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Abstract

According to Lyapunov’s first method of stability of unper-
turbed motion, there were determined the stability conditions for
the differential system with nonlinearities of fifth degree.
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1 Introduction

We will examine the two-dimensional differential system with nonlin-
earities of fifth degree of the form

d
@ ax + by + ex® + 5fzty + 10g2>y? + 10ha?y® + Sizy* + jy°,

d—i = cx + dy + ka® + 5lzty + 10may? + 10nz?y® + Soxzy? + py®,

where a,b,c,d, e, f,g,h,1,7,k,l,m,n,o0,p are real arbitrary coeflicients.
Lyapunov proved that, for such systems, it can always be found a
center-affine transformation, so that the system (1) contains a critical

and a non-critical equation, that is

d |4
dﬁ = ex® + 52ty + 10gz3y? + 10ha?y® + Sizy® + jy°,
W (2)

i cx + dy + ka® + 5lzty + 10may? + 10nz2y® + Soxy* + py°.
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2 The stability conditions of unperturbed mo-
tion governed by differential system with
nonlinearities of fifth degree

We analyze the non-critical equation
cx + dy + kz® + 5lzty + 10ma’y? + 10nz?y® + 50zy* + py® = 0. (3)

Because the characteristic equation of the system (2) has one zero
root and the other ones are real and negative, we have

L=at=d<0. (4)

From the last relation, we express y

k l
Y= e D 5-axty — 10mx3y2 - 1025102y3 - 59xy4 -

iy . (5)

p
d d d d d

We seek y as a holomorphic function of . Then we can write

Y= —gw + Box? + By 4+ Bya* + Bsa® + Bga® + Bra” + Bga®+

+Bgl‘9 + Blo.’L‘lO + Blll‘ll + Blgl‘u + Bl3l‘13 + Bl4$14+ (6)
+Bl5$15 —+ 3161'16 =+ ...

Substituting (6) into (5), we have

—Sx + Box? 4+ Bya® + Byx* + Bsa® + Bga® + Bra” + Bga® + Boa®+

4+ B10z'® + Byyz'! + Broz'? + Bisa'® + Bzt + Byszo+
+Bigz'f + ... = fgx — g;cs — 5éx4(f§x + Box?® + Bsa® + Byt +
+Bsaz® + Bgz® + Brz” + Bgx® + Box® + Bioz'? + Biizt! + Box 2+
+B132'3 + Biyz' + Bysa'® + Biga'® +...) — 10%1‘3(—51‘ + Byz?+
+Bsa® 4+ Byx* + Bsaz® + Bea® + Brx” + Bga® + Boa® 4+ Bioz'? + Byjatt+
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+Blgl‘12 + Blg,x13 + B14$14 + B15.I‘15 + 3161‘16 + )2 — 10%3&'2(—2334—

+BQI‘2 + B31’3 + B41‘4 + B5$5 + B6I6 + B7.Z‘7 + Bg$8 + Bgl‘g + Blo$10+
+Bll.’L'11 + 3121‘12 + 313$13 + 3141‘14 + Bl5$15 + 3163316 + ...)3—

(] C .
75gx(—gx + Box? + Bsxz® + Bya* + Bsaz® + Bga® + By’ + Bga®+
+Bgl’9 + Blol’lo + Blll’ll + B12$12 + Blgl'lg + 3141’14 + B15$15+

+Blg.’L'16 + )4 — %(—gm + B2x2 + B3LE3 + B43’,‘4 + B5$5 + BG.’EG + B7.’177+

+BgfL‘8 + Bgﬂjg + Bloxlo + BHIH + 3123712 + Bl3l‘13 + 3141‘14 + Bl5$15+
+B16$16 + )5

This implies that

Box? + B3x3 + Byz* + Bsa® + BGxG + Box" + B8x8 + Box®+
—I—Blol‘lo —+ 3111‘11 + B12x12 + B13.7313 + 3141‘14 + 3155615 + B16$16 +...=

= (d5k — 5ed*l + 102 d3m — 10c2d?n + 5ctdo — c5p):1c5—

1
46
5Bs (11— dedPm + 6¢2dPn — Acdo + ¢'p)a® — 2 [2B2d(d

(d*l — 4ed®m + 6¢°d*n — 4c’do + ¢*p) fﬁ[g)(m—
—3cd*n + 3c*do — *p) + By(d*l — 4ed®m + 6¢*d*n — 4cPdo + c*p)|at3—
5

2B3d?*(d*n — 2cdo + ¢*p) + 4BsBod(d*m — 3cd*n + 3c¢*do — c3p)+

_ﬁ[
+B13(d*l — 4ed®m + 6c2d*n — 4c3do + c*p)|atT -

&
—3cd*n + 3c%do — *p) + 2B2d(d*m — 3cd*n + 3c¢*do — c*p) + By (d*l—

—ded®m + 6¢2d*n — 4ctdo + cp))a?t -

> [B2d?(do — cp) + 6B2 Bod?(d®n — 2cdo + ¢*p) + 4Bs Byzd(d*m—

5
—E[Bgd‘lp + 20B2 Bod®*(do — cp) + 30d* Bs(Bs B3 + B3)(d*n—
—2cdo + *p)+
+20d(BsB17 4+ By Bis)(d*m — 3cd*n + 3c¢2do — ¢3p)+

+5By; (d*l — ded®m + 6¢%d%n — 4c®do + cp)a? + ...
From this identity, we have
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By = B3 = By =0,
1
Bs = —ﬁ(dsk — 5cd'l + 10 d>m — 10c3d*n + 5¢tdo — Pp),

Bg = B7 = Bg = 0,
5B

By = i

(d*l — dedPm 4 62d%n — 4c3do + c*p),
Bip = B11 = B12 =0,
Bz = —%[QBgd(d?’m — 3cd*n + 3c%do — ¢*p) + Bo(d*l — 4ed®*m+
+6c2d*n — 4c®do + ¢*p)], By = Bis = Big = 0,

5
= [2B3d*(d*n — 2cdo + ¢*p) 4 4BsBod(d*m — 3cd*n+

+3c%do — p) + Bi3(dl — ded®m + 6¢2d*n — 4c3do + ¢'p)],
Big = B1g = By = 0,

Bi7 = ——

By = —E[Bg,d?’(do — ¢p) + 6B2Bgd*(d*n — 2cdo + c¢*p)+

+4B5By3d(d*m — 3cd*n + 3¢*do — ¢*p) + 2B3d(d*m—
—3cd*n + 3c%do — p) + Bir(dHl — dedPm + 6c2d%n — 4c3do + ¢*p)],
By = Ba3z = Byy =0,

5)
—5 [B2d*p + 20B2 Byd®(do — cp) + 30d? Bs(BsB13 + B3)(d*n
—2cdo + ¢2p) + 20d(BsB17 + By Bi3)(d*m — 3cd*n + 3cdo — 3p)+

+5Bo1 (d*l — 4edPm + 62d%n — 4c3do + ¢'p)], ...

Bos =

(7)
Substituting (6) into the right-hand sides of the critical differential
equations (2), we get the following identity

ex® + 5faty + 10g23y? + 10ha?y® + sizy® + jy° = Aga® + Azz®+

—|—A4SL‘4 —|—A5{L‘5 +A6ZL‘6 —|—A7ﬂ:‘7 —I—Agl‘s —|—Agl’9 +A101‘10 —|—A11$11 +A12:L‘12
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+A132" + Apga™ + Az + Ajga'® + .
or in detailed form
ex® + 5fx4(—§x + Boxz? + Bsa® + Bux* + Bsa® + Bga® + Bra'+
+Bgz® + Byoa® + Byox'® + Byiat! + Biox'? + Bisa'® + B+
+Bisz'® + Bigz'® + o)+ 109333(—237 + Box® + Bsz® + Byx*+
+Bsa® + Bga® + B7x7 + Bga® + Bgx? + Bioz'? + Byiztt+
+B1ox'? + Byzx'® + Bz + Bisa!® + Bigz!t + )2+
—|—10hx2(—§az + Boa? 4+ Bsa® + Bya* + Bsz® + Bga® + Bra'+
+Bga® 4+ Box? + Bioz'® 4+ Biia'! 4+ Biax'? + Byza'®+
+ Bzt + Bisz® 4+ B!t + .3 + 5i$(—§m+
+Bsa® + Bsx® + Byt + Bsa® + Bea® + Bra” + Bsa® + Boa’+
+ B9z + Biizt! 4+ Biaz!? + Bz + Bz + ByszP+
+Bezt0 + .t + j(—%x + Boz? + Bsx® + Bzt + Bsz® + Bga®+
—|—B7:L'7 + BSxS + Bgacg + Bloxm + anll + Blg$l2—|—
+ B3z + Biya' + Bz + Bigz'® 4 ...)° = Agx? + Aza+
+Agxt + Asa® + Aga® + Arx” + Aga® + Agzr® + Ajpx'0+
+ Azt 4+ Apgx'? + A2+ Azt + Az’ + Azt + ..

From here we obtain
Ay = Az = A4 =0,

1
A5 = (de —5ed' f +10°d%g — 106°d*h + 5c'di — ),
AG = A? = AS = 07
5
Ag = =1 Bs(d'[ — ded’g + 6c*d*h — 4c*di + '),

Ao =A11 =412=0,

5
Az = ﬁ[2B§d(d3g — 3cd?h + 3¢%di — ¢35) 4+ Bo(d'f — 4cd®g + 6c2d*h—
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—4c*di+ ¢*j)], A1a = A5 = A6 =0,
5 . .
Ar = g[@Bgcﬁ(d% — 2cdi + ¢*§) + 4B5Bod(d®g — 3cd”h+
+3c2di — 5) + Bis(df — dedg + 62 d*h — 43di + ¢*j)],
A18 = A19 = A20 = 0’
5 S . _
Aoy = E[Bg‘;d:}(dz — ¢j) + 6B2Byd?(d*h — 2cdi + )+
+2d(2B5B13 + B2)(d*g — 3cd®h + 3cdi — ¢*§) + Byr(d* f— (8)
—ded?g + 62d%h — 43 di + )],
Agg = Aoz = Agy =0,
1
Ao = a7
+B3)(d*h — 2¢di + ¢*5) 4 20d(BsB17 + BgBi3)(d®g—
—3cd*h + 3¢%di — ¢35) + 5Bo1 (d* f — 4ed3g + 6c2d>h—
—43di + 1j)], ...

[B2d"j + 20B3 Bod®(di — cj) + 30d> Bs(Bs B3+

Let us introduce the following notations:
T = d°k — 5¢d*l + 102d®m — 103d%n + 5ctdo — Pp;
C = d% — 5ed*f +10c2d3g — 10¢3d%h + 5ctdi — 5
D =d*f —4ed?g + 62d%h — A3 di + ¢4y (9)
E =d*g — 3cd®h + 3c%di — 3j;
F =d*h —2cdi + ?j; G =di—cj.

Then, taking into account (7), (8), and (9), we obtain

C T 5
As = ﬁ; Bs = _ﬁ; Ag = @B5D7
5
Az = ﬁ[wgdf} + By D],
5
Ay = @[(2356121? + 4B5BydE + Bi3DJ;
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5
Ay = E[Bgid«%a + 6B2Bgd’F + 2d(2B5 B3 + B3)E + Bi7DY;
1
Ags = g[Bgd‘{j + 20B2 Byd®*G + 30d* Bs(BsB13 + B2)F+ (10)

—|—20d(B5Bl7 + BgBlg)E + 5B21D],

Using the Lyapunov theorem [1], and the expressions (10), consi-
-dering that I; = d < 0, we get

Theorem 1. The stability of unperturbed motion in the system of
perturbed motion (2) is described by fourteen possible cases:

I. C >0, then the unperturbed motion is stable;

II. C <0, then the unperturbed motion is unstable;

III. C =0, TD >0, then the unperturbed motion is stable;

IV. C =0, TD <0, then the unperturbed motion is unstable;

V. C=D=0, T#0, E <O, then the unperturbed motion is
unstable;

VI. C=D=0, T#0, E >0, then the unperturbed motion is
stable;

VII. C=D=FE=0, TF > 0, then the unperturbed motion is
stable;

VIII. C=D=FE =0, TF <0, then the unperturbed motion is
unstable;

IX. C=D=FE=F=0, T#0, G >0, then the unperturbed
motion is stable;

X. C=D=FE=F=0, T#0, G <0, then the unperturbed
motion is unstable;

XI. C=D=FE=F=G=0, Tj >0, then the unperturbed
motion is stable;

XII. C=D=FE=F=G=0, Tj <0, then the unperturbed
motion is unstable;

XIII. C =T =0, then the unperturbed motion is stable;

XIV. e=f=g=h=1i=j5=0, then the unperturbed motion is
stable.
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In the last two cases, according to the Lyapunov theorem, the unper-
turbed motion belongs to some continuous series of stabilized motions.
In this case, for sufficiently small perturbations, any perturbed motion
will asymptotically approach to one of the stabilized motions of the men-
tioned series. Moreover, this motion is also asymptotically stable [2] in
Cases I, ITI, VI, VII,IX, and XI. The expressions C,D,E, F,G,T
are from (9).

Proof. According to Lyapunov’s theorem [1], we analyze the coef-
fcients of the series (10).

Asume that As < 0, then from (10) we get d% < 0. Taking into
account that d < 0, it follows C' > 0. So we get case I, and similarly
we get case II.

Suppose in (9) that 7" # 0. Then, from (10), we have Bs # 0.

If A5 =0 (C =0), and Ag = 3 BsD = —5;TD, then the stability
or the instability of unperturbed motion is determined by the sign of
expression T'D. Then, using Lyapunov’s theorem, we proved the Cases
IIT and IV.

If A5 = A9 =0 (C =D =0), then Aj3 = 4%T?E. Taking into ac-
count that d < 0, the stability or the instability of unperturbed motion
is determined by the sign of expression E. Then, using Lyapunov’s
theorem, we proved the Cases V and VI.

IfA5 = Ag = A13 =0 (C =D=F= 0), then A17 = —le%TgF, and
the stability or the instability of unperturbed motion is determined by
the sign of expression T'F'. Then, using Lyapunov’s theorem, we proved
the Cases VII and VIII.

IfA5:Ag:A13:A17:O(C:D:E:F:O),thenAzl:
%T‘lG. Taking into account that d < 0, the stability or the instability
of unperturbed motion is determined by the sign of expression G. Then,
using Lyapunov’s theorem, we proved the Cases IX and X.

IfA5:A9:A13:A17:A21:O(C:D:E:F:
G = 0), then Ag; = —d%T‘r’ j, and the stability or the instability of
unperturbed motion is determined by the sign of expression T'j. Then,
using Lyapunov’s theorem, we proved the Cases XI and XII.

If C =T =0, then all Ay (k > 5) are equal to zero. Then, using
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Lyapunov’s theorem, we proved the Case XIII.

fT#0andC=D=FE=F=G=j=0(c=f=g=h=i=

j =0), then we obtain the Case XIV. Theorem 1 is proved.
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