the transportation problem, efficient solution algorithms have been 

developed. Here, the theory of solving the transportation problem is essentially 

used to solve the traveling salesman problem, taking into account its 

limitations. 

We adapt technology for solving the transportation problem to determine 

the optimality of an admissible solution to the traveling salesman problem. The 

initial data of the TSP is represented by the matrix of distances (costs) 
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Going from point i to point j, the traveling agent suffers loss ijd . The cost 

of travel through the points 1 2, ,..., ni i i  is equal to 

1 1

1

1

.
k k n

n

i j i i

k

f d d






   

Enter the initial data of the traveling salesman problem, represented (in 

transportation problem terminology) as the supplier inventory vector 

1 2,( , ,..., )na a a a , the consumer query vector 1 2,(b ,b ,..., b ),nb  , where 

1 , 1, ,ia i n  
 

1, 1, 1, 1 ,i nb i n b n    
 

 – quite a small number. 

The solution to the problem of the traveling salesman is done in the following 

way: 

1) Formation of a valid cyclic solution. For this purpose, different ways of 

generating admissible solutions are used. We will identify each variable xij  with 

the route (i,j). Finding a non-degenerate base solution is equivalent to finding at 

most 2n–1 routes (out of the 
2n  possible ones). The routes will be organized in 

a table similar to the one in which the problem data is organized, with each 

route corresponding to a box (i,j). 

To find some basic initial solutions there are a multitude of methods (the 

north-west method; the line minimum method; the column minimum method; 

the minimum cost method; the maximum difference method; modified Vogel 

method). Some methods try not only to find the plan, but even to find the best 

one. In this plan, we will present the Vogel method, adapted to solve the 

traveling salesman problem: a) for each line and each column, the difference 

between the two lowest costs of its routes is calculated (the difference can be 0 

if the minimum is multiple) and find the maximum between these differences; 

b) among all the routes on the lines and columns corresponding to this 

maximum, the minimum cost route is chosen (if the minimum is multiple, one 

is taken at random). The maximum possible is transported on this route. This 
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maximum is equal to the minimum between the quantity still available at the 

supplier corresponding to this route and the quantity still needed at the 

consumer corresponding to the route, at the time of choosing this route. It is 

transported in this way in order to use as few routes as possible and therefore to 

obtain a basic solution. The adaptation of the Vogel method means that at each 

stage of the formation of an admissible { }ijx  solution the requirement of its 

cyclicity is taken into account. 

Another approach to forming a feasible solution { }ijx  is possible as in the 

following table 

      1+  

1         

  1        

  1-     2  

    1   

 

unde   – număr destul de mic, where   – quite small number,  >0.   

2) We determine the potentials 
iu  and jv ; 

3) Further we will calculate   

ij i j ijs u v d    

for all zero values ijx ; 

4) We build the next feasible solution. Two cases are considered: а) 

among all ijs estimates there is none positive; b) some ijs  estimates are positive. 

In case a) the plan is optimal. According to the optimal plan (for the 

transportation problem constructed in the last step) a permutation is formed 

1 2 ...
(xv, yv)

1 2 ...

ni i i

n

 
  
 
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where 
ki  (the number k  of the upper part xv of the permutation (xv,yv)) 

means the number of the row in matrix { }ijx  where element 
ki jx  is close to one. 

If the permutation (xv,yv) is cyclic, then we obtain an admissible solution to the 

traveling salesman problem. If the permutation (xv,yv) is not cyclic, then it is 

decomposed into cycles and for each cycle of type 
1 2 ... sj j j  (of length s) the 

cost matrix d is corrected, namely, the element 
1sj jd  is replaced by a sufficiently 

large number M to prohibits the passage from point 
sj  to point 

sj .     

In case b), for each positive ijs  evaluation corresponding to the zero 

element of the ijx , a closed cycle is constructed (by the general rules): starting 

from this route, passing only through the routes of the solution, going only 

vertically or horizontally and each passage from a route to another being only 

perpendicular to the previous passage. There is only one circuit with these 

properties that passes through an even number of routes. Starting with "+" from 

the route that will enter the base, the circuit routes are alternately noted with "+" 

and "–". It is marked with  the minimum of the quantities transported on the 

routes marked with "–" and the route for which this minimum was obtained is 

the one that will leave the base.  is subtracted from the quantities transported 

on the routes marked with "–" and added to those marked with "+", the routes 

that are not on the circuit keeping their value. 

Then, we construct the next admissible solution. The computation 

continues according to the transportation problem algorithm. The study of the 

possibility of forming an acceptable cyclic approximation to each positive ijs  

(for zero ijx ) is a specific preliminary stage of the considered approach to 

solving the traveling salesman problem. 

5) From the admissible constructed cyclic solutions, the best one is 

chosen. 
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Experiment. Experiments were conducted on a number of test problems. 

Admissible solutions were obtained which were compared with those found 

using the author's programs [52].  

Conclusions. The approach proposed here for solving TSP is promising 

for problems with large different dimensions and can serve as a basis for 

developing its modifications and experimental research to efficiently solve 

discrete optimization problems. 

This section presents for the first time the idea of improving the 

technology of the potentials method for solving the traveling salesman problem. 

The following sections develop this idea. As a result, original algorithms and 

programs for solving the traveling salesman problem were developed. 

 

4.2 Methods for constructing cyclic solutions  

Schemes for constructing an initial base plan for an approximate solution 

of the traveling salesman problem using the method of potentials are given. The 

requirements for the initial solution are provided (cyclicity,  balance of 

"reserves" and "needs", non-degeneracy). The procedures for the formation of 

cycles for the transition to a new plan and the calculation of potentials are 

simplified, which expands the possibilities for an effective approximate solution 

of problems of a sufficiently large dimension. 

The search for a solution to the traveling salesman problem using the 

potential method was carried out using several methods for constructing the 

initial reference plan of the corresponding transport problem with a certain 

constraint. The peculiarity of the construction is that "reserves" and "requirements" 

are equal to one and to overcome the degeneracy and cyclicity of the plan, special 

approaches are required, among which the following were used. 

Scheme 1. Consists of two parts. In the first part 1.1 in the plan X under 

construction (in the beginning, a square zero matrix of dimension n), identity 

elements are determined. In the second part 1.2, n-1 more elements are 

introduced into the plan X to eliminate the degeneracy and one more element 

(fictitious zero), which makes it possible to simplify the procedure for forming 

cycles for the zero elements of the plan X and obtaining a new non-degenerate 

support plan. 

1.1. Inserting X elements X(i,j) into the base plan under construction, the 

values of which are equal to 1, which means the transition from point i to point 

j in the traveling salesman route. 



121 

A permutation of 1 2( , ,..., )np i i i  is generated, where ki is the number of the 

kth bypass point. The cyclic traversal of points is represented by a set of pairs  

1 1 2 2( , ) (( , ), ( , ),..., ( , ))n nx y x y x y x y , 

where  1i ix p   if  i<n and 1ix p  if  i=n; ,i iy p  i=1,2,...,n.  

,( .) 1i iX x y   

1.2. Elimination of degeneracy of the base plan by adding positive 

elements   (is a rather small number, for example  =0.01) in  base plan X,   

For i=1,2,...,n. and  i<n  

 1,i iX x y   ,  1i ixe x  , 

if  i=n  

 1, nX x y  ,  
1ixe x . 

Taking into account the fact that i iye y  for all i, a pairs of ( , )i ixe ye  are 

formed, in order to analyze the quality of the constructed solution in all 

schemes (the number of non-zero elements in the matrix X, the number of 

elements in rows and columns, the sums in rows and columns are counted), as 

well as checking the non-match condition ixe  and iye ,  since the peculiarity of 

the problem under consideration is the transition from one point to another once 

and only once.        

Scheme 2. To be able to extend plan X independently of part  1.1,  in the 

second part 1.2, elements are added using a function to generate uniformly 

distributed random values (for example, the rand() functions in  C/C++). In 

each column (taking into account the fictitious zero) an element equal to eps is 

inserted. As a result, in each column and in each row there will be one unit and 

one element ɛ.   

Scheme 3. From the generated permutation 1 2( , ,..., )np i i i  the positions 

of elements equal to one are determined in the original plan X, i.e. couples 

( ),i ix y ,  i=1,2,...,n  (by analogy with 1.1). 

Further from permutation 1 1( , ,..., )n nq i i i ,  in which the elements are in 

reverse order than in  p, the second group of elements is formed in positions 

( , )i ixe ye , i=1,2,...,n,  for base plan  X:  

1

1

,

,
i

iq i
e

n
x

n

q i

 




 

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i iye q . 

                                                  

                                          ( , ) 1,i iX x y                                                   (1) 

 

                                        ( , ) .i iX xe ye eps                                            (2) 

Scheme 4. To analyze the properties of cycles for zero elements of the 

reference plan, the matrix X (feasible solution) is determined in accordance with 

the adjusted expressions (1) and (2). 

We will show the construction of a base plan using the example of the 

matrix X for n=5, i.e. dimensions 5x5, for which, by the positions of elements 

close to one, it is possible to construct a permutation (bypass route of points),  

0 0 0 0 1

1 0 0 0

0 1 0 0

0 0 1 0 2

0 0 1 0

X







 



 
 
 
 
 

 
 
 

 

The possibility of obtaining new cycles can be increased by changing the 

position of the nth column and rows numbered n and n-1. In accordance with 

such a transformation of X, it is necessary to transform the distance matrix 

corresponding to the task. 

Scheme 5. After determining all units based on the generated permutation 

p, as in (1), additional elements of the matrix X are inserted into the first 

unoccupied element of the column, starting from the first. To insert missing 

additional elements in column j1 and row i1, a pair is defined in the sequence 

(xe(i),ye(i)), for which 

 

( ( ), ( )) ,X xe i ye i     , 1 0 X xe i j   and   1, 0X i ye i  . 

 

Next is the replacement 

( ( ), ( )) 0,X xe i ye i   

 

( ( ), 1) ,X xe i j   

 

( 1, ( ))X i ye i 
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If there is no additional element in row i1 and column j1 and 

( 1, 1) 0,X i j 
 then a replacement is made  

( 1, 1) .X i j 
 

 

Scheme 6. The initial base plan X of the traveling salesman problem is 

constructed by modifying the Vogel method, which is known from practice as 

one of the effective ways to build a baseline plan for a transport task. In other 

words,, the method of forming a permutation in clause 1.1 of scheme 1 is 

changed, and additional elements can be inserted into the initial plan under 

construction according to one of the options of clause 1.2 in schemes 1-5. In 

more detail, this scheme, which was used in the work of the [49-62], is 

represented by the following code. 

void ModVogel()  

{ 

     /*  For every pair (ic,jc), ic is not equal to jc, a permutation 

is being built 

     for(ic=1; ic<=n; ic++) {  

           for(jc=1; jc<=n; jc++) {   

                  if (jc==ic) continue; 

        plan(ic,jc);     

            }      

      }       

}        

 

void plan(ic,jc) 

{           

      /*  ijc - distance matrix between points  

            Pairs ( , )i ix y  determine the position of units in the 

matrix X 

       */ 

      for(i2=1; i2<=n; i2++) {  

          xv[i2]=0; yv[i2]=0; mrs[i2]=0; 

      }     

      i=ic; j=jc;  

       /*    (mrs[r],mrs[r+1]) – transition from point mrs[r] to 

point mrs[r+1]  */ 

      r=1; mrs[r]=i; r++; mrs[r]=j;   

      xv[i]=1; yv[j]=1; it=i; jt=j; 

      i=j;  

      /*  The stroc() and stolb() functions are executed until the 
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full definition of the cyclic 

           route, which is determined by the vector mrs 

      */       

      stroc();  /* Determining column j by row i */  

      stolb();  /* Determining row i by column j */ 

      mrs[n+1]=mrs[1]; 

}  

void stroc()   

{  

     for(k=1; k<=2; k++) {   

/* The difference mul of two minimal elements is determine  

    stl[2][j]  and stl[1][j]  in column j of the distance matrix ijc   

*/  

          stl[k][j]=M; rt=M;    

          for(i2=1; i2<=n; i2++) { 

                if (xv[i2]>0 || yv[i2]>0) continue; 

   if (k==1 && c[i2][j]<rt) { 

                            rt=c[i2][j]; istl[k][j]=i2;  

                        } 

             if (k==2 && c[i2][j]<rt && i2!=istl[1][j]) { 

                            rt=c[i2][j];  istl[k][j]=i2;  

                        } 

          } 

                stl[k][j]=rt; 

     }    

          mu1=stl[2][j]-stl[1][j];   

          r++; mrs[p]=istl[1][j]; i=istl[1][j];  

          xv[i]=1; yv[j]=1;  it=mrs[r-1]; jt=mrs[r];  

          c[j][i]=M; 

 i=j;   

 }   

void stolb()  /*  The line i  is fixed and column j is determined */ 

{     

     for(k=1; k<=2; k++) {       

          str[k][i]=M; rt=M;    

          for(j2=1; j2<=n; j2++) {  

               if (yv[j2]>0 || xv[j2]>0) continue; 

         if (k==1 && c[i][j2]<rt) {  

                        rt=c[i][j2];  istr[k][i]=j2; 

                    } 

         if (k==2 && c[i][j2]<rt && j2!=istr[1][i]) {  

                        rt=c[i][j2]; istr[k][i]=j2;  

         } 

         str[k][i]=rt;   
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          }  

               mu1=str[2][i]-str[1][i];         

               r++; mrs[r]=istr[1][i]; j=istr[1][i];   

    xv[i]=1; yv[j]=1; it=mrs[r-1]; jt=mrs[r];  

               c[j][i]=M;  

               j=i;     

 }      

 

Let us give an example of the use of schemes 1-6. Let's assume that the 

square matrix of distances of dimension n=9 has the form: 

 

18 40 27 15 4 13 38 15

18 33 9 19 26 18 8 35

38 33 17 22 14 26 22 11

25 10 15 33 22 6 20 5

15 21 21 31 10 26 33 27

6 27 16 24 10 22 25 32

12 19 26 5 25 21 28 20

36 7 24 21 31 27 26 13

15 33 10 5 27 32 19 12

M

M

M

M

с M

M

M

M

M

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Using, for example, scheme 5, units are inserted according to the 

generated permutation and additional elements, equal to ɛ, in each column to 

the place, which is determined by a random number from 1 to n-2. We obtain 

the matrix X (expression (3) on the left), in which there is no additional element 

in row 8 and column 3. Therefore, at the intersection we make the substitution  

(8,3)X  . Thus, the final expression for X (in (3) on the right), completes the 

construction of the base plan, in which one of the additional elements, equal to 

ɛ, is considered fictitious and is not taken into account in the calculations of 

potentials and in the construction of the cycle. 

Schemes 1-6 satisfy the requirements for the base plan (the balance of 

"reserves" and "needs" is ensured, no verification of the degeneracy of the base 

plan is required). In addition, such schemes for generating a reference plan 

make it possible to simplify the stages of calculations using the method  
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potentials. For example, in schemes that give a basic plan of the form (3), due 

to the presence in each row and each column of one unit and one additional 

element ɛ (there are n in total), any one of which can be considered a fictitious 

zero, which makes it possible to simplify the procedure for calculating the 

potentials and building a cycle for recalculating the base plan. If potentials are 

calculated, it is recommended to start with the element of the first row equal to 

one, then go along the column to the additional element, from it along the next 

line to one, etc. until all potentials are determined. A similar procedure can be   

0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0

X

















 
 
 
 
 
 
 
 
 
 
 
 
 
 

    

 

0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0

X



















 
 
 
 
 
 
  
 
 
 
 
 
 
 

                             (3) 

 

used to construct a cycle corresponding to a fictitious or zero off-diagonal 

element. According to the matrix X in (3), starting, for example, from the 

element (6,4), we obtain the cycle  (6,4), (8,4), (8,3), (9,3), (9,8), (3,8), (3,9), 

(5,9), (5,1), (7,1), (7,6), (2,6), (2,7), (4,7), (4,5), (6,5).   

The possibilities of generating cyclic solutions by schemes 1-6 increase, if 

the original distance matrix с is transformed into the matrix  
'

ij ij i jc c p q  
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(without changing the value of the optimal solution), where 
ip  and jq  ̶  random 

positive numbers, , 1,i j n .      

 

4.2.1 Construction of initial feasible cyclic solutions based on the cost 

matrix and the evaluation matrix 

One of the most important moments in the development of algorithms for 

solving discrete and combinatorial optimization problems is the choice of the 

initial solution. For example, for the traveling salesman problem, it is generally 

recommended to choose a solution as close to the optimal as possible. For this 

purpose, it is useful to form an initial cyclic solution based on the cost matrix 

mс and the evaluation matrix mo. 

Formation of a cyclic solution based on the cost matrix mc. 

1. We construct a sequence of   

mc(1,1), …mc(1,n), mc(2,1),…,mc(2,n), mc(n,1),…,mc(n,n)                (1)  

2. By arranging (1) in ascending order, we obtain the sequence y.  

3. We select ny – the maximum number of elements in the sequence (1) 

that are not greater than a given sufficiently large number M, max mc(i,j)<M 

for , 1,i j n .  

4. For each element of the  ,k k ky mс iy jy , k=1,2,…,ny, we construct a 

cyclic solution 

       1 1 2 2 3, ,  , ,  , ,  , ,k k k k k k k kiy jy jy jy jy jy jy jy  , 

for which element 
1 1 1 1( , ) ( , )ks ks ks ks ksy mс iy jy mс jy jy      is selected as 

minimal from sequence y, after excluding previous elements. 

5. The best cyclic solution is selected after passing its evaluation for each k. 

 % Generating a cyclic solution usiung the matrix mс 

    c=mc;  

   [f,xv,yv]=Algoritm(n,c);     

function [fmin,xm,ym]=Algoritm(n,c)      

      [y,iy,jy,ny]=FMDR_1P(n,c);   

      [fmin,xm,ym]=FMDR_4P(n,c,ny,y,iy,jy);    

 

function [y,iy,jy,ny]=FMDR_1P(n,с)    

      s=0; 

       for i=1:n  

           for j=1:n 

               if i~=j s=s+1; 

                   t(s)=с(i,j); it(s)=i; jt(s)=j;  

               end 
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           end 

       end 

       [y,k]=sort(t);   

       iy=it(k); jy=jt(k); 

       ny=length(y);  

 

    [fmin,xm,ym]=FMDR_4P(n,c,ny,y,iy,jy)  

    fmin=Inf; xm(1:n)=0; ym(1:n)=0;  

    for i=1:ny 

        k=1; xn(k)=iy(i); yn(k)=jy(i);   

        for j1=2:n 

        for j=1:ny 

            x1=iy(j); y1=jy(j); kn=0; 

            if x1==yn(k) 

               for i1=1:k 

                   if x1~=xn(i1) && y1~=yn(i1) kn=kn+1; end 

               end 

               if k<n kn1=0; r=0;  

                  for i1=1:k 

                      if y1~=xn(i1) kn1=kn1+1; end 

                  end  

                  if kn1==k r=1; end 

               end 

               if kn==k && r==1  

                  k=k+1; xn(k)=x1; yn(k)=y1; break;                     

               end 

            end  % if x1==yn(k) 

          end  % j 

        end   % j1  

        if k==n-1 

           k=k+1; xn(k)=yn(n-1); yn(k)=xn(1);  

           f=CelFunc(n,c,xn,yn);   % Calculation of the objective function 

           if f<fmin fmin=f; xm=[xn]; ym=[yn]; end      

        end     

    end   %  i   

Generating cyclic solutions based on the mo evaluation matrix. 

1. We construct a sequence of   

mo(1,1), …mo(1,n), mo(2,1),…,mo(2,n), mo(n,1),…,mo(n,n)         (2)  

2. By arranging (2) in descending order, we obtain the sequence y. 

3. We select ny – the maximum number of elements in the sequence (2), 

not less than M, min mc(i,j)>-M for , 1,i j n .  

4. For each element  ,k k ky mo iy jy , k=1,2,…,ny, we construct a 

cyclic solution  

       1 1 2 2 3, ,  , ,  , ,  , ,k k k k k k k kiy jy jy jy jy jy jy jy   
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for which the element 
1 1 1 1( , ) ( , )ks ks ks ks ksy mo iy jy mo jy jy      is selected as 

the maximum from the sequence y, after excluding the previous elements. 

5. The best cyclic solution is selected after passing its evaluation for each k. 

 

4.2.2 On the procedure for constructing orthogonal cyclic permutations 

and its application  

To apply the method of potentials in solving the transport type (choice 

problem, traveling salesman problem) [137-143], procedures for obtaining 

orthogonal cyclic permutations are applied. Let's consider one such procedure.    

Let 1 2,...,( , )np p p p  a cyclic permutation in which 
ip , 1,i n ,  one of the 

numbers in the set  1,2,...,N n . 

Definition. We call a cyclic permutation orthogonal to p if all pairs 

( , ),i ip q 1,i n , are distinct. 

The procedure for constructing several orthogonal cyclic permutations 

[3]–[4] becomes much more complicated as their number grows. In practice, 

when solving problems of transport type with restrictions 

1

1,
n

ij

i

x


 1,2,..., ,j n  

1

1,
n

ij

j

x


 1,2,..., .i n  

by the method of potentials, the construction of two orthogonal cyclic 

permutations is used.      

Algorithm 1. Generation of random orthogonal cyclic permutations. 

Step 1. 

1.1. We take an arbitrary random permutation of 1 2,...,( , )np p p p  using, 

for example, the randperm(n) function in the MatLab package [142]; 

1.2. We build a permutation 
1 2

( , ,..., )
ni i iq q q q   orthogonal to p. The 

permutation q is such that all pairs ( , )i ip q , 1,2, ,i n  ,  are distinct. This is 

ensured by the fact that for 
1p , we take any 

1i
q  not equal to 

1p   and  
1i  from N . 

Then we determine 
2i

q , not equal to
2p , but 

2i  from the remaining n-1 

values N. We get a pair of 
22( , )ip q .   
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1.3. We continue the process for 3,4,...,i n . We get a cyclic 

permutation 

1 2

1 2

...

...

n

n

pp p

qq q

 
 
 

                                                (1) 

Next, we define a random permutation orthogonal to permutation (1). 

Step 2. 

2.1. From the numbers 1,2,...,i n  and 1,2,...,j n  we choose two 

random numbers r and s, such that r does not coincide with one and is not equal 

to 
1p , and from them we determine the first pair, denoted as 1

1

j

j

r

s

 
 
 
 

  

2.2. Next couple 2

2

j

j

r

s

 
 
 
 

 determined so that it does not coincide with 

1

1

j

j

r

s

 
 
 
 

, where 
2j

r  - random from remaining in N , and 
1 2j js s . 

2.3. Other couples k

k

j

j

r

s

 
 
 
 

, 3,4,..., 3k n   are defined so that they do not 

coincide with the previous ones,  and 

                                                 
1k kj js s


  for odd k and 

                                                   
1k kj jr r


  for even k, 

and  
kj

r  is not equal 
kj

s .                        

After building the first n-3 pairs 

 

31 2

1 2 3

...

...

n

n

jj j

j j j

rr r

q q q





 
 
 
 

                                           (2) 

 

it is necessary to complete permutation (2) for the last three indices up to 

a complete permutation of order n. Let's start the description of the permutation 

complement procedure with an example. 

     Example. Let us assume that the matrix x is constructed in accordance 

with (1) and (2), i.e. non-zero (identity) elements, correspond to permutation 

(1), and fictitious zeros, which are considered as sufficiently small positive 

numbers, correspond to permutation (2). Diagonal elements that do not 
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participate in the formation of permutations (1) and (2) are conventionally 

denoted by the letter M. 

0 1 0 0 0

0 0 1 0 0

1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 1

0 1 0 0 0 0

0 0 1 0 0 0

M

M

M

x M

M

M

M









 
 
 
 
 

  
 
 
 
 
 

 

We cross out rows 4, 6 and 7, as well as columns 5, 6 and 7, in which there 

is no fictitious zero.For the remaining elements, we compose the matrix m: 

0 1 0

0 0

0 0

m M

M

 
 

  
 
 

 

By the matrix m, we complete the permutation (2). There is one option for 

complementing the permutation (2): (2,1), (3,2) and (1,3). 

In the general case, for any n, options 1)-6) are formed according to the 

three-dimensional matrix:                                                         

1) 
11 22 33;a a a    2) 11 32 23;a a a    3) 

21 12 33;a a a  

4) 
31 12 23;a a a    5) 

21 32 13;a a a    6) 
31 22 13a a a  

from which any one possible is chosen.  

As a result of studying the issue of constructing orthogonal cyclic 

permutations, it turned out that the construction of several orthogonal 

permutations (not necessarily cyclic), which are also used in solving transport-

type problems with special restrictions, can be constructed using the method of 

solving the choice (assignment) problem. Let us describe Algorithm 2, which 

can be used to construct several orthogonal permutations of order n, in order to 

expand the possibilities of its application. If n permutations are built, then, in 

essence, this means that a Latin square [92], [143] of order n is built, which is 

widely used in scientific research, in economics, in agronomic research (to 

minimize the mutual influence of different experiments), in statistics, etc. 

Algorithm 2 will make it possible to use the elements of randomness in the 

construction of orthogonal permutations and, thereby, regulate the uniformity of 

the probability of each digit falling into each cell of the Latin square. 
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Algorithm 2. Construction of orthogonal permutations. 

1) A square matrix c of order n is formed, all elements of which are m,  

 c m , m is a sufficiently large positive number, m>n.  Matrix LC is a zero 

matrix of order n; upon completion of the calculations, all constructed 

orthogonal permutations will be presented in it; 

2) In the cycle with respect to the variable I, n orthogonal permutations of 

order n are constructed; we put C=c. To construct each of the n permutations, a 

system of different representatives of the 
iS , i=1,2,…,n  sets is searched.  At the 

first step of the cycle, with I=1, ( , ,..., )iS m m m  for any i. At the next 

iterations, the 
iS  sets will turn into orthogonal permutations under construction. 

3) According to the corresponding method, the minimum values of the 

rows are found, the matrix C is reduced by rows; then the minimum values of 

the columns are found and the matrix C is reduced by columns; 

4) In the loop, “independent zeros” are determined (here, an element of 

chance can be used in the formation of a set of independent zeros);  

5) If the number k of independent zeros is equal to n, then all 

representatives are found and we form the first permutation by them; 

6)  If not all independent zeros are found, then the matrix C 

transformation operation is performed, namely, the minimum set of lines that 

cross out all zeros of the matrix C is determined; 

7) If there are not crossed out elements, the matrix C changes according 

to the rule:  

                            ,ij ijС C mnz                                        (3) 

where mnz is the minimum non-crossed out element of the matrix C. 

Then the once crossed out elements of the matrix С from (3) are changed, 

                                                        .ij ijС C mnz   

The rest, double-crossed-out elements of the matrix C remain unchanged. 

After no more than n steps, we come to the end of the search for a 

complete system of various representatives, i.e. to the appointment system    

 ( ), ( ) ,p i a i   1,2,...,i n ; 

8) We make adjustments to the matrices c and LC: 

( ( ), ( )) ,c p i a i I 1,2,...,i n  

( ( ), ( )) ,LC p i a i I 1,2,...,i n  

where I is the cycle variable for the formation of permutations. 
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For example, if the dimension of the matrix is n=7, then after four 

iterations of the loop, 

matrices c and LC could look like this:   

M M M m m m m

M M m m m m M

M m M m m M m

c m m M M m m M

m M m M M m m

m m m M M M m

m m m m M M M

 
 
 
 
 

  
 
 
 
 
 

 

where M, m are arbitrary constant positive numbers, and M is greater than m, 

and m is  greater, than n, 

1 2 3 4 0 0 0

3 1 4 0 0 0 2

2 0 1 0 4 3 0

0 4 2 1 0 0 3

0 3 0 2 1 4 0

0 0 0 3 2 1 4

4 0 0 0 3 2 1

LC

 
 
 
 
 

  
 
 
 
 
 

 

9) Let's move on to point 2). 

As a result of this modification of the method for solving the choice 

problem, we obtain n orthogonal permutations, which together make up the 

Latin square [143] of order n, the LC marica at the end of the cycle might look 

like this: 

1 2 3 4 5 6 7

3 1 4 5 6 7 2

2 5 1 7 4 3 6

6 4 2 1 7 5 3

7 3 6 2 1 4 5

5 6 7 3 2 1 4

4 7 5 6 3 2 1

LC

 
 
 
 
 

  
 
 
 
 
 

 

Algorithm 2 can be used in step 1 of algorithm 1 to construct two 

orthogonal cyclic permutations. 
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In conclusion of the section, we note that the research in this section is of 

interest from the point of view of developing new methods for solving problems 

of the transport type, for understanding the methods of operations research in 

solving economic problems. 

 

4.3 Application of potentials method technology for solving the traveling 

salesman problem.  

The research concerns the solution of the traveling salesman problem as a 

transport-type problem. The technology of the potentials method is used for the 

first time. Such a natural approach, due to the cyclicity and degeneracy of the 

solution to the traveling salesman problem, requires significant modification of 

the corresponding stages of the transport problem. An efficient algorithm for 

generating an initial cyclic solution has been developed; a criterion for the 

optimality of a solution is formulated; an algorithm for transition from the 

initial cyclic solution to another cyclic solution was constructed. To conduct 

mass computational experiments, an algorithm for constructing traveling 

salesman problems with a previously known optimal solution was used  

One of the tasks of researching transport-type operations is the traveling 

salesman problem [137-146]  It is natural to use the method of potentials to 

solve it. Consider the traveling salesman problem with cost matrix C of order n 

in the following interpretation. There are n points of departure for cargo 

, 1,...,iG i n  and shipment volumes for each point of consumption , 1,...,ia i n

. Known need for cargo , 1,...,jb j n  for each of n destinations , 1,...,jH j n . 

The shipping cost for each option is The shipping cost for each option is 

, 1,..., ; 1,...,ijc i n j n   

It is necessary to calculate a transportation plan with minimal transportation 

costs under the condition that all ia  and jb  are equal to one unit  cargo, and the set 

of pairs of (i ,j)  of points of departure i and destinations j of cargo constitute a 

cyclic substitution. One of the methods for solving the transport problem is the 

method of potentials [141,142,144-146], which includes the following steps: 

drawing up an initial feasible solution; calculation of potentials; checking the plan 

for optimality; search for the maximum value of the evaluation matrix; drawing up 

a cycle of reallocation of resources; determination of the minimum element in the 

redistribution contour and redistribution of resources along the contour; obtaining a 
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new feasible solution. The algorithm is carried out in several iterations until the 

optimal solution is found. 

Let's consider algorithmization of the solution of the traveling salesman 

problem using the technology of the method of potentials.  

When solving the traveling salesman problem by the method of 

potentials, it is necessary to take into account the differences between the 

traveling salesman problem and the usual transport problem at all stages of the 

algorithm. At the first stage of drawing up the initial plan, it is necessary to take 

into account that all volumes of sending 1, 1,...,ia i n   and cargo needs at 

destinations 1, 1,...,jb j n  . All deliveries for each option, i.e. all variables ijx

, 1,...,i n  and  1,...,j n , that make up the feasible solution x of the traveling 

salesman problem, as for the transportation problem, must be positive. 

     One part of the decision variables x is equal to one, we will say that 

this is a set of ones. These variables make up the traveling salesman route. The 

set of ones is given by the cyclic substitution                        

1 2

1 2

...
( , )

...

n

n

x x x
x y

y y y

 
  
 

                                                  (1) 

If , ,i jr x s y  , then 1.rsx   The number of such variables, based on the 

specifics of the problem, is n. 

     The other part of the variables of the feasible solution x, in the amount 

of n-1, are equal to zero, and these zeros are not ordinary, but fictitious, in order 

to prevent the degeneracy of the solution. Let's call this set the set of fictitious 

zeros and denote it by 1 2 1

1 2 1

...
( , )

...

n

n

x x x
x y

y y y

  
 

  





 
  
 

. 

If , ,i jr xе s yе  , then ,rsx   where   is a sufficiently small positive 

number. 

A cyclic permutation of 1 2 3 1... ...k k nj j j j j j  corresponds to a traveling 

salesman route, i.e. a sequence of detour points, which corresponds to a type 

substitution 

1 2 3 1

2 3 1 1

... ...

... ...

k k n

k k n

j j j j j j

j j j j j j





 
 
 

.                                       (2) 

The substitution structure (2) shows one of the ways to generate n units of 

the initial cyclic feasible solution to the traveling salesman problem: generating  
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a random permutation 1 2 3 1... ...k k nj j j j j j ,  i.e. row numbers x, and the formation 

of a permutation of 2 3 1 1... ...k k nj j j j j j , representing the numbers of the y 

columns, as in (1). So we determine the location of the units (x, y). The 

following algorithm 1 is used to generate a set of fictitious zeros (xe,ye) that 

provide the determination of all 2*n potentials. 

 

Algorithm 1. 

1. We determine the matrix x, in which the numbers M are located 

diagonally - sufficiently large positive numbers, and in the positions determined 

by the set (x, y), there are units; further, we supplement the matrix x to the 

matrix of an admissible solution; 

2. Determine the first potential 1 0u   and the second potential  1j jv c , 

where j is the number of the column in which there is one in the first row of the 

matrix x, 1 1jx  ; 

3. Further in the cycle for k, k=1,2,…,n-1, each time, we determine two 

potentials 
ki

u and ,
kj

v  we also enter one fictitious zero in the row with a 

random number ki  from the row numbers that do not yet contain a fictitious 

zero, and in the column 1kj  : 

1 1
,

k k k ki i j ju c v
 

   

                                              
1

,
k ki jx 


                                                   (3) 

                                                      
k k k kj i j iv c u  . 

Remark 1. The indices of the last and first potentials determine the 

position of the additional n-th fictitious zero, which can be used as previously 

defined fictitious zeros. 

Remark 2. Algorithm 1, as a rule, generates a cyclic substitution from 

positions of n fictitious zeros. If the first attempt does not result in a cyclic 

substitution, you can make the next attempt until one is obtained. Another 

variant of Algorithm 1 for obtaining a cyclic substitution is to enumerate 

possible options for calculating some 2-3 last potentials. 

The generation of fictitious zeros essentially determines the quality of the 

initial solution, i.e. remoteness of the initial solution from the optimal one. 

Theorem 1. Let (xn,yn) be any initial cyclic route of the traveling 

salesman, and (xo,yo) be the optimal cyclic route. There is a set ( , )x y   of n-1 

fictitious zeros such that, given an admissible solution x, consisting of n 
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elements (xn,yn) and n-1 fictitious zeros ( , )x y  ,  it is possible to construct a 

transition cycle from the initial (xn, yn) to the optimal route (xo, yo). 

Proof. Suppose we have generated an initial cyclic route 

1 2

1 2

...
( , ) ,

...

n

n

xn xn xn
xn yn

yn yn yn

 
  
 

                                       (4) 

optimal route 

1 2

1 2

...
( , ) .

...

n

n

xo xo xo
xo yo

yo yo yo

 
  
 

                                        (5) 

in which possibly s positions of units (4) coincide with s positions of units of 

the optimal route (5). 

Since the sequence of writing pairs  i

i

xn

yn

 
 
 

 and 
j

j

xo

yo

 
 
 

 in (4) and (5), 

respectively, is not significant, we can assume, for s not equal to zero, that the 

sets  1 2

1 2

...

...

s

s

xn xn xn

yn yn yn

 
 
 

 and  1 2

1 2

...

...

s

s

xo xo xo

yo yo yo

 
 
 

  match. For the time being, we exclude 

these s units from consideration, and for the remaining 

1 2

1 2

...

...

s s n

s s n

xn xn xn

yn yn yn

 

 

 
 
 

 and 1 2

1 2

...

...

s s n

s s n

xo xo xo

yo yo yo

 

 

 
 
 

 

let's make a chain from the first unit of the initial route to the unit along 

the line of the optimal route, and then along the column from the unit of the 

optimal route to the unit of the initial route. 

Having made such a transition n-s times from the unit of the initial route 

to the unit of the optimal route, we close the loop. Again, referring to the 

arbitrariness of the sequence of writing the positions of units in (4) and (5), we 

can write the resulting cycle as follows: 

1 1 2 2

1 1 2 2

...
s s s s n n

s s s s n n

xn xo xn xo xn xo

yn yo yn yo yn yo

   

   

       
       
       

                      (6) 

Now we will single out one of the even positions, for example, 
j

j

xo

yo

 
 
 

, as 

a free variable, and in the remaining even positions (they are in the amount of 

n-s-1) from (6) we will put fictitious zeros in the matrix  x. At the end, we 

introduce s more fictitious zeros, arbitrarily chosen, but complementing all even 

positions (6) to a cyclic set. ( , )x y  .At the end, we introduce s fictitious zeros, 
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arbitrarily chosen, but complementing all even positions (6) to the cyclic set 

( , )x y  . 

The admissible solution of the transport problem constructed in this way, 

starting from the free variable 
j

j

xo

yo

 
 
 

 and going through the cycle (6), 

transforms the initial route into the optimal route, consisting of s units in 

coinciding positions and n-s units in even positions (6). 

Let us demonstrate Theorem 1 by an example. Assume that the initial 

route, i.e. set of units (sequence of bypass points) ( , )xn yn  83675124

36751248

 
 
 

 and the 

second optimal route ( , )xo yo 
63785124

37851246

 
 
 

. The common positions of the 

routes are (1,2), (2,4) and (5,1), s=3. 

For the remaining positions of units in both routes, we build a cycle. Let's 

start, for example, from position (3,6) and further along the row, and then along 

the column, etc., we get a cycle 

(3,6), (3,7), (6,7), (6,3), (8,3), (8,5), (7,5), (7,8), (4,8), (4,6). 

Let us replace the transition (3.6) with (3.7), (6.7) with (6.3), (8.3) with 

(8.5), (7.5) with (7.8) and (4.8) to (4.6). As a result of such replacements, taking 

into account the coinciding s positions, we get the transition from the cyclic 

route (xn,yn) to the optimal cyclic route (xo, yo). 

Theorem 1 shows the possibility of solving the traveling salesman 

problem, as a transport type problem,   method of  potentials. To further explain 

the corresponding Algorithm 2, we will continue to follow the steps of solving 

the usual transportation problem in relation to solving the traveling salesman 

problem. 

At the second stage, according to the admissible solution x of the 

traveling salesman problem as a transport problem, i.e. for x, compiled by 

Algorithm 1 from a cyclic route (xn,yn) and a set of fictitiouszeros ( , )x y  , 

allowing you to calculate all 2 * n potentials iu  and  jv , the matrix of estimates 

is determined                 

                  ,ijm m                                               (7) 

where                                     ij i j ijm u v c   ,   , 1,i j n  

The so-defined evaluation matrix m, we will say that corresponds to the 

route (xn,yn) and set of fictitious zeros ( , )x y  . 
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At the stage of estimating the optimality of the solution to the traveling 

salesman problem, the following theorem is used. 

Theorem 2. Let (xn,yn) be a cyclic route and ( , )x y   be the set of 

fictitious zeros used to calculate the evaluation matrix m. In order for (xn,yn) to 

be an optimal solution to the traveling salesman problem, it is necessary that the 

sum S of estimates on this route be nonpositive, i.e. 

                                
1

0.
i i

n

xn yn

i

S m


                                        (8) 

Proof. Let us assume that (xn,yn) is the optimal solution and at the same 

time S>0. 

Let us calculate the difference between the value of the objective function 

on the route (xn,yn) and the sum of the estimates on this route, 

1
i i

n

xn yn

i

c S


   

1 1 1
i i i i

n n n

xn yn xn yn

i i i

u v m
  

       

1 1
i i

n n

xn yn

i i

u v
 

   
1 1 1

( )
i i i i

n n n

xn yn xn yn

i i i

u v c
  

    
1

.
i i

n

xn yn

i

c


  

We have obtained a contradiction, which means that the sum of estimates 

S must not be positive.  

     Theorem 3. Condition (8) is sufficient for the optimality of (xn,yn) 

provided that ( , )x y   is any set of fictitious zeros. 

Proof. According to the admissible solution x, formed from two sets 

(xn,yn) and ( , )x y  , for the corresponding transport problem, we calculate the 

matrix of estimates m. Assume that the optimal route is not (xn,yn), but some 

other route ( ).,xd yd  with 0S  with the same set of fictitious zeros ( , ).x y      

    Then the following equalities hold 

1
i i

n

xn yn

i

c S


   

                        =
1 1

i i

n n

xn yn

i i

u v
 

  - 
1 1 1

i i i i

n n n

xd yd xd yd

i i i

u v c
  

 
  

 
   = 

=
1

i i

n

xd yd

i

c


  
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Hence from the optimality of ( , )xd yd  and from the fact that 0,S   

follows the optimality of the route (xn,yn). 

Thus, the stage of searching for the maximum value of the assessment 

matrix when solving the transport problem is replaced by searching for the 

maximum value of the sum of the assessment matrix on a given cyclic route 

(xn,yn) when solving the traveling salesman problem. 

Other stages of solving the transport problem by the method of potentials, 

namely, drawing up a cycle of resource redistribution, determining the 

minimum element in the redistribution contour and redistributing resources 

along the contour, obtaining a new feasible solution, are replaced, when solving 

the traveling salesman problem, with the route search stage (xn,yn) with the 

maximum value of the sum of estimates on it. If, as a result of the analysis of 

the estimates of the matrix m, there is an ( , )xd yd  route with a total estimate 

S>0, then such a route is better than the initial one. 

As for solving any transport type problem, it is necessary to use some 

way to generate an initial solution. Considering the specifics of the traveling 

salesman problem, the following efficient algorithm 2 is proposed. 

 

Algorithm 2. 

1.Ordering the matrix with in ascending order. We get data set D in the 

form 

, , , ,
r si i r sс i i r s , 1,r s n  

2. Construction of a cyclic permutation of  1 2, ,..., ni i i  for each element of 

the 
r si iс  from D.  

The first transition  1 2,i i  is determined from the equality 
1 2 r si i i iс с

whence it follows 1 ri i  and 2 si i . 

3. If the first t-1 pairs of    1 2 1, ,..., ,t ti i i i  are defined, then the next pair of 

 1,t ti i   is determined from the condition: the 
1t ti iс


 element is the first element 

(in the original ordered set D) for which the 1ti   is not equal to any of the 

1 2, ,..., ti i i  numbers. 

4. From all n(n-1) cyclic permutations constructed in steps 2 and 3, a 

permutation with a minimum value of the objective function is selected, which 

is taken as the initial solution.       



141 

Based on the foregoing, Algorithm 3 is constructed to find a solution to 

the traveling salesman problem. 

Algorithm 3. 

1.Input of initial data: cost matrices c and its dimension n. 

2.Generation of the initial route in the form of a cyclic substitution 

(xn,yn), for example, using algorithm 2.. Simultaneously, we form a matrix x of 

size n with elements equal to zero, except for ( , ) 1, 1, .i ix xn yn i n   

3. We determine f, the cost of the route, i.e. the value of the objective 

function on the substitution (xn,yn), 
1

i i

n

xn yn

i

f c


  and remember the values of f 

and (xn,yn), fop=f,  xop=xn, yop=yn. 

4. We perform a predetermined number of iterations of finding a better 

route than (xop.yop). 

4.1. Given (xn,yn) and c, we generate a set of fictitious zeros ( , )x y   so 

that by the matrix x, complemented by the values ( , ) , 1,i ix x y i n     it was 

possible to calculate all 2n potentials , , , 1,i ju v i j n ,   is a fictitious zero, a 

sufficiently small positive number. 

4.2. For the values of n, c, u, v now determined, we calculate the matrix of 

estimates 

 , , 1,ijm m i j n  , 

  
,

,

i j ij

ij

u v c i j
m

M i j

  
 

 
, 

where M is a sufficiently large positive number. 

In the evaluation matrix m, all ( , ), 1,i im xn yn i n   and 

( , ), 1, 1j jm x y j n     elements are equal to zero.   

    The remaining elements are positive or negative numbers. If there are 

no positive elements, then the route (xn,yn) is optimal, and the calculations end. 

In the presence of both positive and negative elements, as in solving the 

transport problem, a search is made for the best route.  

4.3. Search for a route with a positive sum of ratings. 

4.3.1. After sorting all the values of the assessment matrix m, except for 

the diagonal ones, in descending order, we get the following data: 

, ,k k ky iy jy , k=1, 2, …,n(n-1),                             (9) 
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where ( ( ), ( ))ky m iy k jy k . Let's put k=0. 

4.3.2 For the k+1 iteration, a cyclic substitution   

1 2 1

2 3 1 1

... ...
( , )

... ...

s s n

s s

i i i i i
xn yn

i i i i i





 
  
 

                               (10) 

is constructed, where the first  1 2( , )i i  pair coincides with the ( , )r riy jy  

pair from (9).  

Let's assume that the first  s-1 pairs 1 2 2 3 1( , ),( , ),...,( , )s si i i i i i  in (10) are 

defined. Next couple 1( , )s si i  ,    at www, coincides with the pair ( , )r riy jy from 

(9) under the conditions that 

a) riy  does not match any of 1 2 1, ,..., ;si i i   

b) rjy  does not match any of 1 2, ,..., .si i i  

For s n  pair 1( , )s si i   coincides with pair 1( , )ni i with ni and 1i  already 

defined. 

4.3.3. For the constructed route (xn,yn), the score S is calculated as the 

sum of the elements of the evaluation matrix m,. 

1

( , )
n

i i

i

S m xn yn


 . 

If 0S  , then go to item 3, otherwise go to item 4.3.2. 

5. If at step 4.3.2 it was not possible to find the best route, with an 

estimate of S>0 , then go to step 2, to perform the next iteration.   

6. Upon completion of the specified number of iterations, at the output we 

get the route with the minimum cost, obtained as a result of selection from the 

routes generated by the algorithm. 

At the stages of constructing the initial cyclic solution and moving from the 

initial to the new cyclic solution, the following algorithm is applied, along with 

Algorithm 3, in relation to the original matrix c and the evaluation matrix m. 

Algorithm 4. Let a cyclic permutation  1 2 3, , , , nI i i i i  be given. Let's 

form pairs                                      

                   1 2 2 3 4 53 4 1 1, ,  , , , , ,  , , , , ,, )  ( n n n ni ii i i i i i i i i i 
1 1,ni i             (11) 

which make up the route, and take from them any three pairs 

                                           
1 1 2 2 3 3
, , , , ,k s k s k si i i i i i                                      (12) 

Let's replace pairs (12) with pairs 
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                                         
1 2 2 3 3 1

  , , , , ,k s k s k si i i i i i                                       (13) 

substitute them into (11) and get a new route 

                               

         1 2 2 3 4 53 4 1 1, ,  , , , , ,  , , , , ,, )  ( n n n nj jj j j j j j j j j j 
1 1nj j  ,         (14) 

that corresponds to a cyclic permutation corresponds to a cyclic 

permutation   1 2 3, , , , nJ j j j j   

Comparing values 1 1

1

( , )
n

k k

k

f c i i 



 and 2 1

1

( , )
n

k k

k

f c j j 



  and choose the 

best of solutions I and J, minimum for matrix c. In the case of applying 

аlgorithm to matrix m, we select the maximum value. 

Calculations according to Algorithm 3 were performed with traveling 

salesman problems, which were generated with a pre-selected optimal solution. 

The following question was considered. Assume that for the traveling salesman 

problem A with cost matrix c, the optimal solution is (xa,ya). What needs to be 

changed in matrix c to get the traveling salesman problem B with cost matrix d 

and optimal solution (xb,yb)?  We formulate the answer in the form of Theorem 

4 and give its constructive proof. 

Theorem 4. Let the с matrix of dimension n consist of non-negative 

integers. On the basis of matrix c, one can construct a traveling salesman 

problem with matrix d with a pre-selected optimal solution (xb,yb). 

Proof. Given the matrix c and the solution (xb,yb), we determine (for 

example, by algorithm 1) a set of n-1 fictitious zeros . Let us compose a matrix 

x, in which some of the elements are equal to one, 1( ,),x xb yb   1, ,i n  

another part of the elements from fictitious zeros, another part of the elements 

from fictitious zeros, ( ), , 1, 1j jx x y j n     ,   - a small enough positive 

number. We set the diagonal elements of the matrix x to be equal to the M - a 

large enough positive number. ( , ) , 1, .x i i M i n   The remaining elements of 

the matrix x are equal to zero. From the matrix c and x, we calculate the 

potentials , ,, 1i iu n  and 1,,jv j n , and the corresponding evaluation matrix m, 

, ,
( , )

,

i j iju v c i j
m m i j

M i j

  
  

 
, , 1, .i j n  

The matrix d of the traveling salesman problem with the optimal solution 

to ( , )xb yb  is determined by the formula 
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, , ( , ) 0, ( , ) 0
( , )

, otherwise

i j ij

ij

u v at i j x i j m i j
d d i j

c

    
  


        

where ij  are non-negative integer random numbers. 

The optimality of the ( , )xb yb solution follows from the fact that, 

according to the optimality criterion of Theorem 2, it is impossible to obtain a 

positive total estimate for any cyclic solution. 

Let us give one example and the results of some experiments with 

Algorithm 3.  

3 Computational experiments. 

Example. Let the cost matrix, dimension n=8, for the traveling salesman 

problem be 

c=[M 76 43 38 51 42 19 80;  42 M 49 26 78 52 39 87;   

                     48 28 M 36 53 44 68 61;  72 31 29 M 42 49 50 38;   

                    30 52 38 47 M 64 75 82;  66 51 83 51 22 M 37 71; 

                   77 62 93 54 69 38 M 26;  42 58 66 76 41 52 83 M], 

Starting route ( , )xn yn 
65174832

51748326

 
 
 

 has a value of 

1

( , ) 309.
n

i i

i

f c xn yn


   We generate n-1 fictitious zeros, for example, by 

algorithm 1. ( , )x y  
2345678

3158467

 
 
 

, then we calculate the potentials and the 

evaluation matrix m, 

m=[-M -160 -41 -17  -59  -37  0  -92;  -59  -M  0  42  -39  0  27  -52;   

         0     0   -M   97    51   73  63  39;  -86  -65 23 -M   0   6  19    0;   

         0 -42   58  68  -M  35  38  0;  -100  -105  -51  0  0  -M  12  -53;   

        -108  -113  -58  0  -44  0  -M  -5;  -42 -78 0 9 15 17  0  -M];  

At the first iteration, from the analysis of the matrix m, we obtain a 

positive sum of estimates
1

( , ) 2
n

i i

i

S m xn yn


   on the ( , )xo yo 
17653248

76532481

 
 
 

  

route. In this case, the new value of the objective function is equal to the 

difference between the previous value of f and the sum of the estimates S, 

307.f S   A new iteration is carried out with the best solution. If S<=0, then 

we start a new iteration with the previous solution. So, after the 13th iteration, 

we arrive at the optimal solution of the traveling salesman problem ( , )xo yo

with aaa value f=251. This means that by calculating the evaluation matrix m 
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for the optimal solution (xo,yo) and any set of fictitious zeros , we will not get 

any solution of the traveling salesman problem (xn,yn) with a positive total 

estimate 
1

( , ),
n

i i

i

S m xn yn


  despite the presence of positive elements in the 

assessment matrix m, as in solving the transport problem. 

In the experiments, the numbers of ij  were taken from the range from 

zero to 50. For the optimal solutions obtained for problems with n16 in no 

more than 100 iterations, the   /opt optf f f f    score did not exceed fifty 

persent. With an increase in the number of iterations, the number of solved 

problems for which 0f   increases. 

The results of computational experiments show that the use of potential 

method technology to solve the traveling salesman problem, as a special 

transport problem, is a new promising direction in searching for a high-quality 

solution.  

  

4.4 On one optimality criterion for solving the traveling salesman problem    

The study relates to the problem of a traveling salesman, which consists 

in finding the most profitable route passing through each of the specified cities 

once and then returning to the original city. The purpose of a bypass is to 

minimize the function associated with transportation costs, distance traveled, or 

time spent. 

According to its mathematical formulation, the traveling salesman 

problem is a transport type problem. It occurs in many situations that are not 

very similar to transport ones: in computer science to optimize data paths 

between different nodes, to create cost-effective manufacturing, to plan drone 

missions, to develop better software systems useful for technologies such as 

self-driving cars, and helping companies save money. The need to solve the 

traveling salesman problem arises when developing software for processing 

large amounts of information. 

In general, methods for solving the traveling salesman problem can be 

considered approximate, not always providing an optimal solution in an 

acceptable time, with the exception of the exhaustive search method for small 

problems. 

The purpose of the research is to develop a computational algorithm for 

solving the traveling salesman problem, based on the use of a three-element 



146 

replacement operation and technology for solving transport problems using the 

potentials method. 

Let us present the results. Let c be the matrix of transport costs, 

1 1 2 2
, ,...,

n na b a b a bx x x  arbitrary admissible cyclic solution to the traveling salesman 

problem. We form combinations of three non-zero elements from this solution. 

If for any combination 
1 1

1,i jx 
2 2

1i jx   and 
3 3

1i jx   the following relation 

holds 

1 1 2 2 3 3i j i j i jс с с  ≤ min 
2 1 3 2 1 3

( ,i j i j i jс с с 
3 1 1 2 2 3

),i j i j i jс с с   

then the solution to the problem has been found. If 

1 1 2 2 3 3i j i j i jс с с  > min 
2 1 3 2 1 3

( ,i j i j i jс с с 
3 1 1 2 2 3

),i j i j i jс с с   

then a three-element replacement operation is performed 
2 1

1,i jx 
3 2

1,i jx 

1 3
1i jx   or 

3 1 1 2 2 3
1, 1, 1i j i j i jx x x    depending on which of the two terms is 

smaller and, in any case, 

1 1
0,i jx 

2 2
0,i jx 

3 3
0i jx  . 

This three-element replacement operation is used to obtain a new feasible 

cyclic solution with a lower cost value, and the solution is again tested for the 

final one. 

The criterion for the optimality of a solution is that for any cyclic solution 

it is impossible to carry out a three-element replacement operation. Based on 

this optimality criterion, it is possible to construct schemes for solving the 

traveling salesman problem within the framework of the potentials method 

technology for solving the transport problem. For example, for a positive 

element of the evaluation matrix corresponding to the zero element of the 

matrix x, a cycle is constructed      

1 1 2 2 3 3 4 4 1 1( , ), ( , ), ( , ), ( , ),..., ( , ), ( , )k k k ki j i j i j i j i j i j 
, 

where k is even and k ≤ 2n. Next, the unit elements of the matrix x are selected, 

standing at the even positions 
2 2( , ),i j  

4 4( , ),i j ...,  ( , )k ki j  of this cycle. In this 

way, a cyclic (for k=2n) or partially cyclic (for k<2n) solution is formed     

2 2 4 4
1, 1,..., 1

k ki j i j i jx x x   , 

for which the fulfillment of the optimality criterion is checked. 

Testing of algorithms built on the basis of the optimality criterion and 

massive computational experiments were carried out on automatically 

generated traveling salesman problems with a previously known optimal 

solution [141-146]. 
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The conducted computational experiments based on the optimality 

criterion showed that the developed schemes for solving traveling salesman 

problems can be classified as optimal in terms of calculations due to the 

efficiency of the three-element replacement operation and the choice of 

different initial cyclic solutions at each iteration of the modified distribution 

method. Such algorithms are recommended for use for the accelerated and 

acceptable solution of traveling salesman problems in conditions of processing 

a sufficiently large amount of information. 

      

4.5 On one implementation of a natural approach to solving the traveling 

salesman problem 

The work constructs a new computational scheme for solving the 

traveling salesman problem as a transport-type problem. The technology used is 

based on a modified distribution method. The concept of a three-element 

replacement operation is introduced, which is used to formulate the necessary 

condition for the optimality of a solution. The search for the optimal solution 

begins with a random cyclic route. The solution is then improved by applying a 

three-dimensional replacement operation. There is a transition from the current 

cyclic solution to a new cyclic solution with a better value of its cost. The 

search for an optimal solution ends when the three-dimensional replacement 

operation fails after a given number of iterations. Computational experiments 

have shown the possibility of obtaining an acceptable solution for problems of a 

sufficiently large size. This work represents a further development of the 

natural approach to solving the traveling salesman problem.  

The traveling salesman problem has been the object of numerous studies, 

which resulted in works concerning the development of heuristic methods, the 

branch and bound method, the genetic method, the ant colony method, the use of 

neural networks, etc. [53,56,57,59-61]. The versatility of approaches to solving the 

traveling salesman problem is relevant for creating a complete theory of it. 

The here presents one of the implementations of the idea of using a 

modified distribution method (potentials method) to solve the traveling 

salesman problem. This approach is natural, since the traveling salesman 

problem is a transport-type problem. Direct application of the modified 

distribution method to solve the traveling salesman problem is impossible, since 

the corresponding transport problem is degenerate and, in addition, due to the 

requirement that the solution be cyclic. Eliminating degeneracy and taking into 
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account the cyclicity of an admissible solution is a prerequisite for the 

development of algorithms that use computer technology for solving the 

traveling salesman problem using the specified method. 

 

4.6. Modification of the potentials method in solving the traveling salesman 

problem 

The use of the potentials method as a type of method of sequential 

improvement of the plan in relation to the transport problem is possible by modifying 

the corresponding stages of solving the transport problem, including the generation 

of the initial feasible solution, calculation of the evaluation matrix, assessment of the 

optimality of the solution, and transition to a new feasible solution. 

The necessary changes, in view of the requirement of cyclicity and non-

degeneracy of the solution to the traveling salesman problem as a transport 

problem, are set out further in Algorithms 1–3 (sometimes using MATLAB 

language tools [62]), are as follows. 

At the initial stage, a cyclic solution (route) is generated. The degeneracy 

of the solution is eliminated by a special method of introducing n–1 fictitious 

zeros ɛ (ɛ is a fairly small value of the transported goods). 

The potentials are calculated simultaneously with the introduction of 

fictitious zeros. The introduction of a fictitious zero in position (i, j) is 

associated with the simultaneous calculation of the potential jv  for column j 

and the potential iu  for row i, which ensures the non-degeneracy of the initial 

cyclic solution. Then the evaluation matrix, ij i j ijm u v c   , is calculated.  

The use of the matrix m to assess the optimality of the current solution, in 

the case of solving the traveling salesman problem, is carried out not according 

to the criterion of non-positive elements of m, but in a different way due to the 

possibility of breaking the duality. 

At each iteration of the algorithm, a transition occurs from a cyclic 

solution (route) (xv, yv), using the replacement of its three constituent elements 

(points), to a new cyclic solution (xv2, yv2). 

Definition. The operation of transition from one cyclic solution, with the 

replacement of three elements in it, to another cyclic solution, will be called a 

three-element replacement operation. 

The use of a three-element replacement operation is intended to move 

from one cyclic solution to another cyclic solution, as in the fbsol function:  

[fopt, xv2, yv2, cucr]=fbsol (n, c, x, xv, yv, muv, Inf). 
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With the completion of Algorithm 1, the best cyclic solution is determined, 

found in a certain number of iterations with different initial cyclic solutions. 

 

4.6.1 Description of algorithms and functions 

The description of the main algorithm 1 includes a function for generating 

the initial route and the initial cyclic solution, a function for calculating the 

evaluation matrix, and a function for transitioning from the initial cyclic 

solution to a new cyclic solution using a three-element replacement operation.   

Algorithm 1 and its constituent functions 

a ) An initial random cyclic route is formed (xv, yv), 

xv = randperm(n); yv = [xv(2:n), xv(1)], 

auxiliary matrix X, 

X(1:n,1:n) = 0; for i = 1:n  X(xv(i), yv(i)) = 1; X(i,i) = Inf; 

and solution 

xvop = [xv]; yvop = [yv] with fop = f, 

where 
1

( ( ), ( ))
n

i

f c xv i yv i


 ; 

b) Use the fmdr function, 

[u, v, x, j1, puv] = fmdr (n, X, c), 

with parameters n, X and c for simultaneous calculation of an admissible 

solution x and the corresponding potentials iu  and jv , i = 1,2,..., n, j = 1,2,..., n. 

The fmdr function ensures that the solution x is ondegenerate and that all 2n 

potentials can be determined. We calculate the matrix of estimates muv and tm 

– the number of positive elements tm in it: 

[muv, tm]=MatrPot (n, x, c, u, v). 

If the evaluation matrix does not contain positive elements, tm = 0, then 

solution x is optimal. Such a case may occur, for example, when the optimal 

solution to the assignment problem with matrix c is a cyclic solution; 

c) Otherwise, which happens more often when duality breaks, when tm > 

0, we continue searching for the best solution x using the function fbsol,  

[fopt, xv2, yv2, cucr] = fbsol (n, c, x, xv, yv, muv, Inf); 

The output parameters mean the best cyclic solution (xv2, yv2) obtained at 

the current iteration, with the value of the objective function fopt after cucr 

improvements of the cyclic solution. 

If fopt < fop, then we form the best solution for all iterations 

xvop = [xv2]; yvop = [yv2] 
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with fop = fopt; 

d) If cucr = 0, calculations end, otherwise start the next iteration, in which 

as the initial solution we take the best solution found 

xv = [xvop], yv = [yvop] 

and go to step b). 

Let us describe the content of the functions used. 

Algorithm 2 for constructing a non-degenerate cyclic solution.  

The formation of the initial cyclic solution x is carried out by the function 

fmdr,    

[u, v, x] = fmdr(n, X, c). 

a) At the first iteration, having formed a random cyclic substitution (xv,yv) 

and its matrix representation X, we determine the first zero potential u(1) and 

the k-th potential v(k) = с(1,k), where X(1, k) = 1; 

b) At the next iterations, in one of the rows with a random number r, r = 

2,...,n, for which the potential u(r) has not yet been determined, we introduce 

one fictitious zero in column k and row r, X(r,k) = ɛ, and calculate the potential 

u(r) = c(r,k) – v(k). We find in row r the number s of the element X(r,s) equal to 

one, and set v(s) = c(r,s) – u(r); 

c) Taking as k the number of the last column s with the already determined 

potential v(s), we go to step b). 

Algorithm 3. Transition from a cyclic solution (xv, yv) to a new cyclic 

solution. 

Let the admissible cyclic solution x and the evaluation matrix muv be 

known. 

a) For each zero element x(i, j), which corresponds to a positive value of 

the evaluation matrix muv, we find in row i and column jc a matrix element x 

equal to one, x (i, jc) = 1.  Also, using column j we find the row ic with the 

identity element, x(ic, j) = 1.We put a1 = i, b1 = jc, a2 = ic, b2 = j; 

b) In the loop, for each i1 = 1 : n, with x(xv(i1), yv(i1)) = 1 and (xv(i1), 

yv(i1)) not matching (a1,b1) and (a2,b2) determine 

a3 = xv(i1), b3 = yv(i1); 

ci(1) = a1; cj(1) = b1; ci(4) = a2; cj(4) = b1; ci(7) = a3; cj(7) = b1; 

ci(2) = a2; cj(2) = b2; ci(5) = a3; cj(5) = b2; ci(8) = a1; cj(8) = b2; 

ci(3) = a3; cj(3) = b3; ci(6) = a1; cj(6) = b3; ci(9) = a2; cj(9) = b3; 

sc0 = c(a1,b1) + c(a2,b2) + c(a3,b3); 

sc1 = c(a2,b1) + c(a3,b2) + c(a1,b3); 

sc2 = c(a3,b1) + c(a1,b2) + c(a2,b3); 
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[msc,isc]=min([sc1 sc2]); 

c) If sc0 > msc and msc < Inf, we determine the solution (xv1,yv1), 

xv1 = [xv]; yv1 = [yv], 

and then we adjust it depending on at what isc the minimum value is 

reached; when isc=1 

xv1(j1) = ci(i1+3), yv1(j1) = cj(i1+3), 

at isc = 2 

xv1(j1) = ci(i1+6), yv1(j1) = cj(i1+6). 

From all new solutions (xv1, yv1), the solution with the minimum cost is 

selected, which is considered the result of Algorithm 3, 

fopt = f;  xv2 = [xv1];  yv2 = [yv1]. 

 

4.6.2 Rationale for algorithms 

Calculations according to Algorithm 1 are made with matrix X, which 

represents an admissible non-degenerate solution to the traveling salesman 

problem as a transport-type problem with unit volumes of consumption of a 

homogeneous product for n consumers and unit volumes of product production 

at n production points. 

The matrix X is formed from n 1s and n–1 dummy zeros, with one 1 and 

one dummy zero in each column and each row, except for one column and one 

row, which contain only one 1. 

The cyclic route is interpreted as a cyclic substitution (x1, y1) or as a 

matrix X containing identity elements at positions (x1, y1) and dummy elements 

at positions (xɛ, yɛ) 

X(x1(i), y1(i)) = 1,  i = 1, 2, …,n,  X(xɛ(j), yɛ(j)) = ɛ,  j = 1, 2,…, n–1. 

Three-element replacement operation means transforming one cyclic 

route to another cyclic route as follows. Let the zero element X(i0, j0), i0 ≠ j0, 

of the matrix X correspond to a positive value of the evaluation matrix muv. 

Let's take three unit elements of matrix X, for example from rows i1, i2 and i3 

and columns j1, j2 and j3 

X(i1, j1) = X(i2, j2) = X(i3, j3) = 1. 

The three-element replacement operation consists of zeroing the values of 

X in (i1, j1), (i2, j2) and (i3, j3), 

X(i1, j1) = X(i2, j2) = X(i3, j3) = 0 

and entering three elements in new positions: 

X(i2, j1) = X(i3, j2) = X(i1, j3) = 1 when s0 < s1 ≤ s2             (1) 

or  
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X(i3, j1) = X(i1, j2) = X(i2, j3) = 1 when s0 <s2 <s1,            (2) 

where  

s0 = c(i1, j1) + c(i2, j2) + c(i3, j3), 

s1 = c(i2, j1) + c(i3, j2) + c(i1, j3),                             (3) 

s2 = c(i3, j1) + c(i1, j2) + c(i1, j3). 

Let 

(i1, j1), (i2, j2), (i3, j3), …, (in–1, jn–1), (in, jn)                     4) 

optimal route for the traveling salesman problem. 

Theorem. For any three pairs 

(ip, jq), (ir, js), (iu, jv)                                       (5) 

from the optimal route (4), inequality  

с(ip, jq) + с(ir, js) + с(iu, jv) ≤ min (c(ir, jq) + c(iu, js) + c(ip,jv),   (6) 

c(iu, jq) + c(ip, js) + c(ir, jv)) 

is true. 

Proof. The three-element replacement operation converts the current 

cyclic route into a new cyclic route with a lower cost. If route (4) is optimal, 

then inequality (6) must be true. Otherwise, if 

с(ip, jq) + с(ir, js) + с(iu, jv) > c(ir, jq) + c(iu, js) + c(ip, jv), 

then in route (4) all three elements of matrix X in positions (5) can be 

replaced by elements X in positions (ir, jq), (iu, js), (ip, jv) and obtain a new 

cyclic optimal a route different from the original one and with a lower cost. 

Similarly, in the second possible case, when 

с(ip, jq) + с(ir, js) + с(iu, jv) > c(iu, jq) + c(ip, js) + c(ir, jv), 

in (4) we replace elements (5) with (iu, jq), (ip, js) and (ir, jv). In both 

cases we get a contradiction that the original plan (4) is not optimal. 

Remark 1. Theorem 1 can be used as a criterion for stopping the 

execution of Algorithm 1. 

Remark 2. At iterations of Algorithm 1, it is possible to simultaneously 

carry out two or more three-element replacement operations. 

The computational experiments carried out were carried out to determine 

the applicability of the new approach to solving the traveling salesman problem 

using the modified distribution method technology. The experiments were 

carried out based on the hypothesis that if the algorithm gives consistently good 

results for problems of size n up to the order of 20–25, then, spending time 

proportional to n, we will obtain an acceptable solution for large n. As a result 

of experiments, it turned out that this approach is realistic for obtaining an 

acceptable solution in a small number of iterations, no more than n. Problems 
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with a known optimal solution and problems generated using the algorithm 

from [5] were solved, when a solution is specified and a problem with this 

optimal solution is constructed. Algorithm 1 was used. Starting with a random 

route, three-element replacement operations were performed repeatedly to 

generate new cyclic solutions. If the new solution is better than the current best 

solution, it becomes the new best solution. The algorithm's calculations end 

when further improvements using three-element replacement operations are not 

possible. 

Thus, many areas of the economy are developing along the path of greater 

automation. Algorithms with good performance are important. More advanced 

algorithms are necessary and relevant in cases where it is necessary to carry out 

analysis with large amounts of information in a short execution time. The 

proposed implementation of a new approach to solving the traveling salesman 

problem, based on an adaptation of the modified distribution method, has a 

number of advantages over well-known algorithms: is a more natural approach 

in terms of expanding the possibilities for solving the traveling salesman 

problem as a transport-type problem; Due to the sequential application of three-

element replacement operations or the simultaneous execution of several three-

element replacement operations, there is a rapid approach to an acceptable 

solution without large requirements for RAM.  
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A program for solving the traveling salesman problem using modified 

distribution method technology 

% Main part of Algorithm 1   

function TSP       

  xv=randperm(n); yv=[xv(2:n) xv(1)]; M=Inf;  % Initial solution 

  f=CelFunc(n,c,xv,yv);    

  fop=f; xvop=[xv]; yvop=[yv]; iop=0;  

  for it=1:It   

       X(1:n,1:n)=0;   

       for i=1:n X(xv(i),yv(i))=1; X(i,i)=M; end 

       for np=1:Np  

           [u,v,x]=fmdr(n,X,c);  

           if puv==2*n  

              for i=1:n x(i,i)=0; end      

              break; 

           end 

       end  % np 

[muv,t,tm]=MatrPot(n,x,c,u,v);  % t-max muv in position (r,k) 

if t<=0  break; end    

for i=1:n muv(i,i)=-Inf; end 

[fopt,xv2,yv2,cucr]=fbsol(n,c,x,xv,yv,muv,Inf);  

if fopt<fop  

     fop=fopt; xvop=[xv2]; yvop=[yv2]; iop=it;  

end     

if cucr==0 break; end  

 xv=[xvop]; yv=[yvop];  

    end  % it 

    fprintf('\n\n The best decision fop=%d за iop=%d \n 

(xvop,yvop):', fop,iop);  

  for ic=1:n fprintf(' (%d,%d)', xvop(ic),yvop(ic)); end 

         

          %     Solution search function fbsol 

function [fo pt,xv2,yv2,cucr]=fbsol(n,c,x,xv,yv,muv,Inf)   

 %The function corresponds to algorithm 3 

   fopt=Inf; xv2(1:n)=0; yv2(1:n)=0;  

   ctc=0; ccr=0; cucr=0;  % Computational process parameters 

    

    for i=1:n             

        for j=1:n 

            if i~=j && x(i,j)==0    % && muv(i,j)>0  

               for jc=1:n 

                  if x(i,jc)==1 a1=i; b1=jc; break; end  

               end 

               for ic=1:n  

                  if x(ic,j)==1 a2=ic; b2=j; break; end 

               end 

    

    for ic=1:n 

          if xv(ic)~=a1 && yv(ic)~=b1 && xv(ic)~=a2 &&      
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yv(ic)~=b2 

                  ctc=ctc+1; 

                  a3=xv(ic); b3=yv(ic);  

    ci(1)=a1; cj(1)=b1; ci(4)=a2; cj(4)=b1; ci(7)=a3; cj(7)=b1;  

    ci(2)=a2; cj(2)=b2; ci(5)=a3; cj(5)=b2; ci(8)=a1; cj(8)=b2 ;                       

ci(3)=a3; cj(3)=b3; ci(6)=a1; cj(6)=b3; ci(9)=a2; cj(9)=b3;        

               sc0=c(a1,b1)+c(a2,b2)+c(a3,b3);                 

               sc1=c(a2,b1)+c(a3,b2)+c(a1,b3); 

               sc2=c(a3,b1)+c(a1,b2)+c(a2,b3);      

               [msc,isc]=min([sc1 sc2]); 

               if sc0>msc && msc<Inf       

                  X=[x]; xv1=[xv]; yv1=[yv]; 

                  for i1=1:3     

                      ac=ci(i1); bc=cj(i1);  

                      for j1=1:n   

                          if ac==xv1(j1) && bc==yv1(j1) 

                if isc==1 xv1(j1)=ci(i1+3); yv1(j1)=cj(i1+3); end 

                if isc==2 xv1(j1)=ci(i1+6); yv1(j1)=cj(i1+6); end 

                             break;  

                          end 

                       end 

                  end 

for ic=1:n X(xv(ic),yv(ic))=0; X(xv1(ic),yv1(ic))=1; end   

                  % X after improvement 

                  ccr=ccr+1; fsc=CelFunc(n,c,xv1,yv1);   

                  if fsc<=fopt    % fsc - Best solution per iteration 

                     fopt=fsc; xv2=[xv1]; yv2=[yv1]; cucr=cucr+1;  

                  end  

               end %sc0>msc    

            end     

         end % if i~=j ... muv(i,j)>0 

      end  % j 

    end  %  i 

    if fopt<M 

 fprintf('\n fopt=%d ctc=%d ccr=%d cucr=%d', fopt,ctc,ccr,cucr);  

       for ig=1:n fprintf(' (%d,%d)',xv2(ig),yv2(ig)); end 

    end 

    if fopt>=Inf  

       f=CelFunc(n,c,xv,yv); fprintf('\n f=%d ',f);  

       for ig=1:n fprintf(' (%d,%d)',xv(ig),yv(ig)); end 

    end 
 

 

4.7 A New Approach to Solving the Traveling Salesman Problem 

The study relates to the traveling salesman problem, which consists of 

finding the optimal route that passes through each of the given points once and 

then returns to the starting point. The goal of the traversal is to minimize a 

function related to the route cost, distance traveled, or time spent [140-146].     
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According to its mathematical formulation, the traveling salesman 

problem is related to transport-type problems and can be used in other 

situations: to optimize the data transmission route between different nodes, in 

creating cost-effective production, drone mission planning, to develop more 

advanced software systems useful for technologies such as driverless cars, and 

in developing software for processing large amounts of information.      

In continuation of the research [141,145,146], the goal here is to develop 

a new computational algorithm for solving the traveling salesman problem, 

based on the use of the three-element replacement operation and the technology 

of the modified distribution method. 

 

4.7.1 Optimality criteria 

Let us present two criteria for the optimality of the solution to the 

traveling salesman problem. One criterion is presented as a necessary feature of 

optimality, and the other as a sufficient condition for the optimality of the 

solution.     

Definition: The operation of three-element replacement is the replacement 

of three elements      1 1 2 2 2 3, ,  , ,  ,i j i j i j  of a given route with a cyclic 

sequence of other three elements.   

Let c be the matrix of transport costs, 
1 1 2 2

, ,...,
n na b a b a bx x x - arbitrary feasible 

route (solution) to the traveling salesman problem. We form combinations of 

three unit elements 
1 1

1,i jx 
2 2

1i jx   and 
3 3

1i jx   in this solution and calculate 

C(i1,j1,i2,j2,i3,j3) = 
1 1 2 2 3 3i j i j i jс с с   

Then for the optimal plan and any of its 3-element combinations, the 

following inequality must be satisfied   

 1 1 2 2 3 3 2 1 3 2 1 3 3 1 1 2 2 3, , , , ,     , , , ,( ) ( ),  , ( )  , , , , ,  C i j i j i j min C i j i j i j C i j i j i j . 

If the inequality is not satisfied for a given solution, then it is not optimal, 

since after performing a three-element replacement operation 
2 1

1,i jx 
3 2

1,i jx 

1 3
1i jx   or 

3 1 1 2 2 3
1, 1, 1i j i j i jx x x    (depending on the order of the term on the 

right-hand side of the inequality at which the minimum is achieved), and 

putting 
1 1

0,i jx 
2 2

0,i jx 
3 3

0i jx  , we will get the best solution.     

This three-element replacement operation is used to obtain a new feasible 

cyclic solution with a lower cost value, and the solution is again checked for 

finality. 
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A necessary criterion for the optimality of a solution is that it is impossible 

to perform a three-element replacement operation for an optimal cyclic solution. 

Based on the optimality criterion, it is possible to construct schemes for solving 

the traveling salesman problem within the framework of the technology of the 

modified distribution method for solving the transport problem. At the same time, 

its calculation stages change significantly in connection with the requirement for 

the cyclicality of the route and the elimination of the degeneracy of the solution 

in the corresponding transport problem. 

Let us consider another criterion that is sufficient for the optimality of the 

cyclic set of  in the traveling salesman problem. 

Theorem 1. Let there be some vector  
1 2( , ,..., )nv v v v  and the set of 

1 1 2 2
, ,...,  

n ni j i j i jс с с  satisfies the v-optimality condition: 
r r r ri j j i k kc v c v    for all 

k.  Then this set is a solution to the traveling salesman problem. 

A sufficient criterion can be used to test a given solution for optimality.  

To do this, a system of inequalities 
r r r ri j j i k kc v c v    is constructed for each 

element of the .
r ri jc  If the vector v can be determined from these inequalities, 

then the set 
1 1 2 2

, ,...,  
n ni j i j i jс с с  is optimal, which follows from the cyclicity of the 

set and the equality 

1 1 1

( )
r r r r r r

n n n

i j j i j j

r r r

c v c v
  

     , 

in which on the right-hand side one sum over v is constant, and the other is 

minimal due to the v-minimality of the elements , 1, .
r ri jc r n  

 

4.7.2 Solution of the traveling salesman problem as a  special      

problem of the transport type  

At the initial stage of Algorithm 1, two methods were used to obtain a 

non-degenerate cyclic solution: using the cost matrix ms (mc method) and the 

evaluation matrix mo (mo method).  

When using the matrix mc (mo), its elements were first ordered in 

ascending (descending) order, and then, based on the first element selected from 

the ordered sequence, the next element was selected, representing a cyclical 

continuation of the previous one. Such iterations are carried out until a final 

cyclic solution is obtained. 

1 1 2 2
, ,...,

n ni j i j i jс с с
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At the stage of calculating potentials, the constructed solution must be 

supplemented with fictitious zeros to eliminate degeneracy and in such a way 

that it is possible to complete the process of determining all 2n potentials. 

 

Algorithm 1.   

1. Definition of the matrix  ijc c  of order n.  

2. Formation of the initial route ( , )xv yv , 
1

( , ).
n

i i

i

f c xv yv


    

3. Start of iteration of searching for the optimal solution. 

4. Generating a non-degenerate solution x corresponding to the transport 

problem and consisting of n unit elements ,x( ) 1i ixv yv   and n-1 dummy zeros 

( , ),j jx xve yve  1,j n .  Calculation of potentials  iu and jv ,  j, 1,j n .   

5. Definition of the evaluation matrix ( , )i jmuv muv u v . 

6. For each zero position 
1 1( , )i j  of the matrix x, 

1 1
x 0i j  ,  and with a 

positive value of the evaluation matrix muv,  ( , ) 0i jmuv u v  ,  calculation of two 

cycles (1) and (2) is performed.   

7. One cycle is built starting from cell zero to cell one in a row 
1i ,  

                                 1 1 1 1 1 1 1 1 1 1

1 1 2 2 3 3 1 1 1( , ), ( , ), ( , ),..., ( , ), ( , )k k ki j i j i j i j i j            (1) 

and another cycle starting from the zero cell in the direction of the 

fictitious zero in the row 
1i , 

                               1 1 2 2 3 3 1 1 1( , ), ( , ), ( , ),..., ( , ), ( , )l l li j i j i j i j i j         

  .         (2) 

8. Recalculation of the initial solution ( , )xv yv  for each of the cycles.  

9. Formation of new solutions  1 1

1 1( , )xm ym  and  1 1( , )xm ym  . 

10. Checking the cyclicality of new solutions. 

11. Selecting the best cyclical solution. 

12. Finding the best solution based on 1 1

1 1( , )xm ym  and 1 1( , )xm ym   

solutions using 3-element replacement operations. 

13. Based on the best cyclic solution found, we form a new initial solution 

( , )xv yv . 

14. Go to step 3, to the next iteration.. 

15. Steps 3-14 are repeated a specified number of times if we do not know 

in advance the optimal solution to the problem being solved; when solving test 
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problems such that the optimal solution is known in advance, the iterations 

continue until the final solution is obtained.  

The presented algorithm 1 is a sequential application of 3-element 

substitution operations to solve the traveling salesman problem. The new cyclic 

solution is calculated by the cycle within the framework of the modified 

distributive method. 

Note. Theorem can be interpreted as an example in a new direction in 

mathematics, when it is necessary to describe the entire set of problems of a 

given model that have a given solution.  

Conclusion. By successively applying three-element replacement 

operations in the current cycle of the modified distribution method, a good 

approximation to an acceptable solution occurs without large requirements for 

RAM. Computational experiments were carried out in various variants of 

generating the initial reference plan: using the above-described mc method, the 

mo method, or with the selection of a random route, which was completed to 

the reference plan. If the new solution is better than the current one, it becomes 

the initial solution. This adaptation of the exact modified distributive method 

proves useful and is recommended for obtaining an acceptable solution to the 

traveling salesman problem of sufficiently large size in the allotted time. 

  

4.8 Construction of the traveling salesman problem with a predetermined 

optimal solution.  

In this section we present two algorithms for constructing a traveling 

salesman problem with a given optimal solution. The first method is intended 

for the case when duality break does not occur. Such traveling salesman 

problems can be solved by methods for solving the choice problem. Another, 

more general method for constructing a traveling salesman problem with a 

given optimal solution shows in more detail the structure of the traveling 

salesman problem by decomposing the cost matrix into three component 

matrices: the optimality matrix, the base matrix, and the reduction matrix. 
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4.8.1 Algorithm for constructing the traveling salesman problem with a 

given optimal solution                   
 

An important issue in the study of algorithms for solving combinatorial 

problems is the availability of test problems with a known optimal solution. In 

this regard, you can use the following algorithm for generating the traveling 

salesman problem, for which the given route  

1 2 1( , , , ), np p pp                                              (1) 

is optimal. 
 

Algorithm 1.   

We will present a method for constructing such a traveling salesman 

problem, which has a predetermined optimal solution and can be solved as 

efficiently as the assignment problem.     

1. A square non-negative С= ijc , i=1,2,…,n; j=1,2,…,n  matrix is 

generated of dimension from which the corresponding traveling salesman 

problem will be formed.  

2. Along the chosen cyclic path (1) we construct a matrix x for which the 

elements 

x(pi,pi+1)=1, i=1,2,…,n-1;  

                                                          x(pn,p1)=1. 

3. We enter “fictitious” zeros ɛ,  ɛ - a sufficiently small positive number 

such that x is the solution to the constrained problem 

1

1 ,
n

ij

i

x 


    j=1,2,…,n 

1

1 ,
n

ij

j

x 


    i=1,2,…,n 

4. By positive 2n-1 matrix elements x, of which n are equal to "1" and n-1  

"fictitious" zeros, we make equations  

i j iju v c            

5. We find the potentials iu and jv  by solving the compiled system 

6. Compiling a new 
*c  matrix, 

                                *
, ( , ) 0

, ( , ) 0

ij

i j ij

c x i j
c

u v x i j


 

  
                                   (2)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                   

 

where ij  - any non-negative numbers.   
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7. For each set of ij  values, we obtain one of the traveling salesman 

problems with the 
*c  cost matrix for which the   

*

1 2 1( , ,..., , )np p p p p
 

is optimal.
 

Example. Consider the traveling salesman problem [22, p.141] with the 

cost matrix  

3 93 13 33 9 57

4 77 42 21 16 34

45 17 36 16 28 25

39 90 80 56 7 91

28 46 88 33 25 57

3 88 18 46 92 7

44 26 33 27 84 39

M

M

M

с M

M

M

M

 
 
 
 
 

  
 
 
 
 
   

The cost of the optimal path, for example (1, 4 , 6, 7, 3, 5, 2, 1),  is 126.  

For a given solution, it may turn out that the evaluation matrix will have several 

positive elements, despite the fact that the solution is optimal for the traveling 

salesman problem with matrix c. 

Consider the general case in the sense that an arbitrary path is chosen, for 

example, (1, 2, 5, 7, 3, 4, 6, 1). Let us construct the traveling salesman problem 

for which this path is optimal. To do this, using the technology of solving the 

transport problem to the traveling salesman problem [146], we will compose a 

feasible solution, for example, in the form of a matrix x,  

0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

1 0 0 0 0 0

0 0 1 0 0

0

0

x













 
 
 
 
 

  
 
 
 
 
   

in which the elements "1" correspond to the transitions of the selected path (1, 

2, 5, 7, 3, 4, 6, 1) and small positive numbers ɛ are “fictitious” zeros. These 

zeros must be chosen so that the resulting solution is non-degenerate, which 

ensures the possibility of determining all potentials. 
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To calculate the potentials u and v corresponding to the chosen solution, 

we use all 2n-1 positive elements of the matrix x, 

u=( 0, -12, -35, -56, 11, -92, -44), 

v=( 95, 3, 77, 71, 33, 63, 46). 

The required matrix, according to (2) and the evaluation matrix, can be as 

follows:  

*

3 93 71 33 63 57

83 77 59 21 51 34

60 17 36 16 28 25

39 90 80 56 7 91

106 46 88 82 74 57

3 88 18 46 92 7

51 26 33 27 84 39

M

M

M

с M

M

M

M

 
 
 
 
 

  
 
 
 
 
   

 

The justification for the fact that the traveling salesman problem with the 

 * *

ijc c  matrix has the chosen route (1, 2, 5, 7, 3, 4, 6, 1) as a solution is the 

non-positivity of the elements of the evaluation matrix
 
 

*

ij i j iju v c   
 

for non-basic elements of the matrix x and their equality to zero for basic 

elements. 

It follows from the presentation of the algorithm and the example that for 

any traveling salesman problem it is possible to construct a new problem with 

the same optimal solution, but such that all elements of the 
*с  evaluation matrix 

are non-negative. This fact can be used to solve the traveling salesman problem 

by the potential method [146]. 

Further, the Appendix describes the function in the MATLAB 

environment for calculations according to the algorithm and a demo example. 

The results of the research and the developed software confirm the 

efficiency of constructing a problem with a given optimal cyclic solution. They 

can be used to study the structure of a set of traveling salesman problems with a 

given optimal solution, to test methods for solving traveling salesman problems 

using the potentials method. 

Construction of the traveling salesman problem with a given optimal 

solution is carried out using the GenerPSD function: 
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function GenerTSP         

     [n,c]=FormMatrC(a,b,a1,b1,M); % Entering initial data a,b,a1,b1 for  

                                   % the formation of an auxiliary matrix  

                                   % c of dimensions n*n, M is a sufficiently  

                                   % large positive number 

  

     xv=randperm(n); yv=[xv(2:n) xv(1)];   

            % (xv,yv) - cyclic substitution of order n 

     fprintf('\n\n  (xv,yv):'); 

     for i=1:n fprintf(' (%d,%d)',xv(i),yv(i)); end          

     X(1:n,1:n)=0;  

     for i=1:n X(xv(i),yv(i))=1; X(i,i)=M; end 

     XP(1:n,1:n)=0;  

      

     for np=1:10 

         [u,v,x,puv]=FMDR2(n,X,c); % Construction of a feasible solution x    

                                   % and calculation of potentials u and v 

 

         if puv==2*n  % puv a sign of obtaining a reference solution 

                      % and the possibility of calculating all    

                      % potentials u and v 

            for i=1:n x(i,i)=0; end     

            break; 

         end 

     end  % np 

        

    muv=MatrPot(n,x,c,u,v);  % muv scoring matrix calculation function, 

                              % muv=ui+vj-cij 

    C=c; 

    for i=1:n 

        for j=1:n 

            if i~=j && x(i,j)==0 && muv(i,j)>0 

               alfa=floor(10*rand)+1; 

               C(i,j)=u(i)+v(j)+alfa; % Definition of matrix C for the  

                                      % traveling salesman problem with  

                                      % optimal solution (xv,yv) 

            end   

        end 

    end 

 

    [u,v]=DetPot(n,x,C);  

    muv=MatrPot(n,x,C,u,v); % Calculation of the muv matrix for matrix C 

                            % for the purpose of checking whether all muv  

                            % elements are non-positive. Then (xv,yv)  

                            % represents the optimal solution for the problem  

                            % with matrix C.  

      

function [n,c]=FormMatrC(a,b,a1,b1,M)  % Construction of an auxiliary 

square 
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                                       % matrix c of order n 

 n=a+floor(b*rand); 

 for ic=1:n  

     for jc=1:n 

         if ic==jc  

             c(ic,jc)=M; else c(ic,jc)=a1+floor(b1*rand); 

         end 

     end 

 end 

    

function [u,v,x,puv]=FMDR2(n,X,c)   % Formation of a feasible solution x 

                                    % and calculation of potentials u and  

    u(1:n)=0; v(1:n)=0; cp=1; i1=1; ic=1; r=n-2; 

    iu(1:n)=0; jv(1:n)=0; iu(1)=1; is(1:n)=0; js(1:n)=0; 

    x=[X]; 

    for jc=1:n  

        if x(1,jc)==1 v(jc)=c(1,jc); cp=cp+1; j1=jc; is(i1)=i1;   

             break; 

        end 

    end 

 

   for k=1:n-1  

      s=0;  

      for ic=1:n  

         if x(ic,j1)==0 && is(ic)==0 s=s+1; end 

      end 

         h=floor(s*rand)+1; r=0;   

      for ic=1:n 

         if x(ic,j1)==0 && is(ic)==0 r=r+1; 

             if r==h  

                u(ic)=c(ic,j1)-v(j1); i1=ic; cp=cp+1; iu(ic)=ic;   

                x(ic,j1)=0.01; is(ic)=ic; js(j1)=j1;  

                break;  

             end 

         end 

      end  % ic 

  

      for jc=1:n  

         if x(i1,jc)==1 && jc~=j1 

             v(jc)=c(i1,jc)-u(i1); j1=jc; cp=cp+1; jv(jc)=jc; 

             break;  

         end 

      end   

   end  %  k 

      

   puv=1; for ic=1:n  

                if iu(ic)>0 puv=puv+1; end 

                if jv(ic)>0 puv=puv+1; end 

            end 
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     if puv==2*n fprintf('\n All potentials are defined '); 

     else pt=2*n-puv;  

         fprintf('\n Not all potentials are defined '); 

     end   

       

function muv=MatrPot(n,x,c,u,v)   % Definition of muv score matrix 

   muv=zeros(n);   % muv(i,j)=u(i)+v(j)-c(i,j); 

   for i=1:n  

      for j=1:n  

           s=u(i)+v(j)-c(i,j); muv(i,j)=s; 

      end 

   end 

function [u,v]=DetPot(n,x,c)  % Determination of potentials u and v 

    u(1:n)=0; v(1:n)=0; cp=1; i1=1; ic=1;  

    iu(1:n)=0; jv(1:n)=0; iu(1)=1;  

    for jc=1:n  

        if x(1,jc)==1 v(jc)=c(1,jc); cp=cp+1; j1=jc; jv(jc)=jc;  

             break; 

        end 

    end 

 

   for k=1:n-1 

      for ic=1:n  

         if x(ic,j1)>0 && ic~=i1  

             u(ic)=c(ic,j1)-v(j1); i1=ic; cp=cp+1; iu(ic)=ic;   

             break;  

         end 

      end  % ic 

     

      for jc=1:n  

         if x(i1,jc)==1 && jc~=j1 

             v(jc)=c(i1,jc)-u(i1); j1=jc; cp=cp+1; jv(jc)=jc; 

             break;  

         end 

      end   

   end  %  k 

     puv=0; for ic=1:n  

                if iu(ic)>0 puv=puv+1; end 

                if jv(ic)>0 puv=puv+1; end 

            end 

     if puv==2*n fprintf('\n All potentials are defined ‘,puv); 

     else pt=2*n-puv;  

         fprintf('\n Number of undefined potentials pt=%d',pt); 

     end 

     fprintf('\n u:'); for i=1:n fprintf(' %d', u(i)); end  

     fprintf('\n v:'); for i=1:n fprintf(' %d', v(i)); end  

 

An example of constructing the traveling salesman problem with a given 

optimal solution. using the GenerTSP function in MATLAB. 



166 

1. Definition of an arbitrary non-negative matrix c with dimension n=7 

     1  5    24    22    20    21    24

 20         1  5    24    20   1  8   1  5

 22   1  9          22   1  8   1  5   1  7

 22    24   1  8          22    23   1  7

 22   1  6    20   1  8         1  5   1  5

 22 

M

M

M

M

M

c 

   22   1  6    20   1  5         1  9

 22    21    23    22    22   1  9     

M

M

 
 
 
 
 
 
 
 
 
 
 

 

2. A cyclic solution is given 

(xv,yv): (7,4) (4,6) (6,1) (1,3) (3,5) (5,2) (2,7)                               

3. Determination of potentials u and v: 

u=(0, 5, -1, 9, -4, 9, 3) 

v=(13, 20, 24, 19, 19, 14, 10) 

4. Matrix of estimates muv= i j iju v c  : 

     5     0     3     1    7    14

  2      1  4     0      4     1         0

  10     0      4      0    2      8

     0      5   1  5        6     0       2

   13    0      0     3     5     9

      0   

M

M

m

M

uv M

M

    

 

    



  



 

 7   1  7      8   1  3       0

     6    2     4      0      0     2  

M

M



  

 
 
 
 
 
 
 
 
 
 
 

 

5. The result of the construction is the following matrix C: 

    

       24    24    22    20   21    24

 20           37    24    34   27   1  5

 22    1  9          22   1  8  1  5   1  7

 22     33    36          37   23    26

 22    1  6    20   1  8        1  5   1  5

 22 

M

C

M

M

M

M



    34    40    30    32        1  9

 22     29    36    22    22  1  9     

M

M

 
 
 
 
 
 
 
 
 
 
 

 

6. Checking the optimality of the chosen cyclic solution for the traveling 

salesman problem with matrix C is performed using the corresponding 

evaluation matrix:           
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        4      0      3      1     7    14

    2            8      0    10     8       0

  10       0           4       0     2      8

     0      4      3           9      0      7

  13       0     

M

M

M

Mmuv

     

   

  

 







 

 0     3            5      9

     0      5      7     2     4           0

    6      6      9      0       0      2   

M

M

M

 
 
 
 
 
 
 
 


  

   


   




 

All elements of the evaluation matrix for C are non-positive. Therefore, 

the cyclic solution chosen in Section 2 is optimal for the traveling salesman 

problem with cost matrix с. 

 

4.8.2 General case of constructing a traveling salesman problem with a 

given optimal solution using the function c=NovGenerTSP(n,xo,yo,mc,k) 

A more general way to construct a traveling salesman problem with a 

given optimal solution is implemented by Algorithm 2. 

Algorithm 2 is based on the representation of the cost matrix as a 

decomposition into components. The cost matrix c is represented as the sum of 

three matrices: co is the optimality matrix, cb is the base matrix, and cr is the 

reduction matrix. 

Algorithm 2. 

Step 1. Generate a cyclic substitution (xo,yo) that corresponds to the 

optimal route 

                                  1 1 2 2 3 3 1 1( , ), ( , ), ( , ),..., ( , ), ( , )n n n ni j i j i j i j i j  . 

Step 2. Formation of the optimality matrix co, in which the elements in 

positions (xo(k),yo(k)) are non-zero, as well as the diagonal elements, 

, , , 1,

( , ) , ,

0,   

k ka i i j j k n

co i j Inf i j

in other cases

   


 



 

where a is a positive integer constant.      

Step 3. Generate the base matrix cb with elements      

0, , ,
( , )

,   

k k

ij

for i i j j or i j
cb i j

b in other cases

  
 


 

where ijb are integer non-negative random numbers not less than a.  
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Step 4. We define two random positive integer vectors p and q and a 

reduction matrix cr,        

,
(i, )

0,

i jp q i j
cr j

i j

 
 


 

Step 5. We construct the cost matrix c of the traveling salesman problem 

with a given optimal solution (xo,yo), 

.c co cb cr    

Theorem. Traveling salesman problem with cost matrix  ,c co cb cr    

constructed according to Algorithm 2, has an optimal solution (xo,yo). 

Proof. From the construction of the matrix c it follows that, after 

reduction by rows and columns, in the matrix  ij i jco cb c p q     in 

positions (xo(i)),yo(i)), 1,i n , there are zeros, and in the remaining positions 

there are non-negative numbers.  By construction, the sequence (xo(i),yo(i)) 

forms a cyclic route. Therefore (xo(i),yo(i)),  1,i n , is the optimal route of the 

traveling salesman problem with matrix c. 

The general case of the formation of traveling salesman problems with a 

given optimal solution is carried out by the function 

c=NovGenerTSP(n,xo,yo,mc,k), n is the dimension of the efficiency matrix of 

the corresponding problem, (xo,yo) is its given optimal solution, mc is the upper 

bound of the matrix c, k is the number of iterations of obtaining the reduction 

matrix. 

% Formation of TSP with a given optimal solution (xo,yo) 

% Параметры mc и k  

function c=NovGenerTSP(n,xo,yo,mc,k)    

   c=zeros(n);   

   for i=1:n c(xo(i),yo(i))=-1; c(i,i)=Inf; end      

   for i=1:n 

       for j=1:n 

           if i~=j && c(i,j)==0 alfa=floor(mc*rand)+1; c(i,j)=alfa; end   

        end 

   end 

    

   for h=1:k  

      p=randperm(n); q=randperm(n);  

      for i=1:n  

         for j=1:n 

            if i~=j c(i,j)=c(i,j)+p(i)+q(j); end 

         end 

      end   

   end   
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     In conclusion,  we  note  that  the monograph  presents  mainly  the  author's  

developments  on methods, algorithms  and  programs for solving integer linear 

programming  and  combinatorial optimization  problems. The field of research 

in these areas of discrete  optimization is quite extensive. The list of  references 

[1-155] provides sources (in three languages: eng - in English [63-155], rom - in 

Romanian   [49-62],  rus - in Russian [1-48]),  which reflect  the main   trends of 

research in discrete otimization.                       
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	b) Another criterion for the existence of an SDR of a family of subsets is based on Sperner's theorem [106].
	Definition. The set of subsets  is called Sperner collection, if none of the sets  is a part of the other.
	Sperner's theorem. Let S be a set that consists of n elements, be a Sperner collection. Then for the Sperner collection there exists an SDR.
	For example, sets
	={1,2,3}, ={1,4,5,8,9}, =1,6,7}, ={2,5,8}                     (1)
	are such that neither is part of the other. In this case, for these sets, there exists an SDR.
	Each of the criteria allows us to conclude that subsets have SDRs, but not about their definition. Therefore, such criteria are used, one might say, at the stage of preliminary information processing. The question of searching for a complete or partia...
	3.3 Algorithms for Constructing SDR

	The subsets  of the set S are represented by the matrix C. Each row corresponds to one subset. As a demonstration example of the operation of algorithms, we note that for the set (1) the corresponding matrix C has the form
	C=[1 2 0 0 0 0 7 0 0; 0 0 3 0 5 0 0 0 0; 0 2 0 0 0 0 0 8 0;
	0 0 0 4 0 6 0 0 0; 0 0 3 0 0 0 7 0 9; 1 2 3 0 0 0 0 0 0;           (2)
	1 0 0 4 5 0 0 8 9; 1 0 0 0 0 6 7 0 0; 0 2 0 0 5 0 0 8 0].
	In the description of the following search algorithms for SDR such a matrix form of representation of subsets , i=1,…,m, from a finite set S={1,2,…n} is used, which is more consistent with the formulation of criteria in combinatorial form.
	Algorithm 1. Alternate choice of representatives of sets.
	The choice of set representatives is carried out in turn, looking at the rows of the matrix C from left to right.
	The first non-zero element  of the first row and j of the column will be a representative
	of the set . Cross out the first row and column j;
	b) Go to the next uncrossed line i. The first non-zero and not crossed out element of row i will be a representative of the set ;
	c) Repeat step b) as far as possible in order to determine the representatives of the sets. If there is no representative for  on some i, i≤n, then the search process stops and we get a partial SDR.
	Such a method in many cases can reveal the full SDR. However, it may happen that in the presence of a complete SDR for the sets , by Algorithm 1 we can determine only a partial SDR. The volume of such a system depends on the order of viewing the sets .
	Algorithm 2. Search for SDR. taking into account the number of elements in subsets
	1) Find all rows i containing only one positive element. Each such element will be a representative of the set , and the corresponding row i and column j of the matrix C are crossed out;
	2) Find all columns j containing only one positive element. Each such element from row i will be a representative of the set , and the corresponding row i and column j of the matrix C are deleted;
	3) If representatives for all sets are determined, then the process ends;
	4) If there are uncrossed rows or columns, then the numbers and  are determined:
	is the number of uncrossed out elements in the i-th line,  is the number of non-crossed-out elements in the j-th column;
	5)  and  are defined as the minimum of  and , respectively;
	6) If ≤ , then a row containing  elements is selected, one of the elements is selected, and the row and column are crossed out;
	7) If > , then a column containing  elements is selected, one of the elements is highlighted, and the row and column are crossed out.
	All selected elements at the end of the algorithm constitute the SDR, which can be full or partial. For an example with matrix (2), we get the full SDR:
	Algorithm 2 can be used as an auxiliary algorithm in more complex algorithms that always determine a complete SDR. (if such a system exists) or establish that such a system does not exist for given subsets of a finite set.
	3.4 Algorithm 3. Search for SDR using Hall's theorem

	At the beginning of Algorithm 3, Algorithm 1 is applied. The sets  are considered to be numbered and fixed in a certain order. The process of searching for representatives is carried out in turn, starting from the first set and up to the set . If k is...
	For matrix (2), following Algorithm 3, we obtain representatives a={1,3,2,4,7} for the first five sets (represented by the first five rows). For the sixth set, ={1,2,3}, it is not possible to find a representative, since all its elements are represent...
	a = {3,5,1, 2,4,7},
	P = {6,2,1,3,4,5}.
	The main part of the SDR reforming algorithm 3 is represented using MatLab (Attaway Stormy, 2019). The function is applied with the following data: the set  consists of t elements  that have been used as representatives of other sets; rs=k+1; Q – cons...
	For the FileSDR.m script, the input is:
	rs=6;
	k=5; a=[1 3 2 4 7]; P=[1 2 3 4 5];     % Representatives a for k sets P
	t=3; T0=[1 2 3]; Q=[6 6 6].
	Transformations of the input data and the results obtained are commented:
	FileSDR.m
	>> FileSDR
	SDR is defined for the sets :
	a= 3 5 1 2 4 7
	P= 6 2 1 3 4 5
	>>
	If the set , after the completion of the construction of the sets , will consist of representatives of the sets , and k<n, we conclude that there is no SDR for the sets  due to the absence of a representative for a separate set . Thus, using Algorithm...
	3.5 Algorithm 4. Reducing SDR search to solving an assignment problem

	To do this, the matrix C, representing the sets  with elements from , is replaced by the matrix S,
	where , if the i-th set  contains an element j from J, otherwise,  and M is a sufficiently large positive number.
	We solve the following function minimization problem
	provided that only one element  is 1, the remaining elements of the row or column are 0.
	Based on the obtained optimal solution, SDR is constructed for sets , i=1,…,n. Let us assume that the optimal solution, found, for example, by Kuhn's method [138], has the form
	3.6 Algorithm 5. SDR search associated with the construction of cycles

	1) We build the matrix S based on the sets ;
	2) As a representative of the set  from the group of sets  with one element in the row is and in the same column j, we take an element from row i; delete all lines ;
	3) Similarly, we look through columns with one element and as a representative of the set  from the group of sets , we take an element from column j ; cross out all columns ;
	4) For the remaining elements of the matrix S after deleting all rows and all columns with one element , we build a cycle with pairs (r, s) of the following form
	5) From the odd pairs of the constructed cycle, we take for the sets  the representative Cross out all rows of the matrix S corresponding to the sets ;
	6) From the remaining elements of the matrices S, we build another cycle (if any) and select representatives for the remaining rows;
	7) Repeat steps 4)-5) until all rows of the matrix S are crossed out.
	As a result of Algorithm 5, we obtain a system of sets with representatives, as well as sets that do not have representatives, since they do not correspond to the Sperner criterion. In this algorithm, it is possible to select representatives from the ...
	The presented algorithms can be used in solving problems from various fields of research related to the choice of their solution from several alternative options. The algorithms are presented without taking into account the features of the objects tha...
	3.7 Method of searching for SDR by incidence matrix
	3.8 On the extension of the method for solving the choice problem
	3.9 Heuristic algorithms
	3.9.1 Decription of heuristics
	3.9.2 The experimental part

	3.10 Statistical method of approximate solution of the discrete optimization problem
	3. Solution methods. The traveling salesman problem is NP-hard, and there is no algorithm yet that guarantees its solution in time polynomial in the number of cities n. However, for a small number of cities, there are many solution methods, including ...

	4. Algorithm for statistical solution of discrete optimization problems
	The algorithm is based on the use of statistics of the frequencies of transitions from one point to another. The first part of the route is formed by the maximum frequencies of transitions. The other part of the route, additional to the cyclic permuta...
	The sample consists of cyclic routes that are generated according to the scheme considered below.
	In the table, along the main diagonal of the matrix of elements , there are numbers M large enough to provide a transition from two different points i and j (except for the starting point and the final point in the route, which coincide).
	The first reference plan is found by the approximation method, taking into account the features of the problem.
	1) For each line , find the difference between the two minimum tariffs written in this line,
	U1=(3,1,2,3),
	and put them in the corresponding additional column.
	2) For each column , we find the difference between the two minimum tariffs written in this column,
	V1=(2,1,2,2),
	and put them in the corresponding additional line.
	3) Let us choose the largest difference from all the obtained. In this case, the largest difference is 3. In this row, the minimum tariff is 4 and is located at the intersection of runoff  and column . The element  and  also have a difference of 3, bu...
	4) Now, taking into account the peculiarities of the problem, we exclude both row 4 and column 1 at the same time.
	5) For the rest of the matrix, we carry out similar calculations according to items 1) -4). We get the following two additional columns
	U2=(3,4,2, -)
	U3=(4,-, 2, -)
	and two additional lines
	V1=(-,1,4, 2)
	V1=(-,1, -, 3),
	where the “-“ sign means the absence of a value in the corresponding column (row). As a result of calculations, we obtain the plan (4,1), (1,2), (2,3), (3,4), which turned out to be cyclical. But this is not always the case. In the general case, this ...
	Algorithm.
	1) For each pair  we calculate the estimates for the column  and according to its maximum estimate of the difference between the two minimum tariffs, we determine the row . Then, by row , we similarly define the column , and with it the element in the...
	2) We form the matrix p from the frequencies pij to include the element (i,j) in the cyclic design.
	3) We select elements (i,j) with the highest frequency  from all rows (columns) to be included in the plan.
	4) With respect to the reduced data matrix, similar calculations are carried out as in items 1) -3). The resulting parts of the cyclical plan are combined into one complete cyclical design with n elements. If, after the reduction, we have reached a ma...
	3.11 Decomposition of information relative to bypass points
	by convex hulls
	3.11.1 On the solution of special traveling salesman problems.
	3.11.2 On the solution of the TSP using the data decomposition algorithm for convex hulls
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