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Abstract

Functional equations over binary quasigroups are under con-
sideration. An equation is called: quadratic, if each individual
variable has either two appearances or none; cancellable, if a vari-
able has two appearances and another none in a proper subterm;
reducible, if it is equivalent to a system of equations such that
every of which has less number of individual variables than the
given one. Only the functional equations of unipotency, commu-
tativity, associativity and mediality are noncancellable, and the
irreducible ones are the same except the mediality. The crite-
ria for the parastrophic equivalency of the equations up to the
noncancellable equations were found.

Keywords: quasigroup, quadratic functional equation, re-
ducible, cancelable, parastrophically equivalent equations.

1 Introduction
The concept of functional equation is taken from J.Aczél [1]. This
article studies a class of functional equations over a quasigroup envi-
ronment (briefly, qen), i.e. over a set Φ = Φ0 ∪ Φ1 ∪ Φ2 of functions
defined on the same carrier Q, where Φ0 is a set of nullary operations,
Φ1 a group of bijections, Φ2 is a set of binary quasigroup operations and
the set Φ is closed under compositions of binary and unary or nullary
operations as well as unary and nullary operations from Φ. Moreover,
we restrict our attention only to quadratic functional equations (each
individual variable appears twice or never).
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The considered problem is to find conditions when a functional
equation can be reduced to some shorter functional equations. This
problem was under consideration in many works [2], [3], [4], [5] [6], [7].
We continue the research in this area, but we propose another approach
for solving this problem.

2 Preliminaries
A functional equation is called: 1) reducible, if it is equivalent to a sys-
tem of equations every of which has less number of individual variables
than the given one; 2) cancelable, if it has a subterm having all appear-
ances of an individual variable and none of another; 3) parastrophically
cancelable, if it is parastrophically equivalent to a cancelable functional
equation.

3 Equations in 1 and 2 individual variables
The equations F (x, x) = a and F (x, y) = F (y, x) are said to be a
functional equation of idempotency and commutativity, respectively.

Theorem 1. Quadratic equations in 1 individual variable are paras-
trophically noncancellable and parastrophically equivalent to the func-
tional equation of idempotency.

Theorem 2. Let ω = υ be a quadratic quasigroup functional equation
in 2 individual variables, then the following propositions are equivalent:
1) the equation ω = υ is parastrophically noncancellable;
2) a subterm of the length 2 is repetirion-free;
3) the equation ω = υ is parastrophically equivalent to commutativity.

4 Equations in 3 and 4 individual variables
The functional equations

F1(F2(x, y), z) = F3(x, F4(y, z)),
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F1(F2(x, y), F3(z, v)) = F4(F5(x, z), F6(y, v)).

are said to be a equation of associativity and mediality, respectively.

Theorem 3. Let ω = υ be a quadratic quasigroup functional equation
in 3 individual variables, then the following propositions are equivalent:
1) the equation ω = υ is parastrophically noncancellable;
2) every subterm (including outer one) of the length 2,3 is repetirion-
free and two subterms of the length 2 have exactly 1 variable in common;
3) the equation ω = υ is parastrophically equivalent to the functional
equation of associativity.

Theorem 4. Let ω = υ be a quadratic quasigroup functional equation
in 4 individual variables, then the following statements are equivalent:
1) the equation ω = υ is parastrophically noncancellable;
2) the equation satifies all of the following conditions:
2.1) its subterms of the length 2, 3 and 4 (including the outer ones)
are repetition-free;
2.2) any 2 subterms of the length 2 has different sets of individual
variables;
2.3) if xy · z is a subterm, then neither xz, nor yz is a subterm;
2.4) if (xy · z)u is a subterm, then zu is not a subterm;
2.5) if xy is a subterm, then there is no u such that xu and yu are
subterms.
3) the equation ω = υ is parastrophically equivalent to the functional
equation of mediality.

5 Conclusion
Each noncancellable quadratic functional equation in n individual vari-
ables is parastrophically equivalent to unipotency if n = 1; commuta-
tivity if n = 2; assiciativity if n = 3; mediality if n = 4. It does not
exist if n > 4. Any functional equation of mediality is reducible.

The atoms of the semilattice of quadratic varieties are varieties
being defined by the parametrical unipotency, commutativity and as-
sociativity.

120



F. Sokhatsky, H. Krainichuk

References
[1] J. Aczél. Lectures on Functional Equations and their applications.

New York and London: Academic Press, 1966, 510 p.

[2] V. D. Belousov. Systems of quasigroups with generalized identities.
UMN, 1965, T. 20, no. 1(121). pp. 75–146.

[3] R. F. Koval’. Classification of quadratic functional equations of
small length on quasigroups. M. P. Dragomanov scientific journal
of the NPU. Physical and mathematical sciences, 2004, no. 5, pp.
111–127.

[4] H.V. Krainichuk. On reducibility of functional equations of func-
tional length 6. Applied problems mech. and math.: Sci. Collec-
tion, Lviv, 2020, vol. 18, pp. 102–110.

[5] A. Krapež. Generalized Quadratic Quasigroup Functional Equa-
tions. Chapter 11 In: M.N. Hounkonnou, M. Mitrovic, M. Ab-
bas, and M. Khan, (eds). Algebra without Borders – Classical
and Constructive Nonassociative Algebraic Structures. STEAM-
H: Science, Technology, Engineering, Agriculture, Mathematics &
Health. Springer, Cham., 2023, pp. 491–532.

[6] S. Krstić. Quadratic quasigroup identities. (Serbocroatian) PhD
thesis, University of Belgrade, 1985, 101 p.

[7] F.M. Sokhatsky. On the classification of functional equations on
quasigroups. UMJ, vol. 56, no. 9, pp. 1259–1266, 2004.

Fedir Sokhatsky1, Halyna Krainichuk2

1Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of
NANU, Lviv, Ukraine
E–mail: fmsokha@ukr.net
ORCID: https://orcid.org/0000-0003-4969-5651

2Vinnytsia National Technical University, Vinnytsia, Ukraine
E–mail: kraynichuk@ukr.net
ORCID: https://orcid.org/0000-0002-6822-4858

121


