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Abstract

For the bidimensional polynomial systems of differential equa-
tions with nonlinearities of the fourth degree the recurent equa-
tions for determination of the Lyapunov quantities were establis-
hed. Moreover, the general form of Lyapunov quantities for the
mentioned systems were obtained. For a class of such systems
the necessary and sufficient GL(2, R)-invariant conditions for the
existence of center are given.
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1 Definitions and notations

Let us consider the system of differential equations with nonlinea-
rities of the fourth degree

dx dy

E :Pl(xvy)+P4(xvy)v E :Ql(ﬂc,y)+Q4(w,y), (1)

where P;(z,y), Qi(x,y) are homogeneous polynomials of degree i in x
and y with real coefficients.
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The goal of this paper is to determine the invariant [1, 2] recurent
formulas for construction the Lyapunov quantities for the system (1)
and to establish the invariant center conditions for a class of these
systems.

Definition. [3] Let ¢ and ¢ be homogeneous polynomials in coor-
dinates of the vector (x, y) € R? of the degrees p; and p, respectively.
The polynomial

. j . . .
G) _ (p1=3)'(p2 = j)! AN 71
(e, 9) p1!pa! Z (’L> Oz ~19y" Ox'Oyi~"

1=

is called the transvectant of index j of polynomials ¢ and .

If the polynomials ¢ and ¢ are GL(2,R)-comitants [1, 2] of the
system (1), then the transvectant of the index j < min(py, p2) is also a
GL(2,R)-comitant of the system (1) [4].

GL(2,R)-comitants of the first degree with respect to coefficients
of system (1) have the form

i=1,4.

R; = Py(x,y)y — Qi(z,y)z, S; = A <8P(x v) + aQi(w’y)> ,

ox Ay

By using the comitants R; and S; (i = 1,4), and the notion of
transvectant the following GL(2,R)-comitants and invariants of the
system (1) were constructed:

= (R, R)®, Ki=(S4, R)Y, Ky =((Ss,R1)?, R)Y,

Iy = (((54,R1)(2),R1)(1), (S4,R1)(2))(1),

I, = ((((R4,R1)(2)7R1)(2)7Rl)(l), ((R4,R1)(2),R1)(2))(1),

K3 = (Ry,51)®, Ky=(K2,5)®, Ks5=((K3,5)%, R)?,
I5 = (R4, S0P, R)P, R)?,  Is = (K4, K5)V

2 Lyapunov quantities for systems (1) with
S, =0,1,#0

We will consider the system (1) with the conditions S; = 0,1 > 0,
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which has the center or focus at (0,0). In these conditions system (1)
can be reduced to the system

dx dy

dt =Y —|—P4(CC y) a =—T+ Q4(:c,y), (2)

and can be written [5] in the form

de 10Ry 10Ry 4 dy 10Ry 10Ry 4
= =S —=—————-——-——+4+ =8 3
@20y 5oy 3 @ T 20 500 5o O
where Ry = z2 + 1%
Let us consider the formal power series of the form

(e.]
F(z,y) =2"+y> + > _ F(z,y)
=3

where for each j, Fj(x,y) is a homogeneous polynomial of degree j, so
that the derivative of F(x,y) along the solutions of the system (2) (or
(3)) satisfies

dF(
xy Zngflf —I—y

where Gy, are the polynomials of the coefficients of the system (2),
called Lyapunov quantities [6].

For establishing the center conditions for the system (2) we will de-
termine Lyapunov quantities. Polynomials Fj(z,y) and constants Gy
can be determined from the infinite dimensional system of differential
equations in partial derivatives:

(3m + 2)(Famy2, R)™ + (3m — DW (Fp1) =
0, form=20—1, | € N*,

3m+2

G3m+2R1 2, form=2I, | € N¥,

4
where Fy = Ry, W(F;) = (Fj, Ry) + = FjSa.
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From the system (4) it follows that only the homogeneous polynomi-
als Fs—1(z,y), m € N* and the Lyapunov quantities Gg19, [ € N* par-
ticipate in solving the center-focus problem for the system (1). By sol-
ving consecutively the equations of system (4) the polynomials F3,,_1
and respectively the Lyapunov quantities Gg;q2, are determined. The
general form of the polynomials Fs,,_1, m € N* and respectively, the
general form of the Lyapunov quantities Gg;ra, [ € N*| are the follo-
wing:

F3mqo =
[3'm+1] ) . /_/]—
_y Bmo ) @m0 27 R W (R, RO R RO
j )
i=0 Gm-2i+1)[] ((3m—2i+2)2~(R1,R1)(2))
=0
3141
—_—
G (6=1) - (614 2)! CHL W (Faio1), R)®, ... R)® 5
614+2 — 31 P ( )
T (61— 2i+2)” - (Ry, R))®)
i=0

where m € N*, | € N*, W(F;) = (F;, Ry)V) + %Fi&.

Noted that when m = 2[ — 1, | € N*, the respectively equations of
the system (4) have a unique solution with respect to F3,,42, i.e. in this
case Fi,,19 are determined unambiguously. In the case m = 2[, [ € N*|

the solutions of respectively equations of the system (4) with respect
3m+2

to F3y,42 are determined with accuracy to a term of the form CR, *
where C' is an arbitrary real constant. This implies that Lyapunov
quantities G2, | € N*| are not determined unambiguously.

3 The GL(2,R)-invariant center conditions for
a class of systems (1) with S; = 0, I > 0,
Iy=1,=0

We will consider the system (3) (or (1)) with the conditions S; = 0,
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I5 > 0, which has the center or the focus at (0,0).

If Ry =0, then the system (3) (or (1)) with S; = 0 and I3 > 0 has
the singular point of the center type at the origin of coordinates. In
this case the system (3) has the invariant algebraic curve

H(z,y) = 32Ry - Ko + 81, - K1 — 513 = 0

and the first integral
2
[H|5 - |Ri| ™! = e,

where ¢; is a real constant [7].

If S4 =0, then the system (3) (or (1)) with S; =0 and I > 0 has
the singular point of the center type at the origin of coordinates. In
this case the system (3) has the first integral:

SRy + 2Ry = ¢,

where ¢ is a real constant.

For the system (1) with S; =0, Iy > 0 and I3 = I = 0 were es-
tablished the GL(2,R)-invariant conditions for distinguishing between
center and focus.

Theorem 1. The system (1) with the conditions S =0, Iy > 0
and Is = 14 = 0 has the center in the origin of the coordinates if and
only if the following conditions are fulfilled

Gg = Gog = G320 = G33 = 0,

where Gg, Gog, Gsa and Gsg are Lyapunov quantities of respectively
indices.

Theorem 2. The system (1) with the conditions S = 0, Iy > 0
and Is = 14 = 0 has the center in the origin of the coordinates if and
only if the following conditions are fulfilled

Is =I5 =0.
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