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Preface

This monograph is intended to present the main results obtained by the
author related to the convex covering and partitioning of graphs. It has been
designed to be useful for research workers in the field, graduate students,
and advanced undergraduates.

A convexity C inagraph G = (X, U) is a family of subsets of X such
that C is closed under intersection and contains both X and @. The elements
of C are called convex sets. In this book, we consider the geodetic convexity
C inagraph G, when each set S in C contains all vertices belonging to any
shortest path between two vertices of S. This convexity is also known as
d-convexity.

The problem of covering a graph by convex sets is a variation of the
classical set covering problem that is known especially due to its essential
role in developing the theory of complexity of algorithms, solving discrete
optimization problems, and multiple practical applications in the
engineering field. The problem of dividing a graph into convex sets is a
particular case of covering a graph by convex sets, provided that all sets
are pairwise disjoint. A comprehensive analysis of these two problems
constitutes the core of the monograph.

The book is organized in seven chapters. Chapters 1 introduces basic
notions of graph theory and defines convex covers and partitions of graphs.
Chapter 2 presents several properties of convex covers of graphs. The
NP-completeness of convex covering problems of graphs is shown in
Chapter 3. Chapters 4 deals with special types of convex 2-covers of
graphs. Chapter 5 focuses on nontrivial convex covers and partitions of
trees. Several findings concerning convex covers of graphs resulted from

3



some graph operations are presented in Chapter 6. The last chapter of the
monograph, Chapter 7, provides details on the use of binary linear
programming approach to solve convex covering problems of graphs. The
book also contains a bibliography, an index of terms, and an index of
symbols.

Chisinau, Republic of Moldova Radu Buzatu
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Chapter 1
Basic Notions

By a graph we mean an ordered pair G = (X, U) consisting of a finite
nonempty set X of vertices and a finite set U of edges, where each edge is
an unordered pair of vertices. The vertex set X and the edge set U of a graph
G can be denoted by X(G) and U(G), respectively. A graph is finite if both
its vertex set and edge set are finite. In this book, we consider only finite
graphs. The order of G is the cardinality of X(G), usually denoted by n.
The size of G is the cardinality of U(G), denoted by m. The graph with no
vertices (and hence no edges) is the null graph.

An edge between two vertices x and y is denoted by (x, y) or simply
by xy. Two vertices x and y are said to be adjacent or neighbors if there
is an edge between them, and we denote this fact by writing x~vy. An edge
e = (x,y) is said to be incident to vertices x and y, and vice versa. The
neighborhood T'(x) of a vertex x € X is the set of neighbors of x in
G = (X,U). The degree of a vertex x € X, denoted deg(x), is the number
of neighbors of x, i.e., deg(x) = |T'(x)|. Vertices of degree 0 and 1 are
called isolated vertices and terminal vertices, respectively. AsetS € X is
a clique if every pair of vertices of S is adjacent in G. If I'(x) is a clique for
a vertex x € X, then x is called simplicial. Also, a vertex x is called
universal if I'(x) = X\{x}.

By a subgraph H of a graph G we mean a graph H such that
X(H) € X(G) and U(H) € U(G). We say that H is an induced subgraph
of G if all the edges between the vertices in X(H) from U(G) are in U(H).
If H is an induced subgraph of a graph G and S = X(H), then we say that
H is the subgraph induced by set S in G and we write H = G[S].
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A path in a graph G = (X,U) is a sequence of distinct vertices
[x1, x5, ..., xi] such that (x;,x;4,) € U for i = 1,k — 1. If for such a path
with k > 3, (x, x;) is also an edge of G, then [xq, x5, ..., x;] is a cycle. A
cycle is called simple if it has no repeated vertices. The length of a path or
a cycle is the number of edges in it. A graph consisting of a single path is
called a path graph. A graph having no cycle is acyclic. A graph consisting
of asingle cycle is called a cycle graph. A cycle graph of order n is denoted
by C,. In particular, C; is often referred to as a triangle.

A graph G = (X, U) is said to be connected if for all pairs of vertices
x,y € X, there is a path in G from x to y; otherwise, it is said to be
disconnected. A connected component of G is a connected subgraph that is
maximal by inclusion. A cut-vertex is a vertex whose removal produces a
graph with more connected components than in the original graph. A tree
is a connected acyclic graph.

A complete graph, denoted by K,,, is a graph of order n in which any
two distinct vertices are adjacent. A bipartite graph G = (X, U) is a graph
whose vertex set X can be partitioned into two nonempty subsets X; and
X, such that each edge of U connects one vertex of X; to one vertex of X,.
If every vertex of X; is adjacent to every vertex of X,, then we say that G
is a complete bipartite graph, and write G = K,, ,, where p = |X;| and
q = |X|. A complete bipartite graph of the form K; , is called a star. A
graph G = (X, U) is tripartite if X can be partitioned into three subsets X;,
X,, X5 such that each edge of U connects a vertex of X; to a vertex of X;,
i #j,wherei,je€ {123}

We say that a set S € X of a graph G = (X,U) is nontrivial if
3 <|S| < |X|— 1. Atthe sametime, if 1 < |S| < 2, then S is a trivial set.
An independent set of a graph G is a subset of X such that no two vertices
in X are adjacent. The independence number a(G) of a graph G is the
cardinality of the largest independent set. A subset E of U is called an edge
cover of G if, for each vertex x € X, there is an edge e € E incident to x.
The edge cover number B(G) of a graph G is the size of the smallest edge
cover of G. A dominating set of a graph G is a subset D of X(G) such that
every vertex not in D is adjacent to at least one member of D. A minimum
dominating set is a dominating set of the smallest size in a given graph.
The domination number y(G) is the number of vertices in a minimum
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dominating set of G.

Let G = (X, U) be a graph. The distance d(x, y) between two vertices
x,y € X is the length of the shortest path between x and y. The diameter
of G, denoted by diam(G), is the distance between two farthest vertices of
G. If there is no path between two vertices x,y € X, then we consider that
d(x,y) = +oo.

The distance function d: X x X — N associated to a graph G = (X, U)
satisfies, for every x, y, z € X, the following properties:

1. d(x,y) = 0, equality holds if and only if x = y;
2.d(x,y) =d(y,x);
3.d(x,y) <d(x,z) +d(z,y).
Hence, for every graph G = (X,U), d is a metric on X and the pair
(X, d) is a metric space. The set
(x,y)={z€X:d(x,2) +d(z,y) =d(x,y)}
is called metric segment between vertices x and y [1]. If G is a disconnected

graph and vertices x and y belong to different connected components of G,
then we consider that (x, y) = @.

Definition 1.1. Aset S € X isconvex inagraph G = (X,U) if(x,y) S S
for any two vertices x,y € S.

Definition 1.2. The convex hull of S € X, denoted d — conv(S), is the
smallest convex set containing S.

Definition 1.3. A family of sets is called a convex cover of a graph
G = (X,U) and is denoted by 2(G) if the following conditions hold:

a) every set of 2(G) is convex in G;
b) X = User(c) S;

) S € Ucep(s) C forevery S € 2(G).
C+S

If |2(G)| = p, then this family is called a convex p-cover of G and is
denoted by 2,,(G). Initially, the concept of convex p-cover of a graph was

defined and studied by Artigas et al. in [2,3]. In particular, a family 2(G)
is called a convex partition of G if it is a convex cover of G and any two
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sets of 2(G) are disjoint. A convex p-cover is called a convex p-partition
if it is a convex partition of a graph. Clearly, every graph G has a convex
n-partition, where n = |X(G)|. If 2,(G) is a convex p-partition and each
set of 2,(G) is a clique, then 2,(G) is called a clique p-partition of G.

Definition 1.4. The family 2(G) is called the nontrivial convex cover of a
graph G = (X,U) if every set S € 2(G) satisfies the inequalities
3<|S| <|X|—1. Consequently, the elements of 2(G) are called
nontrivial convex sets.

If a nontrivial convex cover 2(G) is a convex partition, we say that
2(G) is a nontrivial convex partition. Nontrivial convex p-cover and
nontrivial convex p-partition of G are defined analogically.

Indeed, there are graphs for which there are no nontrivial convex
covers. For instance, every convex simple graph has no nontrivial convex
covers. Note that a graph is called convex simple if it does not contain a
nontrivial convex set [8].

Definition 1.5. The minimum convex cover number " (G) of a graph
G is the least integer p = 2 for which G has a convex p-cover. Similarly,
the minimum convex partition number 87" (G) of G is the least integer
p = 2 for which G has a convex p-partition.

By analogy, the following numbers can be defined:

@™ (G) — minimum nontrivial convex cover number of G;

6™ (G) — minimum nontrivial convex partition number of G;

@ (G) — maximum nontrivial convex cover number of G;

054 (G) — maximum nontrivial convex partition number of G.

The respective families of convex sets are denoted by:

p(pznin (G), peznin (G), pq)zrhin((;), pggﬁin (G), P(pmax (G), pgg;llax (G)

m

It is obvious that for any graph G, we have " (G) < 8M™(G). If G
admits a partition into nontrivial convex sets, then 87" (G) < 874" (G)
and also:

P& (G) < 65(G) < 05 (G) < @& (G).
Anyway, if G can be covered by nontrivial convex sets, then it is clear that
P& (G) < ™.
10



Definition 1.6. A vertex x € X is called resident in 2(G) if x belongs to
only one set of 2(G).

By definition, each set of 2(G) contains at least one resident vertex in
2(G). If 2(G) is a convex partition of G, then all vertices of every set of
2(G) are resident in 2(G).

For additional details and information on basic graph theory and
convexity in graphs, we refer the reader to [5,6].

All the authors' results exposed in this book were published in [7-14].
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Chapter 2
Basic Properties

In this chapter, some properties of minimum convex covers and minimum
convex partitions of graphs are established. In addition, several theorems
regarding the existence of connected graphs with given parameters are
proved.

2.1  Minimum convex covers

Theorem 2.1. If ™"(G) = 3, then for any two sets A, B € P ymin(G),
A # B, there exists a set C € P ,min(G)\{4, B} such that there exist
verticesa € A, b € B and c € C\(A U B), where c € (a, b).

Proof. Assume the converse. Suppose there exist sets A, B € p(pylin(G),

A # B, such that for all verticesa € A and b € B, {(a,b) € AU B. Thus,
since d —conv(AUB) = AU B, there is convex cover 2(G) which
consists of all sets of ?q,zm'n(G), except for A and B, and contains an

additional set S =AUB. Finally, we get a contradiction because
2(6)] = | min(6)| - 1. 0

Theorem 2.2. If " (G) = 3, then for each set A € P ymin(G), there exist
sets B,C € 2,mn(G)\{A}, B # C, such that there exist vertices
a€A\(BUC),beBandce€ C,wherea € (b,c).

Proof. Assume the converse. Suppose that there exists aset A € P ymin (@)
such that for any two sets B,C € ?(pgun(G)\{A}, B # C, the equality
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AN (b, c)\(BU C)) = 0 holds for all vertices b € B, c € C. This yields
that d — conv (Usep(pznin((;)\{,q} S) =U S€P, min(G)\(4) S. Therefore, we
obtain a convex 2-cover
22(6) = Pyrin () = {Usep, pinonia) 5.4}
S0, ™" (G) = 2, and this contradicts the condition of the theorem
that " (G) = 3. O

Considering nontrivial convex cover as a particular case of a convex
cover, Theorems 2.1 and 2.2 have the following consequences.

Corollary 2.1. If Z3/™(G) = 3, then for any two sets 4,B € P pmin gys
A + B, there exists a set C € ?(p?}lin(G)\{A,B} such that there exist
verticesa € A, b € B and ¢ € C\(4 U B), where ¢ € (a, b).

Corollary 2.2. If oZ™(G) = 3, then for each set A € p(pgllin(G), there
exist sets B,C € P, min(G\{A}, B # C, such that there exist vertices
a€ A\(BUC),beBandc e C,wherea € (b,c).

Theorem 2.3. Let G = (X, U) be a connected graph and let S be a family
of subsets of X with properties:

a) S| = 2;
b) each Y € S isaclique;
c) X\ Uyes Y is not a clique;
dYnzZ=¢forallY,ZeS;
e) for each setY € S, the equality I'(y) = (Y\{y}) U (X\ Uzes Z)
holds for every vertex y € Y.
Then the following conditions hold:
a) "™ (6) = a(G), 0™ (G) = a(G);
b) ™" (G) = a(G) if G can be covered by nontrivial convex sets;

C) 67 (G) = a(G) if G can be partitioned into nontrivial convex
sets;

d) every convex set of G is a clique.
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Proof. Consider two nonadjacent vertices a,b of X\ Uyes Y and two
vertices y,z such that y €Y, z€ Z, where Y,Z € S, Y # Z. Note that
vertices y and z are nonadjacent by definition.

By property e), we have Uyes Y S (a, b), X\ Uyes Y € (y,2) and
thus X\ Uyes Y € d — conv(Uyes Y), Uyes Y € d — conv(X\ Uyes Y).
Furthermore, we have

d — conv(Uyes Y) = d — conv(X\ Uyes V) = X.
Thus, there is no proper convex subset of X containing vertices a, b ory, z.
This means that every convex set of G is a clique.

Let M € X be the maximum independent set of G. In addition, by
property e) it follows that M € X\ Uyes Y, 0r M S Uyes Y such that each
element of M belongs to exactly one set of S. Further, every convex cover
of G has at least |M| = a(G) sets. This implies the inequalities:

P (6) = a(G), 67V™(G) = a(G).

Moreover, if a graph G can be covered by nontrivial convex sets, then
eI (G) = a(G). Also, if G can be partitioned into nontrivial convex sets,
then 628 (G) = a(G). O

2.2 The existence of graphs with given parameters

Forall n € N, n = 2, there exists a connected graph on n vertices that has
a convex 2-cover and a convex 2-partition. An example of such a graph is
a path graph of order n > 2. In addition, for every graph that has a
nontrivial convex 2-cover, the inequality n > 4 holds because every set
belonging to a convex 2-cover is nontrivial and contains at least one
resident vertex. On the other hand, for every graph that has a nontrivial
convex 2-partition, the inequality n > 6 is satisfied because its sets are
nontrivial and disjoint.

It is clear that for any graph G on n vertices, where n = 2 or n = 3,
we have " (G) = 6™ (G) = 2. Now we prove theorems regarding the
existence of connected graphs with fixed values of ™™ (G), 6™ (G),

PG, 65 (G), @& (6), O5(6).
Theorem 2.4. If G = (X, U) is a connected graph on n > 4 vertices, then
0" (G) < B(G).
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Proof. Let E be a minimum edge cover of graph G and let F be a family of
two-vertex sets corresponding to edges of E. Since every set of F is convex
in G and X = Ugep S, it follows that F is a convex cover of G. Moreover,
if there are two sets A, B € F, which contain the same vertex c, then we
remove A from F and add the set A\{c} to F. By repeating this procedure
for any two sets of F, which have a common vertex, we transform F into a
convex partition of graph G for wich |F| = B(G). Therefore, we have
0" (G) < B(&). =
Theorem 2.5. For any two numbers p,n € N, 2 < p < n — 2, there exists
a connected graph G on n vertices such that 7™ (G) = p.

Proof. If p = 2, then G is a path graph of order n for which " (G) = 2.

If p = 3, we construct a graph G = (X, U) as follows:

Step 1. We define a set of vertices X; = {x4, x5, ..., X, }, Where any two
vertices of X; are nonadjacent, i.e., X; is an independent set.

Step 2. If p < n — 2, then we define a set of vertices X, = X; U Z,
where Z = {zy, 2y, ..., Zn—p—2} and Z U {x,} is a clique. Otherwise, X, is
equal to X; and Z = @.

The resulted graph G is exhibited in Figure 2.1. Clearly, | X| = n.

Zn-p-l

2

21

Figure 2.1. Graph G on n vertices such that 87" (G) = ™" (G) = p,
3<p<n-2.
Since X; is a maximum independent set in G, a(G) = |X1| = p. The
family of sets {{y,},{y,}} satisfies the conditions of Theorem 2.3. Thus,

@™ (G) = p and every convex set of G is a clique.
It remains to show that there exists a convex p-cover of G. Graph G
has a convex p-cover 2,(G) that consists of cliques {x;,y1} U Z, {x;, y,},
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{x3}, {xa}, ..., {xp}. Since "™ (G) = p, it follows that 2,(G) is the
minimum convex cover of G and ™™ (G) = p O

In view of proof of Theorem 2.5, we obtain Corollary 2.3.

Corollary 2.3. For any two numbersp,n € N, 2 < p < n — 2, there exists
a connected graph G on n vertices such that 87" (G) = p.

Let us prove several theorems regarding the existence of graphs with
fixed values of 5™ (G) and 74" (G).
Theorem 2.6. For any two numbers p,n € N,2 <p < EJ there exists a
connected graph G on n vertices such that 873" (G) = p.

Proof. We construct a graph ¢ = (X, U) as follows:

Step 1. We define aset X; = {x1,1,X1,2, X2,1, X2,2, ---» Xp,1, Xp 2}, Where
x;1~x;, foreach i, 1 <i <p.

Step 2. If 3p < n, then we define a set of vertices X, = X; U Z, where
Z ={2z1,23, .., Zn_3p} SUCh that Z U {x;4,x,,} is a clique. Otherwise,
X,=X,andZ = Q.

Step 3. X = X, UY, where Y = {y4,y5, ..., yp} such that I'(y;) = X,
foreachi,1 <i <p.

The resulted graph G is represented in Figure 2.2. Clearly, | X| = n.
Since Y is a maximum independent set in G, a(G) = |Y| = p. The

family {{yl},{yz},...,{yp}} satisfies the conditions of Theorem 2.3.

Consequently, if G can be partitioned into nontrivial convex sets, then
6" (G) > p. Also, every convex set of G is a clique.

Figure 2.2. Graph G on n vertices such that 874" (G) = p,
2<p<f
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It remains to show that there exists a nontrivial convex p-partition of
G. Graph G has a nontrivial convex p-partition 2, (G) that consist of the

following cliques: {x1,1;x1,2;){1} UZ, {x21,%22, Y2} {X31,X32, Y3} -,
{xXp,1, %p2, ¥p}. S0, since 673" (G) = p, it follows that 2,(G) is the
minimum nontrivial convex partition of G and 874" (G) = p. O

By C, we denote a cycle graph on 4 vertices.

A TX

C4_:

Figure 2.3. All connected graphs on 4 vertices.

Theorem 2.7. If G is a connected graph on 4 vertices, then
emin(G) = 2 ifand only if G # C,.

Proof. By the definition of nontrivial convex cover, a graph G on 4 vertices
has a nontrivial convex p-cover if and only if p = 2. In Figure 2.3, are
represented all connected graphs on 4 vertices. It can be easily checked that
every graph presented in Figure 2.3, except for the cycle graph C,, has a
nontrivial convex 2-cover. Now, if we recall that the minimum nontrivial
convex cover number is the least integer p > 2 for which graph G has a

nontrivial convex p-cover, we get /" (G) = 2 for every connected graph
G on 4 vertices, where G # C,. O

Theorem 2.8. If a connected graph G onn > 5 vertices can be covered by

nontrivial convex sets, then o7+ (G) < n — 3.

Proof. There is no nontrivial convex n-cover or a nontrivial convex
(n — 1)-cover of G, because every convex set of a nontrivial convex cover
has at least one resident vertex in this cover and contains more than two
vertices.

Let us prove that for every graph G, the inequality %" (G) <n —3
holds. The proof is by reductio ad absurdum. Assume that there exists a
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graph G = (X,U) on n =5 vertices such that ;" (G) =n—2.
Consequently, we have @+"(G) = 3. Let P(pg;lm(G) be a minimum
nontrivial convex cover of G. In this case, every set S € P pmin (G) satisfies
the equality |S| = 3 and contains exactly one resident vertex in P pmin(G).
Further, there are two vertices x,y € X, which are common for all sets of
P(pghm(G). Notice that x~y, otherwise the connectivity of nontrivial
convex sets of 2,,min (G) implies that I'(x) = T'(y) = X\{x, y} and further
d — conv({x,y}) = X. According to Corollary 2.1, all vertices of X\ {x, v}
are nonadjacent in G. Therefore, we get a nontrivial convex 2-cover
2,(G) = P(p%n((}) = {{x,y,z}, X\{z}}, where z € X\{x,y}. Finally,
@I (G) = 2. This contradiction concludes the proof of the theorem. O

Theorem 2.9. For any two numbers p,n € N, 2 < p < n — 3, there exists

a connected graph G on n vertices such that ¢ (G) = p.

Proof. We construct a graph G = (X, U) as follows:

Step 1. We define a set of vertices X; = {x4, x5, ..., x,, }, Where any two
vertices of X; are nonadjacent, i.e., X; is an independent set.

Step 2. If p < n — 3, then we define a set of vertices X, = X; U Z,
where Z = {zq,2;, ..., Zp—p—3} such that Z U {x} is a clique for each
x € X;. Otherwise, X, = X; and Z = Q.

Step 3. X =X, UY, where Y = {y,y,,y3} and I'(y1) = X; U {y},
IF(y2) = X, U{y1,y35 T(ys) = Xz U {y2}.

Figure 2.4. Graph G on n vertices such that " (G) = p,2 <p <n— 3.

The resulted graph is represented in Figure 2.4. Clearly, | X| = n.
Since X; is a maximum independent set in G, a(G) = |X;| = p. The

family {{xl}, {x,}, ..., {xp}} satisfies the conditions of Theorem 2.3. Thus,
18



if G can be covered by nontrivial convex sets, then 7™ (G) = p. Also,
every convex set of G is a clique.

It remains to show that there exists a nontrivial convex p-cover of G.
Graph G has a nontrivial convex p-cover 2,(G) that consists of the
following  cliques: {X.1:)’2:3’3} UZ, {x2,y1,y2}, {x3y1y2} ...
{xp, ¥1,¥2}. Since @™ (G) = p, Pp(G) is the minimum nontrivial
convex cover of G and @™ (G) = p. O

Theorem 2.10. For any two numbers p,n € N, 2 <p < n — 2, there
exists a connected graph G on n vertices such that ¢/7**(G) = p.
Proof. We construct a graph G = (X, U) as follows:

Step 1. If n — p = 2, we take a path graph G’ = [x, y, z]. Otherwise,
we take a convex simple graph G' = (X', U") with n — p + 1 vertices, and
chose two adjacent vertices x,y of X'.

Step 2. We define a set of vertices X; = {x;,x, ..., x,_1} and get
X = XU X, suchthat x~x; foreachi, 1 <i<p-1.

Figure 2.5. Graph G on n vertices such that p7}%*(G) = p, 2 < p < n — 2 (case a)),
and graph G on n vertices such that 6:**(G) =p, 2<p < EJ (case b).

The resulted graph is represented in Figure 2.5 a). It is easy to see that
|X| =n.

If G’ is a path graph, then the theorem is trivial. We consider that G’ is
a convex simple graph and |X'| = 4. Assume that x is adjacent to all
vertices of X"\{x}. Since a star graph with at least 4 vertices is not convex
simple, there are two adjacent vertices u, v € X"\{x}. Therefore, we see
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that {x, u, v} is a nontrivial convex set in G', which runs counter to the fact
that graph G’ is convex simple. Thus, exists a vertex z € X"\{x} such that
d(x,z) = 2. By construction of G, a minimal nontrivial convex set
containing z is X'. Graph G has a nontrivial convex p-cover 2,(G) that

consist of the following sets: X', {x1,x,y}, {x2,%,¥}, ... , {xp-1, %, ¥}.
Each vertex of X; U {z} is resident in 2,(G). Consequently, 2,,(G) is a
maximum nontrivial convex cover of G. O

Theorem 2.11. For any two numbers p,n € N, 2 <p < EJ there exists
a connected graph G on n vertices such that 87,%*(G) = p.

Proof. We construct a graph ¢ = (X, U) as follows:

Step 1. If n = 3p, we take a path graph G’ = [x, y, z]. Otherwise, we
take a convex simple graph ¢’ = (X', U") with n — 3p + 3 vertices, and
chose two adjacent vertices x,y of X'.

Step 2. We define p — 1 paths L; = {x;,v;,2;} and get X = X'U
UP_,' L; such that x~x; foreach i, 1 <i <p— 1.

The resulted graph is represented in Figure 2.5 b). It is easy to see that
|X| =n.

If G' is a path graph, then the theorem is trivial. If G is a convex simple
graph, then considering the proof of Theorem 2.10, there exists a vertex
z € X'\{x} such that d(x,z) > 2, and a minimal nontrivial convex set
containing z is X'. Hence, graph G has a nontrivial convex p-partition
2, (G) that consist of the following sets: X', {x1,y1,21}, {x2,2,22}, .-,
{xp—1,¥Yp-1,2p—1}. Note that each vertex of X’ U Uf;ll L; is resident in
P, (G). So, 2,(G) is a maximum nontrivial convex partition of G. o
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Chapter 3
NP-Completeness

Deciding whether a graph G has a convex p-cover, for a fixed p = 2, is
said to be a convex p-cover problem. Similarly, deciding whether a graph
G has a convex p-partition, for a fixed p = 2, is said to be a convex
p-partition problem. By the analogy, we introduce nontrivial convex
p-cover and nontrivial convex p-partition problems, where nontrivial
convex sets are considered.

Theorem 3.1. [3] The convex p-partition problem is NP-complete for a
fixed p = 2.

Theorem 3.2. [2] The convex p-cover problem is NP-complete for a
fixed p = 3.

Deciding whether a graph has a convex 2-cover was declared as an
open problem in [2].

For the sequel, it is important to mention the following result, which
states that for a graph G, the convex hull of a subset S € X(G) can be
computed in polynomial time.

Theorem 3.3. [15] Let G = (X, U) be a graph. The convex hull of a subset
S € X can be computed in 0(|d — conv(S)|m) time.

3.1 Two convex sets

Here, we prove that the convex 2-cover problem is NP-complete. We
establish the NP-completeness of this problem by reduction from the
well-known NP-complete 1-IN-3 3SAT problem [16].
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Problem: 1-IN-3 3SAT.

Instance: SetV = {v,, v, ..., v, } of variables and collection of clauses
é={e,¢2, ...,em} OVer V such that each clause ¢ € @ has no negative
literals and |¢| = 3.

Question: Is there a truth assignment for V such that each clause in &
has exactly one true literal?

We say that ¢ is satisfiable if there exists a true assignment for IV such
that each clause in ¢ has exactly one true variable.

Theorem 3.4. The convex 2-cover problem is NP-complete.

Proof. This problem is in NP because, by Theorem 3.3, verifying if a set is
convex can be done in polynomial time. Also, it can be easily checked
whether two convex sets cover a graph.

We reduce 1-IN-3 3SAT problem to convex 2-cover problem. First,
we determine the structure of a particular graph G = (X, U) for convex
2-cover problem from a generic instance (V, ¢) of 1-IN-3 3SAT problem.
Next, we prove that ¢ is satisfiable if and only if G has a convex 2-cover.
For this purpose, we prove that a convex 2-cover of G defines a truth
assignment that satisfies (V, ¢). Also, we prove that a truth assignment that
satisfies (V, ¢) defines a convex 2-cover of G.

The graph G is given by the set of vertices X together with the set of
edges U. The vertex set X consists of the following sets:

V= {02, e}, Y = {f,¥1,Y2,¥3, Y4, Y5},
Z ={t,21,22,23, 24, Zs};
b)F={fj:1<j<m}, T={t:1<j<m}
OL={l:1<j<ml1<i<3},£={¢:1<j<m1<i<3},
Q={¢i:1<j<m1<i<3}

We get X=2UYUZUFUTULUQULZ Every variable v; eV
corresponds to a vertex «; €7. Every clause ¢; € ¢ corresponds to eleven
vertices: fj, t;, I, 17, 17,6, 6.6, q}, 47, ¢;.

The edge set U satisfies the following conditions:

a) 7U Q isacliquein G;

PD)T(f) =7UQUF U {ys,y,JandT'(t) =7UQ U T U {z3,2,};
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) L(ys) = FU{ys,ya}and ['(z5) = T U {z3, 2, };

d) there exist the following edges: (y1,¥3), (y1,¥4), (V2,¥3), (2, Y4),
(ZIJZ3)1 (Z11Z4-)1 (22723)1 (22724);

e) every clause ¢; = {vq, v, vc}, 1 < j < m, corresponds to eighteen
edges: (I},eq), (17, a), (B,ec), (1. 1), (2. 1), (. F7), (4. 1)),
¢.4). (4.4). (a7.4). (a}.6). (a7.6). (5.). (1}.§). (i7.4).
(7.9). @1.4). (.9).

It is easy to see that G can be constructed in polynomial time.

Without loss of generality, we skip the trivial case of 1-IN-3 3SAT
problem, when |¢| = 1, and consider that |Z] = 2.

If G = (X,U) has a convex 2-cover, then ¢ is satisfiable.

Let 2,(G) = {Sf,S;} be a convex 2-cover of G.

For every pair of elements i,/ € {1,2}, d — conv({y;, z;}) = X. Let
Y1,Y2 € Spand z, z, € S;. We define two sets Sy = {y3,y4,¥s, f} U F and
Sy, ={23,24,25,t}UT.

We have to enumerate some properties:

—O ¢,

Figure 3.1. The convex 2-cover of a graph G for the instance

(V,é) = ({Ull V2,03, U4}r {{Ulr V2,V3 }r {172r V3, 7'74}})
A rectangle represents a clique.

Property 1: S; NS, = @and S, NSy = @.

Since S; €d —conv({y1,y2}), Sy €d —conv({z,2z,}), we get
S1 € S, S; € S;. Moreover, for each vertex u € F U {f}, we have:
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d—conv({u,t}uT)2d —conv({ffUFUS,) 2
2d—conv(S;US,) 2d— conv(Sf us;) =X.
This implies that u ¢ S; for each u € F U {f}. Similarly, for each vertex
u € T U {t}, we have:
d—conv({u,ffUF)2d—conv({t}uTuUS;) 2
2d—-conv(S;US,)2d— conv(Sf U St) = X.
This entails that u ¢ Sy for each u € T U {t}. Consequently, we obtain
SiNS,=@andS, nS; = 0.

Property 2: Sets L, 7, Q, £ are uniquely interdependent.

If vertex I} belongs to S, then T'(}) N7 < S, and ¢ belongs to S, for
eachk,1<k<3 k=+i.

If vertex « belongs to S;, then I'(w)NLCSS;, and for each
I# € T(«) N L, vertices ¢ belongto S, for 1 < k <3,k # a.

Vertex ¢ belongs to Sy if and only if g} belongs to Sg. If & belongs to
Sp.then L' = {If:1 < k < 3,k # i} € Sy and T () N7 is contained in Sy
forall If € L.

Property 3: For each j, 1<j<m, exactly one vertex of
L; = {Ij, 17,17} belongs to S, and exactly one vertex of 4 = {¢,£,6'}
belongs to S¢.

Exactly one vertex of each set L; = {I}, 17,17}, 1 < j < m, belongs to

S;. In the converse case, if two vertices {lj‘-", l}’} of L; belong to S;, then
fj € S;. By Property 1, we get a contradiction. If there are no vertices of

L; = {Ij, 17,17} belonging to S, then L; ¢ S;, £ ={4,£,6} c Sp and
tj € S¢. Now, again by Property 1, we have a contradiction.

For the same reason, exactly one vertex of each set <; = {¢,&,£'},
1 < j < m, belongs to S.

We associate 7 with V and L with ¢ such that a convex 2-cover of G
represents a truth assignment for V, where the variable v; istrue iff¢; € S;.

It follows from Properties 1, 2 and 3 that if graph G has a convex
2-cover 2,(G) = {55, S¢}, then @ is satisfiable. Let us remark that sets S,
S, are nontrivial and disjoint.
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If ¢ is satisfiable, then G = (X, U) has a convex 2-cover.

Suppose that there exists a truth assignment that satisfies (V, ¢). We
construct a convex 2-cover 2,(G) = {S¢, S;} as follows:

Step 1. Define the set Sy = {21, 25, 23,24, 25, t}U T.

Step 2. For each true variable v; of V, we add vertex « and the set
L' =T(«) N LtoS,, and for each I € L', we add vertices g7, ¢ to S, such
that £/ ~1% and g7 ~¢.

Step 3. Define the set Sy = X\S;.

Obviously, for the resulting convex 2-cover 2,(G) = {S;,S:},

Properties 1, 2, and 3 are satisfied. Hence, if ¢ is satisfiable, then G has a
convex 2-cover. Note also that sets Sy and S; are nontrivial and disjoint.

L 4
lll ell
I} 6
A A
I A
12
IR ¢

Figure 3.2. Edges between L and 2.

In Figure 3.1, we exhibit the graph G, which corresponds to a
particular instance (V, @) = ({vq, v, V3, V4}, {{v1, V2, 3}, {V2, V3, V4 }}).
SetsQ U7 U {f} and Q U7 U {t} are cliques in G. White vertices belong to
S¢ and black vertices belong to Sy. White vertices of 7 represent the
variables of V set to true. All edges between L and £ are represented in
Figure 3.2. O

Now, taking into account the fact that the convex p-cover problem is
NP-complete for a fixed p > 3, we can affirm that the convex p-cover
problem is NP-complete for a fixed p = 2.

Corollary 3.1. Convex 2-partition problem, nontrivial convex 2-cover
problem, and nontrivial convex 2-partition problem are NP-complete.
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Proof. By construction of the particular graph G in the proof of the previous
theorem, we conclude that G can be covered only by nontrivial convex sets,
which are disjoint. So, every convex 2-cover is a convex 2-partition in G,
and every convex 2-cover is a nontrivial convex 2-cover in G. O

3.2  Fixed number of nontrivial convex sets

In this section, we prove that the nontrivial convex p-cover problem is
NP-complete for a fixed p > 2. We reduce the NP-complete clique
p-partition problem [17] to the nontrivial convex p-partition problem.

Problem: Clique p-partition.
Instance: Graph G = (X,U)andp € N,p = 3.
Question: Is there a partition of X into p disjoint cliques?

Theorem 3.5. The nontrivial convex p-partition problem is NP-complete
for a fixed p > 3.

Proof. By Theorem 3.3, verifying if a set is convex can be done in
polynomial time. Thus, the nontrivial p-partition problem is in NP.

Let G = (X,U) be a generic graph of clique p-partition problem.
Without loss of generality, it can be assumed that X is not a clique. We
generate a particular graph G' = (X’,U") of nontrivial convex p-partition
problem from graph G by adding two auxiliary setsY = {y,y>, ..., ¥p} and
Z ={z1,2;, ..., Zp}to X suchthat X' = X UY U Z, where I'(y;) = X U {z;}
and I'(z;) = X U {y;} for each i, 1 < i < p. Obviously, this construction
of G' can be done in polynomial time. In Figure 3.3, it is shown how a
particular graph G’ of nontrivial convex p-partition problem is obtained
from a graph G of cligue p-partition problem.

X1 X2 X3 X4

a)

Figure 3.3. The graph G’ (case b)) that has a nontrivial convex 3-partition is
obtained from the graph G (case a) that has a clique 3-partition.
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Graph G’ satisfies the conditions of Theorem 2.3. Thus, every convex
set of G’ is a clique.

If 2,(G) is aclique p-partition of G, p = 3, then we can simply obtain
a nontrivial convex p-partition 2,,(G") of G’ by addition the set {y;, z;} to
X; foreach i, 1 <i < p, where X; € 2,,(G).

On the other hand, if there is a nontrivial convex p-partition 2,(G"),
then we obtain a clique p-partition 2,(G) of G by subtracting the set
Y U Z from X'; foreach i, 1 < i < p, where X'; € 2,,(G"). o

Corollary 3.2. The nontrivial convex p-cover problem is NP-complete for
afixedp > 3.

Proof. Again, it results from Theorem 3.3 that the convex p-cover problem
is in NP.

Note that any proper convex set of the graph G’ constructed in the
previous theorem is a clique. Let 2, (G") be a nontrivial convex p-cover
of graph G'. We obtain a family of sets 2 = {X;,X,, ..., X,,} such that
X; = X';\(Y U Z),where X'; € 2,(G") foreach i, 1 < i < p. By removing
from 2 all sets contained in the union of other sets of the family 2, we
obtain a convex k-cover 2, (G) of G, where G is a graph of a clique
p-partition problem and k < p. We can easily obtain a convex k-partition
7' (G) by eliminating repeated vertices from sets of 2, (G). Note also that
if any graph has a clique g-partition and a set S of this partition is not a
singleton, then after the division of S into two cliques, we get a clique
(q + 1)-partition. Thus, G has a clique p-partition.

As we know from the previous theorem, every clique p-partition of a
graph G, p = 3, implies the existence of nontrivial convex p-partition of
G'. Now, if we recall that every nontrivial convex p-partition is a nontrivial
convex p-cover, we deduce that every clique p-partition of G, p = 3,
implies the existence of a nontrivial convex p-cover of G'.

So, the theorem is proved. O

Finally, the following two theorems are immediate consequences of
Theorems 3.4, 3.5, and Corollaries 3.1 and 3.2.

Theorem 3.6. The nontrivial convex p-cover problem is NP-complete
for afixedp = 2.
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Theorem 3.7. The nontrivial convex p-partition problem is NP-complete
for a fixed p > 2.

3.3 Arbitrary number of nontrivial convex sets

The complexity of deciding whether a graph can be covered or partitioned
by an arbitrary, but not less than two, number of nontrivial and convex sets
is studied in the sequel. The first problem is formulated in the following
way:

Problem: Nontrivial convex cover (NCC).

Instance: A graph G = (X, U).

Question: Is there a nontrivial convex p-cover of G for some p,
2<p<|X|—-2?

Equivalently, it can be defined the nontrivial convex partition problem

(NCP). For this purpose, we change only the question of NCC problem to
this one: is there a nontrivial convex p-partition of G for some p,
2<p <[

Note that if for every vertex of G, there exists at least one nontrivial
convex set that contains it, then there is a nontrivial convex cover of G.
The converse affirmation is also true. Based on these statements, we

propose an algorithm represented below that solves the NCC problem in
polynomial time.

Algorithm 3.1. Determines whether a graph G = (X, U) has a nontrivial
convex p-cover for somep, 2 < p < |X].

Input: A graph G = (X,U).

Output: Nontrivial convex cover 2(G) or nothing.

1. 2(G) < 0

22 M0

3: forx € X do

4 if x € M then

5 flag < 0

6: fory,z € X\{x},y # zdo
7: Se«d—-conv({x,y,z})
8 if S # X then
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9: 2(G) « P(G) U {S}

10: M<MUS

11: flag < 1

12: break

13: if flag = 0 then

14: stop: there does not exist any nontrivial

convex set containing x
15: for S € 2(G) do
16: ifS c UCEP(G),CJES C then
17: P(G) « P(G)\{S}
18: return 2(G)

Theorem 3.8. Algorithm 3.1 decides in 0(n*m) time whether a graph
G = (X, U) can be covered by nontrivial convex sets.

Proof. Steps 1, 2 and 18 run in constant time. Steps 3 — 14 determine, for
every vertex x € X, if there exists a nontrivial convex setS c X, x € S. If
there is such a set S, then there are at least two different vertices y, z € X,
y # x, z # x, for which d —conv({x,y,z}) € S. Consequently, it is
sufficient to build the convex hull for all sets consisting of three vertices,
one of which is x. According to Theorem 3.3, a convex hull of asetS c X
can be constructed in time O(|d — conv(S)|m). Since d — conv(S)
potentially can contain all n vertices, steps 3 — 14 run in 0(n*m) time.
Steps 15 — 17 exclude from 2(G) all sets contained in the union of
other sets of 2(G). So, we obtain a nontrivial convex cover of G. The
resulting family 2(G) has at most n — 2 sets, and every set of 2(G)
contains no more than n — 1 vertices. Further, steps 15 — 17 run in 0(n3)
time and the complexity of the whole algorithm is 0 (n*m). |

We prove that the NCP problem is NP-complete by reduction from the
well-known NP-complete partition into triangles problem [18], formulated
as follows:

Problem: Partition into triangles (PIT).

Instance: A graph G = (X, U) with |X| = 3q, whereq € N.

Question: Is there a partition of X into g disjoint subsets X;, X5, ..., X,
of size 3 such that each X;, 1 < i < q, induces a triangle in graph G?
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Note that the PIT problem remains NP-complete even if the input
graph G is tripartite [19]. Moreover, it is evident that every tripartite graph
has no cliques of cardinality 4.

Theorem 3.9. The NCP problem is NP-complete.

Proof. Taking into account Theorem 3.3, we see that the NCP problem is
in NP.

We reduce the NP-complete PIT problem for a tripartite graph to the
NCP problem. Let G = (X,U) be a tripartite graph of PIT problem,
|X| = 3q, g € N. We construct a graph G' = (X',U") of NCP problem
from G in the following way:

)X =Xu{ab,cdef}
2)U'=UU{(a,c),(ad),(bc) b d),(ce)df}u
U {(a,x),(b,x):x€X}.

Evidently, this construction of G’ can be done in polynomial time. In
Figure 3.4, the graph G’ (case b) that corresponds to an instance of PIT
problem G (case a) is represented.

X1 X2 X3 X4
X X X X
.\1/ 2 \3/. ' s e
X5 Xe a b
c d
€ f
a) b)

Figure 3.4. The graph G’ (case b)) that admits a nontrivial convex partition
is obtained from the graph G (case a) that admits a partition into triangles.

We have to show that G admits a partition into q triangles if and only
if there exists a nontrivial convex partition of G'.

Let 2,(G) = {X1, X3, ..., X4} be a family of triangles that partitions .
Since every triangle is a clique in G, it follows that each set X;, 1 <i < q,

is nontrivial convex in G’, and the set of vertices {a, b, c,d, e, f} remains
uncovered in G'. We observe that d — conv,:({a,c,e}) = {a,c, e} and
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d — convg({b,d, f}) = {b,d, f}.S0,P,(G) U {{a,c, e}, {b,d, f}} formes
a partition of G’ into g + 2 nontrivial convex sets.

Let 2(G") be a partition of G’ into nontrivial convex sets and let S be
a set of 2(G"). We distinguish some properties of S:

1) {a, b} 2 S. Assuming the contrary, namely that {a, b} c S, we get
d —convg({a,b}) =X U{a,b,c,d} X'\d—convy({ab}) ={e [}
Note that the set {e, f} is not nontrivial. Hence, 2(G") can not partition G’
into nontrivial convex sets. We get the required contradiction.

2) {c,d} = S. Assuming the converse, {a, b} c d — conv ({c,d}).
Therefore, property 1) is not satisfied, and we obtain a contradiction.

3) {e,f} = S. In the converse case, {a,b,c,d} € d — conv,({e, f})
and, consequently, properties 1) and 2) are not satisfied. This implies a
contradiction.

4) {x,y} 2 S for every vertex x € X and y € {c,d}. Assuming the
converse, namely that {x,y} c S, we get a contradiction because
{a,b} c d — convy ({x,y}).

5) {x,y} = S for every two nonadjacent vertices x,y € X. In the
converse case, if {x,y} c S, then {a,b} c d — conv, ({x,y}). Have a
contradiction.

Let S, ={a,c,e}, S, ={b,d,f}, S3={b,c,e} and S, ={a,d,f}.
Taking into account properties 1) — 5) and the fact that every vertex of X’
belongs exactly to one set of 2(G"), it is seen that the family 2(G") contains
exactly a pair of sets of the following two: S;,S, or S3,S,. Each pair of
these sets covers vertices a,b,c,d, e, f. Hence, vertices of the set
X"\{a, b, c,d, e, f} remain to be partitioned into nontrivial convex sets. By
property 5), all of these sets have to be cliques. As mentioned above, G has
no cliques with k > 4 vertices. Further, all of these sets induce triangles,
and by the elimination of a pair of sets S;,S, or S5,S, from 2(G"), we
obtain a family of triangles 2, (G). o

3.4 Invariants

We show that it is NP-hard to determine the values of the invariants
PG, M(G), PI™(G), 056, 9B (6), and ;7% (G) for a
graph G. For this purpose, we prove that the related decision problems are
NP-complete.
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Determination of the minimum convex cover number " (G) has
the following decision problem:

Problem: Minimum convex cover (MinCC).
Instance: Graph G = (X, U), integerp, 2 < p < |X]|.
Question: Is there a convex g-cover of G such that 2 < q < p?

As for invariants 8" (G), @Mm™(G), 6IH™(G), their decision
problems can be defined in the same manner, and only the appropriate
specification of the type of convex cover (convex g-partition, nontrivial
convex g-cover, nontrivial convex g-partition) in the questions is required.
We will refer to these problems as: minimum convex partition (MinCP),
minimum nontrivial convex cover (MinNCC) and minimum nontrivial
convex partition (MinNCP).

Theorem 3.10. The MinCC problem is NP-complete.

Proof. From Theorem 3.3, we know that verifying whether a set of vertices
is convex can be done in polynomial time. Hence, the MinCC problem is
in NP.

Let G = (X, U) be a generic graph of clique p-partition problem (see
section 3.2) and p be an integer, 3 < p < |X|. Without loss of generality,
it can be assumed that X is not a clique. We construct a particular graph
G' = (X',U") of MinCC problem from graph G similarly as in the proof of
Theorem 3.5. Obviously, this construction of G’ can be done in polynomial
time.

It can be checked that for every two nonadjacent vertices a, b € X', we
get X' € d — conv({a, b}). Consequently, a set S ¢ X" is convex in G’ if
and only if S is a clique, and further G’ cannot be covered by k, k < p,
convex sets.

As in the proof of Theorem 3.5 and Corollary 3.2, it can be easily
shown that G can be partitioned into p disjoint cliques if and only if there
exists a cover of G’ by at most p convex sets, where p = 3 is fixed. At the
same time, by Theorem 3.4, the MinCC problem is NP-complete for
p = 2. Combining these two facts, we conclude that the MinCC problem
is NP-complete. O

In view of the demonstration of Theorem 3.10, we obtain the
correctness of Corollaries 3.3 — 3.5.
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Corollary 3.3 The MinCP problem is NP-complete.
Corollary 3.4 The MinNCC problem is NP-complete.
Corollary 3.5 The MinNCP problem is NP-complete.

Determination of the maximum nontrivial convex partition number
023* (@) has the following decision problem:

Problem: Maximum nontrivial convex partition (MaxNCP).

Instance: Graph G = (X, U), integerp, 2 < p < |X]

Question: Is there a nontrivial convex g-partition of G such that
q=p?
Theorem 3.11. The MaxNCP problem is NP-complete.

Proof. Notice that the MaxNCP problem is in NP because, by Theorem
3.3, verifying whether a set of vertices is convex can be done in polynomial
time.

Let G = (X,U) be an instance of PIT problem (see section 3.3),
|X| =3k, k€ N. We construct a particular graph G' = (X',U") of
MaxNCP problem that corresponds to G similarly as in the proof of
Theorem 3.9. It is easy to see that G’ can be constructed in polynomial time.

The MaxNCP instance is defined by the graph G’ and a number
p = k + 2. Likewise in Theorem 3.9, it can be easily shown that there
exists a partition of G into triangles if and only if there exists a nontrivial
convex partition of G’ of size at least k + 2. O

The decision problem for maximum nontrivial convex cover number
e*(G) is formulated similarly to MaxNCP, but with a different
guestion: Is there a nontrivial convex g-cover of G such that g = p? We
will refer to this problem as maximum nontrivial convex cover (MaxNCC).

We establish the NP-completeness of MaxNCC problem by reduction
from the 3-Satisfiability problem that is known to be NP-complete [18].

The 3-Satisfiability problem is defined as follows:

Problem: 3-Satisfiability (3SAT).

Instance: Given a boolean expression E in conjunctive normal form
that is the conjunction of clauses, each of which is the disjunction of three
distinct literals.

Question: Is there a satisfying truth assignment for E?
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Theorem 3.12. The MaxNCC problem is NP-complete.

Proof. It is known from Theorem 3.3 that verifying whether a set of
vertices is convex can be done in polynomial time. Thus, the MaxNCC
problem is in NP.

The following reduction from 3SAT to MaxNCC will establish that
MaxNCC problem is NP-complete. Let E be an instance of the 3SAT
problem with n variables V3, V5, ..., V,, and m clauses K;, K, ..., K, Given
this instance, we construct a graph G = (X,U) with 3n+m+ 16
vertices. Vertices v;, v;, y; correspond to variable V;, 1 <i <n. One
vertex k; corresponds to clause K;, 1 < j < m. There are supplementary
vertices grouped in the four sets: A = {a, ay,a,,as}, B = {b, by, b, b3},
C ={c,c;,cpc3} and {d, e, f,h}. We denote by V, V and Y sets of all
vertices v;, v; and respectively y;, 1 < i < n. By K we denote the set of
all vertices k;, 1 < j <m.

The graph G has 12n+ 6m + 27 edges. The three vertices
corresponding to each variable are connected by an edge (i.e., v;, v;, y;
form a triangle). Each clause vertex is connected to its component terms
(that is, the clause vertex k; corresponding to the clause Viij VvV, is
connected by edges to vertices v;, v;, v,. The three additional vertices a, b,
c are connected to v;, v;, y; for all i, 1<i<mn, and to k; for all j,
1<j<m. The vertex d is connected by an edge to each vertex
r € (AU B U {h})\{ay, b1}, the vertex e is connected by an edge to each
vertex r € (BU C U {h})\{by,c;} and f is connected to each vertex
r € (AU C U {h})\{ay,c;}. Finally, a; is connected to a, and as, b, is
connected to b, and b, ¢, is connected to ¢, and cs.

The MaxNCC instance is defined by the graph G and a number
p = 2n+ m + 3. It should be clear that this construction of G can be done
in polynomial time.

For example, we consider the 3SAT instance:

E=W,VVaVV) AWV VVa V) A VLV, V)

Then the graph G corresponding to E is presented in Figure 3.5.

Without loss of generality, we consider that E has no clauses which
contain a variable and its negation.

Let us distinguish some properties of G = (X, U):

34



Figure 3.5. Graph G corresponds to the instance E = (V; V V, V V3) A

(V, VVa V) A (V4 vV, v 1. Every vertex of set X, is adjacent to every
vertex of set X,. Dashed line marks areas of sets X; and X,.

Property 1: For any two nonadjacent vertices x,y E VUV UY U
K U{a,b,c}, we have d — conv({x,y}) = X.

Property 2: For any two vertices x EV UV UY UK, yE(AUBU
cu{d,e, f,hh\{a b,c}, we have d — conv({x,y}) = X.

Property 3: Let 2(G) be a nontrivial convex cover or G. Then,
A*=Avu{d,f,h},B*=BU{d,e,h}and C* = C U {e, f, h} are in 2(G).

The correctness of the first two properties can be easily verified. We
will show that Property 3 is correct too. Let S c X be a nontrivial convex
set that contains the vertex a,. Since |S| = 3, the structure of graph G
yields that S also contains vertices a, and as. Hence, we get the equality
d — conv({a,,as}) = A*. Note that for each vertex x € X\A4*, we have
d — conv(A* U {x}) = X. Further, A" is a unique nontrivial convex set
different from X that contains a,. For the same reason, B* and C* are
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unique nontrivial convex sets different from X, which contain vertices b,
and cq, respectively.

We have to show that E is satisfiable if and only if there exists a
nontrivial convex cover of G of size at least 2n + m + 3.

Assume E is satisfiable. Then there exists a truth assignment of
variables such that all clauses evaluate to true. We will form a nontrivial
convex cover of 2(G) as follows. By Property 3, 2(G) includes the sets
A*, B* and C*. We denote by M the set of all vertices v; for which V; are
true in the assignment, and all v; for which V; are false. 2(G) includes sets
{x,y,a} forall x € M, where y € Y and y ~ x. Also, 2(G) includes sets
{v;,v;,a} foreach i, 1 < i < n. Moreover, 2(G) includes one set {x, k;, a}
for each k;, where x € M, x ~ k;, and the existence of such a vertex x
yields from the fact that E is satisfiable. The obtained nontrivial convex
cover 2(G) contains exactly 2n + m + 3 sets.

Assume there exists a nontrivial convex cover 2(G) of size at least
2n +m + 3. Taking into account the Property 3, 2(G) already includes
the sets A*, B* and C*. In view of Property 2, it remains to analyze a
nontrivial convex cover 2(G") resulted from 2(G) after the elimination of
sets A*, B* and C*, where G’ = G[VUV UY UK U{a,b,c}]. Clearly,
|2(G)| = |2(G"| + 3. It follows from the Property 1 and the structure of
G that every set S € 2(G") isaclique, 3 < |S| < 4, and it can be classified
into one of three types:

(i) S = {x,y,2z}, wherex,y EVUV UY UK, x ~ y, and
z €{a,b,c},

(i) S = {v;,v;,y;}forany i, 1 <i <mn;

(iii) S = {v;,v;,y;,x} forany i, 1 < i < n, where x € {a, b, c}.

Now we define a family of convex sets 2(G'") = @, obtained from
2(G"), that will cover 6" = G'[VUV UY UK].

We examine each set S € 2(G") and consider two cases.

1) If S is of the first type (i), then we add set S\{a, b, c} to 2(G"").

2) If S is of the second (ii) or the third (iii) type, then taking into
account the fact that vertices a, b, and c are already covered by sets A*, B*

and C*, we analyze two options. Suppose S contains only one resident
vertex r in 2(G"). In this case, we add set {r,x} to 2(G""), where vertex
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x € S\{a, b, c}, x # r. Suppose S contains at least two resident vertices
11,72 IN2(G"). Then, we add sets {r;, x} and {r,, x} to 2(G'"), where vertex
x €S\{a,b,c}, x #1r,x #13.

Let us remark that for a set S € 2(G") of the type (ii) or (iii), any set
S'eP(G), S"#S,5 nS\{a,b,c} # @, is of the first type (i), and thus
there are no uncovered vertices in G”, i.e., 2(G"") is a convex cover of G"'.
Clearly, |2(G'")| = |2(G")| and thus |2(G")| = |P(G)| —3 = 2n + m.
We need to take a closer look at the family 2(G'"). Every set of 2(G'") has
exactly two adjacent vertices. We choose one resident vertex of each set
S € 2(G') and form the set W as a union of these vertices. It is clear that
D = X(G'")\W is a dominating set of G"’ such that |2(G")| + |D| = |V U
VUY UK| = 3n+ m. If we combine this with the previous inequality,
we get |D| < n.

Consider the graph G". For any i, 1 <i <n, y; is either in D or
adjacent to a vertex of D, and y; is connected by edges only to v; and v;.
It follows that for every i, 1 < i < n, either v;, v;, or y; is in D. This
already specifies n vertices, so exactly one vertex for each variable is
included in D. We create a truth assignment as follows. V; will be assigned
to true if v; isin D. Otherwise, V; will be assigned to false. Consider clause
K;. The vertex k; is not in the dominating set. So k; is adjacent to some v;
or v, in the dominating set. If k; is adjacent to v; in D, then since V; is set
to true, it follows that k; will be true. If k; is adjacent to v; in D, then v, is
not in D and V; will be false, so K; will be true. It follows that this
assignment is a solution for E and E is satisfiable. Thus if G has a nontrivial
convex cover 2(G) of size at least 2n + m + 3 then E is satisfiable.

So, this completes the proof of the correctness of the reduction, and
we conclude that MaxNCC is NP-complete. |

37



Chapter 4
Convex 2-Covers

We define two special types of convex 2-covers of graphs. A family of two
sets 2, (G) = {S¢, Sne} Is said to be a convex (2, t)-cover of a graph ¢ if
it is a convex 2-cover of G and S; is a trivial set. In the same way,
Pt (G) = {51, S,} is said to be a convex (2, nt)-cover of a graph G if itis
a convex 2-cover of G such that S; and S, are both nontrivial convex sets.
A family of all possible convex (2,t)-covers of G is denoted by
2,.:(6) ={P}:(G),P2,(G), ..., P¥.(®}, k = 0.

Theorem 3.4 says that it is NP-complete to decide whether a graph G
has a convex (2,nt)-cover. By Theorem 3.3, we know that verifying
whether a set is convex can be done in polynomial time. Consequently,
determining if there exists a convex (2, t)-cover of a graph also can be
done in polynomial time.

A series of results related to establishing the existence of a convex
(2,nt)-cover of a graph in dependency on existing convex (2, t)-covers
are presented in this chapter.

4.1  Convex (2,t)-covers and convex (2, nt)-covers

It is absolutely clear that every connected graph G on n =2 or n = 3
vertices has a convex (2,t)-cover, but has no convex (2,nt)-cover. If
n = 4, then as a consequence of Theorem 2.7, we get the following
corollary.

Corollary 4.1. If G is a connected graph of order 4, then G has a convex
(2,nt)-cover if and only if G # C,.
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Theorem 4.1. Let G = (X,U), |X| = 5, be a connected graph. Then the
following conditions are equivalent:

a) there exists a simplicial vertex x € X;
b) there exists a family 2, . (G) = {S; = {x}, Spe = X\{x}};
¢) there exists a family 2, . (G) = {S; = {x, ¥}, St = X\{x}}.

Proof. Since x is a simplicial vertex in G, every two vertices y, z € I'(x)
are adjacent, d — conv(I'(x)) =T'(x) and d — conv(X\{x}) = X\{x}.
Thus, G can be covered by a convex (2, t)-cover

P20 () = {S¢ = {x}, Sne = X\{x}}.
Consequently, 1) = 2).
Suppose there exists 2, ,(G) = {S; = {x}, Spr = X\{x}}. Since G is
connected, there is at least one vertex y such that y~x and
d — conv({x,y}) = {x, y}. Therefore, G can be covered by

P2, (G) = {St = {x, ¥}, Sne = X\ {x}}-
Consequently, 2) = 3).
Suppose there exists 2, . (G) = {S; = {x, ¥}, Spe = X\{x}}. Since S,,;
is convex, I'(x) is a clique in G. Whence, x is a simplicial vertex.
Consequently, 3) = 1). o

Theorem 4.2. LetG = (X, U), |X| = 5, be a connected graph that contains
a simplicial vertex. Then G has a convex (2, nt)-cover.

Proof. It follows from Theorem 4.1 that there is a convex (2,t)-cover
P2.t(G) = {S¢ = {x},Spe = X\{x}}, where x is a simplicial vertex. We
consider 2 cases.

1) I'(x) = {y}. Since G is a connected graph and |[X| — 1 > 3, there
exists a vertex z € S,,; such that z~y. Then according to (x, z) = {x,y, z}
and d — conv({x,y,z}) = {x,y,z}, G has a convex (2, nt)-cover

pZ,nt(G) = {51 = {x'y'Z}'SZ = S‘nt}'

2) [T (x)| = 2. We select two different vertices y, z € I'(x). Since x is
asimplicial vertex, y~z and {x, y, z} is a triangle that is a nontrivial convex
set. This implies that G has a convex (2, nt)-cover

pZ,nt(G) = {Sl = {x'y'z}'sz = Snt}-
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Finally, G has a convex (2, nt)-cover. O

Theorem 4.3. Let G = (X,U), |X| =5, be a connected graph without
simplicial vertices. Then the following conditions are equivalent:

1) there exist two adjacent vertices x,y € X such that A = I'(x)\{y}
and B = I'(y)\{x} are cliques in G, where for any two vertices
a € A and b € B the inequality d(a, b) < 2 is satisfied;

2) there exists a family 2, . (G) = {S; = {x, ¥}, Snr = X\{x,¥}}.

Proof. Combining Theorem 4.1 with the absence of simplicial vertices in
G, we get that G has no convex (2, t)-cover such that the cardinality of the
trivial set is one, or the cardinality of the trivial set is two and it has a
common vertex with the nontrivial set.

Let x,y € X be two vertices, which satisfy condition 1). Then the
following relations hold:

d — conv({x,y}) = {x,y},
{x,y}nd —conv(An B) = Q.
It follows that G has a convex (2, t)-cover

pz,t(G) = {St = {x,y},Sne = X\{x, y}}
Consequently, 1) = 2).

Suppose now that there exists a convex (2,t)-cover
2,.:(6) ={S; = {x,¥},Snt = X\{x,y}}. According to the theorem
conditions, G does not contain simplicial vertices. Since sets S; and S,,; are
convex, x~y and sets A = T'(x)\{y}, B =T'(y)\{x} are cliques in G.
Moreover, if there exist two vertices a €4 and b € B such that
d(a,b) > 2,then{x,y} < (a, b) S S,;. Have a contradiction. Further, this
means that for any two vertices a € A and b € B, we get d(a,b) < 2. It
follows that 2) = 1). o

Theorem 4.4. Let G = (X,U), |X| =5, be a connected graph without
simplicial vertices and let 2, ,(G) contains two convex (2, t)-covers such
that the intersection of their trivial sets is empty. Then G has a convex
(2,nt)-cover.
Theorem 4.4 follows from the fact that the nontrivial convex sets from
the respective convex (2, t)-covers form a convex (2, nt)-cover of G.
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Theorem 4.5. Let G = (X,U), |X| =5, be a connected graph without
simplicial vertices and let |2, .(G)| = k = 2 such that the intersection of

the trivial sets S} of any two convex (2, t)-covers is nonempty. Then exactly
one of the following conditions holds:

1) |2,,.(6)] = 3 and S} U SZ U S§ forms a triangle in G;
2) N, S =1.

Proof. Since G has no simplicial vertices, using Theorem 4.1, we get that
the cardinality of the trivial set of each convex (2, t)-cover of G is two, and
every trivial set does not intersect the corresponding nontrivial convex set.
Let us consider 3 cases.

|7,,:(G)| = 2. It follows that |S} N SZ| = 1. Hence, condition 2) is
satisfied.

12,,:(G)] = 3. If |S} N SZNSE| =1, then condition 2) is satisfied.
Otherwise, S U S? U S forms a triangle in G and, as a result, condition
1) is satisfied.

17,:(G)| = k = 4. Obviously, in this case, we have | N}, S| = 1.
This means that condition 2) is satisfied. O
Theorem 4.6. Let ¢ = (X,U), |X| =5, be a connected graph without
simplicial vertices that satisfies the equality:

2,.(6)={PL.(G)={S},Si}:1<i<3}
where St uS?uS? forms a triangle in G. Then G has a convex
(2,nt)-cover.

Proof. Let S = S} U SZ U S2. Itis obvious that G can be covered by one of
the three convex (2, nt)-covers:

Pone(G) = (She, S} Py (G) = {87, S}, P30 (G) = (S, S
This proves the theorem. O

Theorem 4.7. Let G = (X,U), |X| =5, be a connected graph without
simplicial vertices that satisfies the equality:

2,.(6)={PL.(G) ={Sl ={a,b;},Si}: 1 <i<kk=3}
Then G has a convex (2, nt)-cover.
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Proof. According to the theorem conditions, we have |2,.(G)| = 3,
Nk, St ={a} and |T'(a)\{b;}| = 2 for each i, 1 < i < k. Combining the
absence of simplicial vertices in G with Theorem 4.1, we get that the
cardinality of the trivial set of each convex (2, t)-cover of G is two, and
every trivial set does not intersect the corresponding nontrivial convex set.
Now, b;~b; for any two i,j €{12,..,k}, i#j, because a ¢ Sk,
1 <1<k Hence, UF, S} is a nontrivial clique in G. Furthermore, set
UX_, Si is nontrivial and convex. There exists a convex (2, nt)-cover of
graph G:

220 (6) = {{a,by, b3}, 51 ).

This proves the theorem. O

42 Class?

Now we define a class of graphs 7 consisting of graphs ¢ = (X, U) that
satisfy the following conditions:

1) X ={a,by, by, x1,%x3, ..., X}, m = 1;
2) U= {(a, bl),(a, bz)} U {(xi,xj) 1< i’j <m;i ¢}} U
U{(by,x;),(by,x;) : 1 <i <m}.

It can easily be checked that any graph G € 7 on n > 5 vertices has
exactly two convex (2, t)-covers:

pé_t(G) = {{al bl}r {bZI X1y eers xm}}' p%,t (G) = {{a' bZ}; {b1; X1y oens xm}}
The graph class 7 is presented in Figure 4.1.

Figure 4.1. The graph class 7.
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Theorem 4.8. Agraph G = (X, U) € 7 has no convex (2, nt)-cover.

Proof. By definition, |X| > 4. If |X| =4, then G = C,. Under the
conditions of Corollary 4.1, G has no convex (2, nt)-cover.

Suppose |X| = 5. Assume that graph G has a convex (2,nt)-cover.
Further, one of the nontrivial convex sets of this convex (2, nt)-cover
contains vertices {b,, b,} or {a, x}, where x € X\{a, b1, b,}. Notice that for
every graph G = (X, U) € 7, the following conditions hold:

{by,b,} c (a, x) for each x € X\{a, by, b,};
d — conv({b4, by}) = X.
This contradiction proves the theorem. O
Theorem 4.9. Let G = (X,U), |X| =5, G € 7 be a connected graph
without simplicial vertices that satisfies the equality:
5“(0) = {le,t(G) = {S¢ ={a b1}, S} Pzz,t (6) = {S¢ = {a by}, STzlt}}'
Then G has a convex (2, nt)-cover.

Proof. Suppose b, ~b,. Then G has convex (2, nt)-covers:
p%,nt @) = {{a, by, b5}, Srlzt},

Now suppose that b, is not adjacent to b,. Denote A = I'(a)\{b, } and
B =T(by)\{a}. We see that A, B € S},. If S}, # d — conv(A U B), then
G has a convex (2, nt)-cover

P, n:(G) ={S1 ={a,b;}Ud — conv(AUB),S, = Sy}

Assume that S, =d — conv(AU B). In addition, suppose that
|A| = 2. It follows from Theorem 4.3 that A U {a} is a clique in G. Thus,
A U {a} is a nontrivial convex set. By the theorem conditions, b, € A4,
b, € S2,. Hence, G has a convex (2, nt)-cover

Pont(G) ={S; =Au{a},$; = Spt}-

Further, assume that A = {b,}. In accordance with Theorem 4.3, we obtain
that |B| = 1. Let us consider 2 cases.

1) Suppose Si, # A U B. Then, combining the fact that S}, is convex
with Theorem 4.3, there is a vertex x € B that satisfies d(b,,x) = 2 such
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that there is a vertex y € (b,,x), wherey € AUB,y € d — conv(A U B);,
otherwise S}, = A U B. This implies that G has a convex (2, nt)-cover

pZ,nt(G) ={51 ={a,by,x},5; = S,llt}.

2) Suppose S}, = AU B. Then, since |X| = 5 and |4| = 1, it follows
that |B| = 2. If b,~x forall x € B, then G € 7 and by Theorem 4.8, graph
G has no convex (2,nt)-cover. Conversely, graph G has a convex
(2,nt)-cover

Pont(G) = {51 = d — conv({by,b,}),S, = B U {b}}.
The theorem is proved. O
Algorithm 4.1 Determines whether a graph belongs to the class 7
Input: Connected graph G = (X, U).
Output: YES: G belongs to 7, or NO: G does not belong to 7.
Step 1. If |X| < 3, then return NO.

Step 2. If | X| = 4, then check whether G = C,. If G = C,, then return
YES; otherwise, return NO.

Step 3. Check whether there exists or not a unique vertex x € X such
that I'(x) = {y, z} and y is not adjacent to z. If not, then return NO.

Step 4. Check whether both X\{x, z} and X\{x, y} are cliquesin G. If
so, then return YES; otherwise, return NO.

Theorem 4.10. Algorithm 4.1 determines in 0(n?) time whether a graph
G belongs to the class 7.

Proof. Evidently, steps 1 and 2 run in constant time. Step 3 executes in
0(n) time. It is clear that it can be verified in 0(n?) time whether a given
subgraph is a clique or not. Hence, step 4 operates in O(n?) time.
Therefore, the execution time of Algorithm 4.1 is 0 (n?). o

4.3  Classes 7and #

Let us remark that every connected graph that contains simplicial vertices
has at least two different convex (2, t)-covers. This follows directly from
Theorem 4.1.
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Now, we define two additional classes of graphs.

By 7 we denote a class of connected graphs on n > 5 vertices, which
have at least two different convex (2, t)-covers and do not belong to 7.

By # we denote a class of connected graphs on n = 5 vertices, which
have exactly one convex (2, t)-cover.

Theorem 4.11. A graph G € 7 has a convex (2, nt)-cover.

Theorem 4.11 follows directly from Theorems 4.1 — 4.9.
Let # be a subclass of # with the following properties:

a) AN B =0, where A =T(x)\{y}, B =T()\{x}and {x, y} is the
trivial set of a convex (2, t)-cover of a graph;

b) For each a € A, there exists b € B such that b~a, and for each
b € B, there exists a € A4, a~b;

c)d — conv(A U B) = S,;, Where S,,; is the nontrivial set of a
convex (2,t)-cover of a graph;

d) S, # A U B. This implies that there exista € A, b € B,c € C
such that d(a, b) = 2 and ¢ € (a, b), where C = S,,;\(A U B).
Let#' =\#.

Theorem 4.12. A graph G € #"' has a convex (2, nt)-cover.

Proof. Let 2, ,(G) = {S; = {x,y}, S} be a convex (2, t)-cover of G. We

denote A = T'(x)\{y}, B = T'(y)\{x}. Since G € #", we have G ¢ #, and
it follows that at least one property that characterizes the class #' is not
satisfied.

If An B # @, then G has a convex (2, nt)-cover
pz,nt(G) ={8 ={x,,2},5; = Snt},
where z € AN B.

Assume that property a) is satisfied. Conversely, by the above, G has
a convex (2,nt)-cover. If there exists a vertex a € A for which does not
exist b € B such that b~a, then G has a convex a (2, nt)-cover

pZ,nt(G) = {Sl = {x' Y, a}' SZ = Snt}-

In the same way, if there exists b € B for which does not exist a € A such
that a~b, then G has a convex a (2, nt)-cover
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pZ,nt(G) = {Sl = {x' y'b}' SZ = Snt}
If d — conv(A U B) # Sy, then G has a convex (2, nt)-cover
Pone(@) ={S; ={x,y} Ud —conv(AUB),S; = Sp;}.
If S, = A U B. Then we consider two cases.
1) Suppose |[A| =2 and |B| = 2. Then graph G has a convex
(2,nt)-cover
Pont(G) ={S1 =AU {x},S; =BU{y}}.

2) Suppose that [A] = 1. Let v be a vertex of A. Since every graph of
the class #" has at least five vertices, we get the inequality |B| = 2.
Assume that properties a) and b) are satisfied. Conversely, by the above,
graph G has a convex (2, nt)-cover. According to property b), vertex v is
adjacent to all vertices of B and further G € 7. By definition, %" is the class
of graphs that has exactly one convex (2, t)-cover, but every graph that
belongs to 7 has exactly two convex (2,t)-covers. This fact implies a
contradiction. Similarly, if we suppose that |B| = 1, we also obtain a
contradiction. So, |A] = 2 and |B| = 2, but in this case, G has a convex
(2,nt)-cover. O

Algorithm 4.2. Determines whether a graph belongs to one of the
classes: 4, #,#".

Input: Connected graph G = (X, U).

Output: F2: G belongs to 4; or F#': G belongs to #'; or F#": G belongs
to#'’; or NO: G does not belong to any of these classes.

Step 1. If |X| < 4, then return NO.

Step 2. Apply Algorithm 4.1. If Algorithm 4.1 returns YES, then return
NO.

Step 3. Check whether there exists or not a simplicial vertex in G. If
there is a simplicial vertex in G, then return F7.

Step 4. Search all convex (2, t)-covers of G, i.e., define 2, ,(G). For
this purpose, search for all adjacent vertices x,y € X, which satisfy the
equality d — conv(X\{x, y}) = X\{x,y}.

Step 5. If 2, ,(G) = @, then return NO.
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Step 6. If |2, ,(G)| = 2, then return F.

Step 7. IfANB #+ @, where A = I'(x)\{y}, B = T'(y)\{x} and {x, y}
is the trivial set of the single convex (2, t)-cover of 2, ,(G), then return
F#".

Step 8. Check whether there exists a vertex a € A such that for all
vertices b € B, a is not adjacent to b, or there exists a vertex b € B such
that for all vertices a € A, b is not adjacent to a. If there exists such a
vertex a € Aor b € B, then return F#".

Step 9. Compute d —conv(AUB). If d—conv(AUB) # Sy,
where S,,; is the nontrivial convex set of the single convex (2, t)-cover of
?,:(G), then return F#"".

Step 10. If S,,; = A U B, then return F#".
Step 11. Return F#'.

Theorem 4.13. Algorithm 4.2 determines in O (nm?) time whether a graph
G belongs to one of the classes: 7, #', #.

Proof. It can be easily determined if a given graph G has at least five
vertices. Since the complexity of Algorithm 4.1 is 0(n?), it results that the
complexity of step 2 is 0(n?).

A vertex x € X is simplicial in graph G if and only if its neighborhood
['(x) is a clique, but determining if a given subset is a clique can be done
in 0(n?) time. Further, for checking whether there exists a simplicial
vertex, it is needed 0(n3) time. Therefore, the total complexity of step 3
is 0(n®).

By Theorem 3.3, the convex hull of a subset S € X(G) can be
computed in O(|d — conv(S)|m) time. Since |d — conv(S)| can reach a
value of n, we obtain that the complexity of step 9 is O (nm).

The family 2, . (G) is obtained by applying the convex hull algorithm
to set X\{x, y} for all pairs of adjacent vertices x,y € X. The complexity
of step 4 is 0 (nm?).

Clearly, steps 1, 5, 6 and 11 run in constant time, steps 7 and 10 run in
0(n) time, but step 8 executes in 0(n?). As a result, we can decide in
0(nm?) time whether or not a graph G belongs to one of the following
classes: 4, #, #". O
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Theorem 4.14. Let G = (X,U) € # be a graph that has a convex
(2,t)-cover  2,,(G) ={S; = {x,¥},Sn = X\{x,y}} and a convex
(2,nt)-cover. Then G has a convex (2, nt)-cover 2, ,.(G) = {S;, S, } such
that exactly one of the following conditions holds:

a)x,y €S;and S, = X\{x,y};
b)xeS,,xg¢S,andy € S,, y ¢5;.

Proof. Let 2, ,.(G) = {S'1,S',} be a convex (2,nt)-cover of graph G.
Suppose x,y € §’y. Then, S; =S'; and S, = S,,;. So, condition a) is
satisfied. Otherwise, condition b) is satisfied. O

Theorem 4.15. It can be decided in time O(n?m) whether a graph
G = (X,U) € # has a convex (2,nt)-cover that satisfies condition a) of
Theorem 4.14 For this purpose, it is sufficient to determine whether there
exists a vertex z € AUB such that S, £ d — conv({x,y,z}), where
P:(G) = {S¢ = {x, ¥}, Sne = X\{x,y}} is a convex (2, t)-cover of G and
A=T\{y} B =T)\{x}.

Proof. By the definition of %, graph G has no simplicial vertices and
|X| = 5. Let 2} ,,.(G) = {S,S5; = Sn} be a convex (2, nt)-cover of G
and x,y € 5.

It is clear that there exists a vertex z€ AUB such that
d — conv({x,y,z}) € Si. Furthermore, G has a convex (2, nt)-cover

P50t (G) = {S7 = d — conv(x,y,2),55 = Spt }.

Therefore, it is sufficient to determine whether there exists a vertex z of
the set AU B such that S,; £ d — conv({x,y, z}). For this purpose, we
compute the convex hull of the set {x, y, z} for each z € A U B. If there is
at least one vertex z € AU B such that S,; € d — conv({x,y, z}), then
graph G has a convex (2, nt)-cover that satisfies condition a) of Theorem
4.14.

By Theorem 3.3, the computation of the convex hull of aset S € X
can be done in 0(|d — conv(S)|m) time. The decision whether G has a
convex (2,nt)-cover that satisfies condition a) of Theorem 4.14 can be
obtained by applying the convex hull algorithm at most |A U B| times.
Thus, the overall complexity is 0 (n?m). O
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Theorem 4.16. Let G = (X,U) € # be a graph that has a convex
(2, t)-cover 2,,(G) ={S; = {x,¥},Sn: = X\{x,y}} and has no convex
(2,nt)-cover that satisfies condition a) of Theorem 4.14, but has a convex
(2,nt)-cover P, ,,.(G) = {S1,5,} that satisfies condition b) of Theorem
414 ie,x €Sy, x € S, andy € S,,y € S;. Then the following conditions
hold:

a) TO\{y}) € S; and TCO\{YH N S, = @;
b) TM\{x}) € Sz and T(W\{x}) N S; = @.

Proof. Assume that (T(x)\{y}) NS, # @ or (T(x)\{y¥}) £ S1, in other
words, (I'(x)\y) NS, = @. Whence, we get x € S,. Since x € 5; and
Y € S,, P, (G) does not satisfy condition b) of Theorem 4.14. We have
a contradiction. As above, if we assume that (I'(y)\{x}) N S; # @, or
(T\{x}) £ S,, then we also get a contradiction. O

Generally, knowing all convex (2, t)-covers of a graph G does not
essentially facilitate the task of determining whether G has a convex
(2,nt)-cover. But it is crucial to know whether a graph that has convex
(2, t)-covers also has a convex (2, nt)-cover.

We showed above that all graphs of the classes #and %' have a convex
(2, nt)-cover, and none graph of 7 has a convex (2, nt)-cover. Also, we
proved that it can be determined in polynomial time whether a graph
belongs to one of the classes: 7, 7, #, #'".

We denote by #'(2,nt) the problem of deciding whether a graph
G € # has a convex (2,nt)-cover. Now, we show the NP-completeness
of the #(2, nt) problem by reduction from the 1-IN-3 3SAT problem (the
definition of this problem is given in section 3.1).

Theorem 4.17. The #'(2, nt) problem is NP-complete.

Proof. The # (2, nt) problem is in NP because, by Theorem 3.3, verifying
if a set is convex can be done in polynomial time.

We reduce 1-IN-3 3SAT problem to #'(2, nt) problem. We construct
a particular graph G = (X,U) € # of #(2,nt) problem from a generic
instance (V, @) of 1-IN-3 3SAT problem.

The vertex set X of G consists of the following sets:

a) vertices y and z;
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b)W: {“1J”2! '"r”n}i Y = {yllery3ry4}i Y' = {fly5vy6'y7'y8'y9}v
Z = {Zl,Zz,Z3,Z4}, Z, = {t, Zs, 26,27, Zg, Z‘)};

OF={fj:1<j<m},T={t:1<j<mj}

DL={:1<j<m1<i<3},L={:1<j<m1<i<3},
Q={¢}:1<j<m1<i<3}

So, we get X ={y,z}UZUYUY UZUZ'UFUTULUQUZ.

Every variable v; € V corresponds to a vertex «; € 7. Every clause ¢; € ¢
corresponds to eleven vertices: f;, Ii, I, 7, ¢, ¢, ¢, q}, 47, 4}, t;.
The edge set U of G satisfies the following conditions:

a) y~z, y4~2z; and z,~y, forevery k, 1 < k < 4;
b)7u Q,Y U {y}and Z U {z} are cliques in G;
I (f) =2UQUFUYU{y,y,}andT(t) =2UQUTUZU
U {z¢, z7};

d)T(ys) = FUY U{ye,y7}, T(¥e) =Y U{f,¥5, 8 Y0 21},
T(y7) =Y U{f,¥5,¥8Y0,22}, ['(z5) =T UZ U {2, 27},
['(z¢) = Z U {t, 25,28 29,1}, T(27) = Z U {t, 25, 28, 29, ¥ };

e) every clause ¢; = {vg, v, v}, 1 < j < m, corresponds to eighteen
edges: (1F,va). (I.00). (1F00). (11 £)). (2.1, (. 55). (6.1,
(éjzi t]); (431 t])a (q};e})u (qu;zjz)a (q;);fjs)a (l]l’ZJZ), (l};[}s)y (lJZlZJI )
(2.6).(7.4). (8.).

It is easy to see that G can be constructed in polynomial time.

Without loss of generality, we skip the trivial case |¢|] = 1 of 1-IN-3
3SAT problem. We consider that |¢] = 2.

Firstly, we show that the obtained graph G = (X, U) belongs to #. Let
us remember that # is a family of connected graphs on n > 5, which have
exactly one convex (2,t)-cover. According to Theorem 4.1, any graph
from # has no simplicial vertices. Moreover, it follows easily from the
construction of G that this graph has no simplicial vertices but contains
only one pair of adjacent vertices {y, z} that satisfies the condition of

Theorem 4.3. This means that G has exactly one convex (2,t)-cover
Pt = {8t = {3, 2}, Sne = X\{y, z}} and further G belongs to class #.
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q: O

i g 9

Figure 4.2. The convex (2, nt)-cover of a graph G for the instance
V, &) = ({v1,v2,V3,V4}, {v1, V2, V3}, {2, V3, 14 3}).
The rectangles represent cliques.

Secondly, we show that G is in #. To do this, we show that all
properties that characterize the class %' hold. It is clear that properties a)
and b) are satisfied. For sets A = I'(y)\{z} and B =T'(z)\{y}, we can
easily see that d —conv(AUB) =S, and S, # AUB. Hence,
properties c) and d) are also satisfied. So, G is in#’.

Thirdly, we show that G has no convex (2, nt)-cover that satisfies the
condition a) of Theorem 4.14. By the construction of G, we have
Spe ©d —conv({y,z,x}) for each x € AU B. Further, considering
Theorem 4.15, we obtain that G has no convex (2, nt)-cover that satisfies
the condition a) of Theorem 4.14. Thus, if graph G has a convex
(2, nt)-cover, then the condition b) of Theorems 4.14 and 4.16 should be
satisfied.

Now, we prove that ¢ is satisfiable if and only if G has a convex
(2,nt)-cover.

If G = (X,U) has a convex (2, nt)-cover, then ¢ is satisfiable.

Let 2,(G) = {Sf,S;} be a convex (2,nt)-cover of G where y € S,
y&S,and z €5, z € Sp. We have d — conv({y;,z;}) = Spe = X\{y, 2}
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for every i,j € {8,9}. Further, yg,yq € S, zg,2Z9 € S;. We define two sets
S;=YUY UFandS,=ZUZ UT.

Y VA
LO

Y1 2]
@ LO

Y Zy
[ N O

Y3 23
[ = O

Vs 24

Figure 4.3. Edges between Y and Z. The rectangles represent cliques.

Let us distinguish some properties, which can be proved similarly as
in the proof of Theorem 3.4:

Property 1: S; NS, = @and S, NS¢ = .
Property 2: Sets L,7,Q, £ are uniquely interdependent.

Property 3: For each j, 1 <j < m, exactly one vertex of the set
L; = {Ij, 17,17} belongs to S, and exactly one vertex of 4 = {4,£,6'}
belongs to S¢.

We associate 7 with IV and L with ¢ such that a convex (2, nt)-cover

represents a truth assignment for V, where the variable v; is true iff¢; € S;.
Let us remark that sets S¢, S; are nontrivial and disjoint. It follows

from Properties 1, 2 and 3 that if G has a convex (2,nt)-cover
P,(G) = {Sf, S}, then ¢ s satisfiable.
If ¢ is satisfiable, then G = (X, U) has a convex (2, nt)-cover.

Suppose that there exists a truth assignment that satisfies (V, ¢). We
construct a convex (2, nt)-cover 2,(G) = {S, S;} as follows:

Step 1. Define theset S, =Z U Z'UT U {z}.
Step 2. For each true variable v; of V, we add vertex « and the set
L' =T(4) N LtoS,, and for each If € L', we add vertices q7, ¢’ to S, such
that ¢/ ~1% and g7 ~¢ .
Step 3. Define the set Sy = X\S;.
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Clearly, for the resulting convex (2, nt)-cover 2,(G) = {S, S}, the
Properties 1, 2, and 3 are satisfied. Here sets Sy and S; are nontrivial and
disjoint. Hence, if ¢ is satisfiable, then G has a convex (2, nt)-cover.

In Figure 4.2, we exhibit the graph G corresponding to a particular
instance (V, @) = ({v1,v2, V3, v}, {{v1, V2, v3},{v2, v3,14}}). Sets QU
7U{f}, QU7 U{t}, Y U{y}and Z U {z} are cliques in G. White vertices
belong to S; and black vertices belong to S;. White vertices of 7 represent
the variables of V set to true. All edges between Y and Z are represented in
Figure 4.3, and all edges between L and £ are represented in Figure 3.2. O

4.4 Nontrivial convex 2-covers of some classes of graphs

A graph G is chordal if every cycle of length four or more in G has a chord,
which is an edge that is not part of the cycle but connects two vertices of
the cycle.

Lemma 4.1. [20] Each chordal graph has a simplicial vertex.

Theorem 4.18. A connected chordal graph G of order n >4 has a
nontrivial convex 2-cover.

Proof. Note that any connected graph with n = 4 vertices, except for the
cycle graph C,, has a simplicial vertex. So by Theorems 2.7 and 4.2, G has
a nontrivial convex 2-cover. o

Since complete graphs and trees are chordal graphs, we get the
following result.

Corollary 4.2. Let G be a complete graph or a tree of order n > 4. Then,
G has a nontrivial convex 2-cover.

A power of cycle C¥, 1 < k < n, is a graph such that X(C¥) = X(C,,)
and U(CY) = {(xi, %) : xi,x € X(C¥),de, (xi, %) < k .
Lemma 4.2. [3] If n = 0,1,2 (mod 2k), then a subset S < X(Ck) formed

by E] consecutive vertices of C¥ is convex.

Lemma 4.3. [3] Let S c X(C¥) be a non-clique convex set of graph
Ck,n> 2k +2andn £ 0,1,2 (mod 2Kk). Then, || < [|.
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Theorem 4.19. A power of cycle C¥ has a nontrivial convex 2-cover if and
only ifn >4, C¥ # C,,andn < 2k + 2 orn = 0,1,2 (mod 2k).

Proof. It is clear that C} with n < 4 has no nontrivial convex 2-cover. We
consider that n > 4.

Assume n = 4. By the definition of power of cycle, 1 <k < 2. If
k =1, then C} = C, and it follows from Theorem 2.7 that C}¥ can not be
covered by two nontrivial convex sets. If k = 2, then CZ = K,. In this case,
by Corollary 4.2, CZ has a nontrivial convex 2-cover.

Assume that n > 5. If n < 2k + 2, then we see that any k+ 1
consecutive vertices form a clique and a nontrivial convex set. Hence, in
this case, C¥ has a nontrivial convex 2-cover. Also, Lemma 4.2 implies
that C¥ has a nontrivial convex 2-cover if n = 0,1,2 (mod 2k). Moreover,
from Lemma 4.3 it follows that C¥ has no nontrivial convex 2-cover if
n>2k+2andn % 0,1,2 (mod 2k). |

Next, we examine the nontrivial convex 2-cover problem for cactus
graphs. A cactus is a connected graph in which every edge belongs to at
most one simple cycle.

Theorem 4.20. A cactus G of order n = 4 has a nontrivial convex 2-cover
if and only if G # C,.

Proof. Evidently, any cactus of order n < 4 has no nontrivial convex
2-cover.

Assume n = 4. Then by Theorem 2.7, there is a nontrivial convex
2-cover of G ifand only if G # C,.

Assume n > 5. If G has a simplicial vertex, then Theorem 4.2 yields
that G has a nontrivial convex 2-cover. Now we consider that G has no
simplicial vertices. If G is a cactus without a cut-vertex, then G is a cycle,
and further, by Theorem 4.19, there exists a nontrivial convex 2-cover of
G. Otherwise, there is a cut-vertex v of G. We remove v from G, and obtain
a disconnected graph composed of k =2 connected components
G4, G, ..., Gy. Since there are no simplicial vertices in G, |X(G;)| = 2 for
each i, 1 < i < k. Finally, graph G has the following nontrivial convex
2-cover:

Pone(©) = {(v} U X(GD), (W} U UL, X (G}
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The theorem is proved. O

Theorem 4.21. A disconnected graph G of order n > 4 has a nontrivial
convex 2-cover.

Proof. Let G be a disconnected graph composed of k > 2 connected
components G4, Gy, ..., Gi.
Assume k = 4. Then, G has a nontrivial convex 2-cover
Pone(6) = {UL, X(G), UL, X (G}

Assume that k = 3. There is at least one connected component
containing at least two vertices because n = 4. Without loss of generality,
let |X(G,)| = 2. Then G has a nontrivial convex 2-cover

pz'nt(G) = {X(Gl) V) X(Gz),X(Gl) U X(G3)}

Assume that k = 2. We consider three cases.
If n =4 and each connected component consists of two adjacent
vertices, then G has a nontrivial convex 2-cover

Pyt (G) = {{x} UX (G, {y3u X(Gz)};

where X(G,) = {x, y}.

If n > 4 and there is a connected component consisting of a single
vertex (without loss of generality, let such a component be G,), then G has
a nontrivial convex 2-cover

P,0:(6) = {{x, ¥y} U X(G1), X (G},

where x and y are two adjacent vertices from G,.

If n = 5, both connected components contain at least two vertices and
one connected component consists of at least three vertices (let such a
component be G,), then G has a nontrivial convex 2-cover

Pone(G) = {{x} u X(Gz),X(G1)},
where x € X(G,). o
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Chapter 5
Trees

In view of the fact that convex p-cover and convex p-partition problems of
graphs are NP-complete (see Chapter 3), there is specific interest in
studying these problems for different classes of graphs. In this chapter, we
focus our attention on trees.

Let L = [x%,x?,...,x*] be a vertex path of a tree G. By R, (x) we
denote the set of vertices v € X (G) for which there isa path L' = [x, ..., V]
such that L' has no elements of L, except x, where x € L.

Theorem 5.1. A tree G with n > 2 vertices has a convex p-partition for
everyp,2<p<n.

Proof. It is obvious that G has at least two terminal vertices. Let x be a
terminal vertex of G and let G' be the subgraph of G induced by the set of
vertices S = X(G)\{x}. Since G’ is a tree and x is adjacent only to one
vertex of S, sets {x} and S are convex in G. So, the graph G has a convex
2-partition. If [S| = 2, we can further choose a terminal vertex y of G" and
define a subtree G" of G’ induced by the set of vertices S’ = X(G")\{y}.
Note that the sets {x}, {y} and S’ form a convex 3-partition of G. If
|S’| = 2, then in the same vein, we can obtain a partition of G into 4, 5,
..., and n convex sets. O

Bearing in mind that each convex p-partition is a convex p-cover of a
graph, we get the following result.

Corollary 5.1. Atree G withn > 2 vertices has a convex p-cover for every
p,2<p<n.
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5.1  Nontrivial convex covers of trees

The nontrivial convex p-cover problem of trees is not as simple as the
convex p-cover problem. Therefore, we will carefully consider nontrivial
convex covers of trees.

Lemma 5.1. A tree G with n > 4 vertices has a nontrivial convex 2-cover.

Proof. It is clear that diam(G) = 2. Let x and y be two vertices of G such
that d(x, y) = diam(G). Then x and y are both terminal vertices of G, and
it can be easily checked that G can be covered by two nontrivial convex
sets X(G)\{x} and X(G)\{¥}. |

Theorem 5.2. Let G be a tree with diam(G) = 3. There exists a maximum
nontrivial convex cover 2,max(G) such that every terminal vertex of G is
resident in 2,max(G) and any two terminal vertices do not belong to the
same set of P,max ().

Proof. We know from Lemma 5.1 that G has a nontrivial convex cover. Let
P,max(G) be a maximum nontrivial convex cover of G, where there is at

least one terminal vertex x that is non-resident in 2,,max (G). Since x is a
terminal vertex of G and diam(G) = 3, there is a vertex y adjacent to x,
which is adjacent to the set of nonterminal vertices S, S # @, and to the set
of terminal vertices S’, S’ # @, of G. Note that y is also non-resident in
Pymax(G).

We consider two cases.

1) Suppose that S contains a vertex z that is non-resident in 2,,max (G).
Firstly, we replace vertex x by vertex z in every set of 2,max(G) that
contains x. Secondly, we add a convex set {x,y, z} to P max(G). Further,
we get a nontrivial convex cover 2(G) in which x is a resident vertex and
|P(G)| > |P,max(G)|. Hence, we get a contradiction.

2) Now suppose that every vertex of S is resident in 2 ,max (G). Firstly,
we choose a vertex z of S and a set Z of 2,max(G) that contains z.
Secondly, we replace x by z in every set of 2,max (G)\{Z} which contains
x. After, we add x and y to Z, and obtain a new nontrivial convex cover
P(G), |P(G)| = |Pymax(G)| in which x is resident. On the other hand, if
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now the set S’ contains one more vertex that is non-resident in 2(G), then
taking into account case 1) we again obtain a contradiction.

Consequently, there exists a maximum nontrivial convex cover
P,max(G) of graph G such that every terminal vertex of G is resident in
p(pgllax(G).

Now suppose that there are at least two terminal vertices x and y
which belong to the same nontrivial convex set S of 2,max (G).

Let us consider two cases.

1) Assume that |S| = 4. In this case, we replace S in 2,max (G) by two
convex sets S’ = S\{x}, |S'| = 3, and S"" = S\{y}, |S”'| = 3. Further, we
obtain a new nontrivial convex cover 2(G), |P(G)| > |P,max(G)|. So, we
have a contradiction.

2) Assume that |S| = 3. Here S = {x,y,z} and I'(x) = I'(y) = {z}.
As above, note that the set I'(z)\{x, y} contains at least one nonterminal
vertex h.

If h is non-resident in 2,max(G), then we replace S by two convex
sets {x, z, h}, {y, z, h}, and obtain a new nontrivial convex cover 2(G),
|P(G)| > |Py,max(G)], in which vertices x, y belong to different sets.
Consequently, we get a contradiction.

If all nonterminal vertices of I'(z)\{x, y} are resident in 2,max(G),
then we choose a set H that contains h. Further, we subtract x from S and
add it to H. Also, we add h to S and z to H. Hence, we obtain a new
nontrivial convex cover 2(G) of G in which vertices x, y belong to
different sets and |P(G)| = [P max(G)].

It follows that there exists a maximum nontrivial convex cover
P,max(G) such that any two terminal vertices of G do not belong to the

same set of 2 ymax (G). mi
As a consequence of Theorem 5.2, we obtain Corollary 5.2.

Corollary 5.2. Let G be a tree with diam(G) > 3 and p terminal vertices.
Then, i**(G) = p.

Corollary 5.3. Let G be a tree with diam(G) = 3 and p terminal vertices,
where every nonterminal vertex of G is adjacent to at least one terminal
vertex. Then, pZt**(G) = p
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Corollary 5.4. Let G be a tree with 3 < diam(G) <5 and p terminal
vertices. Then, p/r**(G) = p.

The proof of Corollaries 5.3 and 5.4 easily derives from Theorem 5.2
and from the fact that all nonterminal vertices of G become covered by
nontrivial convex sets, which cover all terminal vertices of G.

Theorem 5.3. Atree G on n = 4 vertices has a nontrivial convex p-cover
for every p, 2 < p < 3% (G).

Proof. Let G be a tree on n > 4 vertices. Considering Lemma 5.1, G can
be covered by two nontrivial convex sets. Let 2,max(G) be a maximum
nontrivial convex cover of G. If p22*(G) = 2, then the theorem is proved.
Let us analyze the case when @Zr**(G) = 3. We use the following
procedure. We select sets X; and X, of 2,max(G) such that there are two
adjacent vertices x; € X;, x, € X,. Since the set § = X; U X, is nontrivial
and convex in G, by excluding from 2 ,max (G) sets X; and X, and then by

adding S, we obtain a new nontrivial convex cover 2(G) that covers G by
p = eH?*(G) — 1 nontrivial and convex sets. If p = 2, then the theorem
is correct. Otherwise, if p >3, then by repeating this procedure
eH*(G) — 3 times for 2(G), we get a nontrivial convex 2-cover of G. O

We denote by C(G), |C(G)| = p, a set of all terminal vertices of a tree
G. By M(G), where [M(G)| = q, we denote a set of all vertices x of G for
which the distance between any vertex of C(G) and x is greater than or
equal to 3, and exists a vertex ¢ € C(G), d(x,c) = 3.

Theorem 5.4. Let G be a tree with diam(G) = 6 and M(G) # @. Then
Pen(G) 2p +q.

Proof. We define a family of nontrivial convex sets 2(G) = @ that will
cover G. For every terminal vertex ¢ € C(G) we select the nearest vertex
x € M(G) and the corresponding path L =[x, xq, x5, ..., Xg, c], k = 2.
Since S, = {xy, x5, ..., xx, c} is a nontrivial and convex set, we add S, to
2(G). Besides, for every x € M(G) we select a terminal vertex ¢ € C(G),
d(x,c) = 3, and for the obtained path L with k = 2, we form a nontrivial
convex set S, = {x,x;,x,} and add it to 2(G). If there remain some
uncovered vertices, then we select an uncovered vertex y that is adjacent
toavertexz € S, S € 2(G), and further extend S by adding y to it. We see
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that now every vertex of A = C(G) U M(G) is resident in 2(G), and any

two vertices from A do not belong to the same set of 2(G). Consequently,

we obtain a nontrivial convex cover 2(G) such that [2(G)| = p + q. So,

e (G) 2p +4q. O
The following theorem gives a significant result.

Theorem 5.5. If atree G has n > 4 vertices, then there exists a maximum
nontrivial convex cover 2,max(G) such that every set S € 2, max(G)

contains a path L = [x,y, z], where x is a resident vertex in 2,max (G).

Proof. If diam(G) = 2, then the theorem is true. If 3 < diam(G) <5,
then it follows from Corollary 5.4 that the theorem is true. If
diam(G) = 6, then taking into account Theorem 5.2, there is a family
P,max(G) in which for every terminal vertex x € C(G) that is resident in
Pymax(G) and for a set S € P,max(G), x €S, there exists a path
L =[x,y z],wherey,z €.

We define a family of nontrivial convex sets 2(G) = @ that will cover
G and a set of vertices D = @. If there is a set A € 2,,max(G), containing a

terminal vertex a € A that is resident in 2,,max (), and there exists another
set B € P,max(G) suchthat AN B # @, |[A\B| = 2 or [B\A| = 2, then we
denote by B, the set of all resident vertices of B in 2 ,max(G). Next, we
select a vertex b € B, for which the distance d(a, b) is maximum. Also,
we denote by B,, the set of all vertices b’ of B for which a path between b’
and a contains b. Evidently, vertex b belongs to B,. We now define two
sets:
A" =AU (B\B,) and B' = (A" U {b})\{a}.

It can easily be checked that A’, B’ are nontrivial convex sets, and there
are paths [a, c,d] and [b,c',d'], where ¢,d € A" and ¢’,d' € B'. Further,
we replace sets A and B by A" and B’ in 2 ,max (G). If there still remains
such a set A € P,max(G) that satisfies the conditions mentioned above,

then we repeat the described process. Otherwise, we define a family V that
consists of sets from 2,max (), which contain exactly one terminal vertex

that is resident in 2,max(G). Next, we select a set A € V and define a
family W,, composed of sets that belong to 2,,max(G) and intersect A. Let
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Dy = AU Ugew, B. We add vertices of D, to D, remove A and every set
of W, from 2,max(G) and from V. Then add them to 2(G). If V # @, then
we choose another set A € V and repeat the above procedure. On the
contrary case, we get a new graph G’ by removing from G vertices of D
and all edges incident to them. If X(G") = @, then |P(G)| = |Pymax(G)].
This implies the correctness of the theorem.

If X(G") # @, then G’ consists of k > 1 subtrees G;, G, ..., Gi. It is
clear that X(G;) = 3,1 <i < k, and every set of 2(G) does not intersect
any set of 2'(G), obtained from Pymax(G) after the elimination of convex
sets in the actions described above. Therefore, we have

7@+ 1P(G)] = ocn™ (6).

If 2 < diam(G;) < 5, forevery i, 1 < i < k, then, considering that if
|X(G;)| = 3 then |2(G;)| = 1 and by Corollary 5.4, a maximum nontrivial
convex cover 2(G;) is easily obtained for every G; such that the statement
of the theorem holds. Conversely, for every subtree G;, diam(G;) = 6, we

define a family of sets 2(G;) = @ that will cover G;, and then recursively
fill it using rationales from the above. Further, we get

k
D PG+ 12(6)] = gB(G).
i=1
Finally, we add all sets from 2(G;), 1 <i < k, to 2(G) and see that
the theorem is proved. O

Suppose that diam(G) = 6, then we define the set:

N@G) = X(G\| c@)u U reo ).
X€C(G)

The set N(G) is empty if and only if every nonterminal vertex of G is
adjacent to at least one terminal vertex of G, but in this case, accordingly
to Corollary 5.3, we obtain pZ;**(G) = p.

Assume further that N(G) # @. Let x be a vertex of N(G). Since x is
an articulation vertex, through the elimination of x from G we obtain |T'(x)]|
connected components G, y € I'(x). For every vertex y € I'(x), we get
the family of subtrees:
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2(6) = {"GY}U{GF : ze TCO\Y,

where *G; is a subtree of G obtained by adding the vertex x to G} such
that x~y.
Thus, we get the family of subfamilies of subtrees:

7.(G) = #(6): yeT(x)}.

For the sake of estimation of @Z**(G), we consider that if
0 < |X(G)] £ 2, then }**(G) = 0. Similarly, if |X(G)| = 3, then we
consider that @2**(G) =1. We obtain the recursive formula for
determining the value of @Z\**(G), reflected in the following two
theorems.

Let us remark that for a tree G with diam(G) =2 and |X(G)| = 4,it
can easily be checked that @Zi**(G) = p — 1. Therefore, taking into
account the above considerations and Corollaries 5.3, 5.4, we obtain
Theorem 5.6.

Theorem 5.6. Let G be a tree. If diam(G) <5 or diam(G) = 6 and
N(G) = @, then the following relation holds:

if 3 <diam(G) <5,or

max () = & diam(G) = 6 and N(G) = @
Pen “\p-1, if diam(G) =2
0, if 0 <diam(G) <1.

If diam(T) =6 and N(G) # @, then by Theorem 5.5, we get
Theorem 5.7.

Theorem 5.7. Let G be a tree with diam(G) = 6 and N(G) # @, then the
following relation holds:

ax — max
(G) = max|p, max | max Z ®en (H)
HE?(6)

Taking into account Theorems 5.6 and 5.7, we propose a recursive
procedure Maxe(G) that determines the maximum nontrivial convex
cover number ¢7+**(G) of atree G.
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Procedure Max¢(G). Determines o+%*(G) for atree G.
Input: Atree G.
Output: ok (6).
Step 1. Compute diam(G).
Step 2. If 0 < diam(G) < 1, then return 0.
Step 3. Determine the set of all terminal vertices C(G), |C(G)| = p.
Step 4. If diam(G) = 2, then return p — 1.
Step 5. Determine the set N(G) = X(G)\(C(G) U Uxrec(ey T(x)).

Step 6. If 3 < diam(G) < 5, or diam(G) = 6 and N(G) = @, then
return p; otherwise, for every x € N(G) and y € I'(x), apply procedure
Max6(H) for each H €7%(G) and, after all, calculate the sums
ZHeﬂ(c) QI (H). Finally, return

max — max
pen” (G) = max {p, max {yrglaé) (Znertio) 0B (H )}}

We illustrate an example of the determination of the number ¢2*(G)
for a tree G from Figure 5.1. We see that diam(G) = 8 > 6, and the set of
terminal vertices C(G) = {x1, X3, X3, X¢, X13, X15, X16, X17, X1} CONSists of
9 elements.

Figure 5.1. The tree G and two subtrees *G,” and G

For G, we have
N@ =X\ c@u | ] T@ | = %0510}

x€C(G)

In total, there are three families of subfamilies of subtrees:
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7y, (G) = {7 (6), 7,2 (0D},
7, (G) = {7, (6),72° (&)},
7., (6) = {0 (&), 71(6),72(6)).
We examine each family of subfamilies in turn. We start with7,_(G)

that consists of two families of subtrees:
% (6) = { "Gy, G0} and 7.2(6) = {Gy), "G}

Note that, for each subtree H belonging to 7} (G) or 7 (G), the
relation diam(H) < 5 holds. Therefore, we get:

(p(l;rrllax( *6;687) =5, (P(r;?lax(G;;) =4,
P& (76y2) = 6, pi*(G2) = 6.
We calculate the sums:

max(fr) = @max *GX7) 4 pmax(GXo =5+6=11,
Doy PO = 0B C6) + 0 (65)

max = omax (X7} £ pmax( *G*) =4 4+ 6 = 10.
Dty VD = B (G20) + o (65)

Now, we choose the maximum value

m; = max Z m“x(H),z max(H)} =

= max{11,10} = 11.
The family 7, (G) consists of two families of subtrees:

72(6) = {"G;2, 6} and 7;1°(6) = {G;2, *G°}.

9

The diameter of each subtree H in these families is diam(H) < 5.
Hence, we get:

o ("Gey) = 5, 05 (Gy)) = 5,
wgtiax( *G;C;O) =6, (pzrrzlax(G;;o) =5,

We calculate the sums:

64



D e, V) = OB (GT) + B (6510) =5 +5 = 10,
x9
ZHez/"lo(G) Pen (H) = gagrrllax(a’f:) + gDzrfllax( *G;Cglo) =5+6=11

Now, we choose the maximum value

m, = max > B (), ). m‘”‘(H)} =
2 { H€4/;2(G) Pcn HEWXX;O(G) Pen

= max{10,11} = 11.
Finally, we examine the family 7, (@) that consists of three families

of subtrees:

7/;?0 ) = { *G;Cfo’ 6;61101' G;C:oz }'
7’;1(1) (G) = {G;Cfo’ *6;61101' G;‘1102 }'
7/322 @)= {G;Cfo’ 6;61101’ *6;51102}.

Since the diameter of each subtree in these families is less than 6, we

obtain:

(pgrrllax( *GXo ) =5, (pérrllax(cx9) =5,

X10 X10
gDgrrllax( *6;51101) =1, (pgrrllax(G;;;) =0,
gDgrrllax( *6;51102) — 5, (pgrrllax(G;;;) = 4.

We calculate the sums:

5 romax(H) = Qﬂcmax( * 9;6190) Cmnax(G;Cl101) | (pCmax(leloz)
X10 ;

g02171lax(H) — (pgliax((;;fo) + (pz‘rrzlax( *6;61101) + (pgrrzlax(G;:Oz)

He?11(6)

=5+1+4+4=10,
) + (pgllax(Gxn) + (pg}tax( *6;51102)

X10

ez, PO (H) = o5 (G,
HET,12(6)

=5+0+5=10.

We choose the maximum value
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m; = max {Z P (H), Z Qe (H),
He?? (G) He? 11 (6)

X10 X10

max (4 —
ZH ey P >}

X10
= max{9,10,10} = 10.

After all, we obtain the maximum nontrivial convex cover number of
atree G:

eI (G) = maX{IC(G)LmaX{mLmz'm3}} =

max{9, max{11,11,10}} = max{9,11} = 11.

5.2 Nontrivial convex partitions of trees

Now, we have to analyze nontrivial convex partitions of trees. The
following two classes of trees # and # are needed for the sequel.

Ais aclass of trees G, whose sets of vertices and sets of edges satisfy
the below conditions:

1) X(G) = {x,¥, X1, X2, e Xk V1, Y2» o» Vir }, Where k, k' = 2;

2) U(G) = {(x, )}V U, {(x,x)} VUL, {0y}

Zis a class of trees G, which are constructed as follows:

1) We choose k = 0, k' = 2,k =2 and foreveryi,2 < i < k', we
choose the value of k; = 1;

2) If k > 1,then X = {xo} U UL, {x;}and U = U, {(x0, %)},
otherwise X = {x,}and U = 0;

3) We obtain the sets X(G) = X U UX, Ufizo {x/} and
U(G) = UV U, {(xo,x))} U UK, UL, {(xP,x])}.

It can easily be checked that the diameter of each tree of 4 is 3, and
the diameter of each tree of Zis 4.

Moreover, every tree of 4 and every tree of & has at least 6 vertices.

The general structure of trees of the described classes # and Z is
represented in Figure 5.2.
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Figure 5.2. The classes of trees # (case a)) and & (case b)).

Algorithm 5.1. Determines whether a tree belongs to one of the classes:
4, B.

Input: Atree G.

Output: YES-# G belongs to 4#; or YES-&: G belongs to &; or NO: G does
not belong to either 4 or &.

Step 1. If 0 < |X(G)| < 5, then return NO.

Step 2. Compute diam(G). If diam(G) < 2 or diam(G) = 5, then
return NO; otherwise, if diam(G) = 4, then go to Step 4.

Step 3. Choose vertices x,y € X(G), x # y, such that |I'(x)| = 2,
[F(y)| = 2. If [['(x)| = 3 and [I'(y)| = 3, then return YES—#, otherwise,
return NO.

Step 4. Check if there exist two different terminal vertices x, y € X(G)
such that I'(x) NI'(y) # @ and there is a terminal vertex z € X(G),
d(x,z) = diam(G). If there exist such vertices x,y € X(G), then return
YES-2&; otherwise, return NO.

Theorem 5.8. Algorithm 5.1 determines in 0(n®) time whether a tree G
belongs to one of the classes ~# or &.

Proof. Correctness of the algorithm results from the structure of trees of
the classes #and 2. Step 1 runs in constant time. If we use Floyd—Warshall
algorithm for finding the diameter of a graph, then the complexity of step
2 is 0(n®). Step 3 executes in O(n) time. After the execution of
Floyd-Warshall algorithm, all pairs of vertices between which the distance
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is equal to diam(G) will be known. Further, step 4 runs in 0(n?) time.
Based on these facts, the total execution time of the algorithm is 0(n?). o

Theorem 5.9. A tree G has a nontrivial convex 2-partition if and only if
one of the following conditions holds:

a) diam(G) = 5;
b) G € ~#,
C)GEB

Proof. It is clear that if a tree G has a nontrivial convex 2-partition, then
inequality n > 6 holds. Let us analyze nontrivial convex 2-partitions of G
in dependence on its diameter.

Suppose diam(G) = 2. Here G is a star graph. It can simply be
verified that a star graph has no nontrivial convex 2-partition.

Suppose diam(G) = 3. We choose two vertices x,x’ € X(G) for
which there is a path L = [x,y, z,x'] of length 3. Evidently, L is a unique
path between vertices x and x’, and vertices x, x' are terminal, i.e.,
['(x) =y and I'(x") = z. It follows from relation |X(G)| =6 that G
contains at least two vertices different from x, y, z, x". Assume that there
is a vertex v € X(G) different from x, y, z, x', and v € R, (y) such that
d(y,v) =22, or vER;(z) and d(z,v) > 2. We get a contradiction
because d(y,x") =d(z,x) =2 and the length of the paths
L' =[x,zy,..,v] and I? = [x,y,z, ..., v] is greater than or equal to 4.
Consequently, all vertices of G different from x, y, z and x’ are adjacent
only to y or z. It can easily be checked that if y is adjacent only to x and
z, or z is adjacent only to x’ and y, then G has no nontrivial convex
2-partition. In the converse case, G has a nontrivial convex 2-partition

P6) = {{x,y} UR.(¥),{z, X'} URL(2)}.

In other words, if diam(G) = 3, then G has a nontrivial convex 2-partition
ifand only if G € 4

Suppose diam(G) = 4. We choose two vertices x,x" € X(G) such
that there is a path L = [x,y,z, h,x']. The length of L is equal to the
diameter of G and vertices x and x’ are terminal in G. Since |[X(G)| = 6, G
contains at least one vertex v different from x, y, z, h, x'. If v is adjacent
to y or h, then G has a nontrivial convex 2-partition
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P(6) = {{x,y} UR, (), {z, h,x'} U R, (2) U R (h)} or
2(6) = {{x,y,z} UR,(y) UR,(2),{h,x'} U R (h)}, respectively.

Assume that there are no vertices different from x, y, z, h, x', which
are adjacent to y or h. Then, there exist vertices z' different from y and h
which are adjacent to z. If |['(z")| = 1 or |['(z")| = 2 for all such z', then
it is not hard to check that G has no nontrivial convex 2-partition. Now
assume that there are at least two vertices z" and z'"’ different from z and
adjacent to z', i.e, |I'(z)|=3. In this case, we obtain a path
L =[z",7,zy,x]. As mentioned above, it follows that G has a nontrivial
convex 2-partition. Equivalently, if diam(G) = 4, then G has a nontrivial
convex 2-partition if and only if G € &.

Suppose diam(G) = 5. We choose two vertices x and x’ from X(G)
such that d(x, x") = diam(G). Let L = [x,xq, X3, ..., X, x'], k = 4, be a
path between x and x'. L contains at least 6 vertices. Moreover, L is a
unique path between x and x'. Hence, paths [x, x;, x,] and [xs, ..., x, x']
generate a nontrivial convex 2-partition of G as follows:

2 k
26) = {03 | G ryo | R,
i=1 i=3

The theorem is proved. O

Theorem 5.10. If a tree G on n > 6 vertices has a nontrivial convex
partition, then G has a nontrivial convex p-partition for every p,
2<p <02 (@).

Proof. If atree G has a nontrivial convex partition, then there is amaximum
nontrivial convex partition Pgmax (G). If 6:3%*(G) = 2, then the theorem
is proved. If 62 (G) = 3, then after repeating 67,**(G) — 2 times the
procedure described in the proof of Theorem 5.3, we obtain a nontrivial
convex 2-partition of G. It follows that G has a nontrivial convex p-
partition, for every p, 2 < p < 6224 (G). m|

The following corollaries are true.

Corollary 5.5. If a tree G on n > 6 vertices has a nontrivial convex
partition, then G has a nontrivial convex 2-partition.
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Corollary 5.6. A tree G has a nontrivial convex p-partition for every p,
2 < p < 6'(G), if and only if one of the following conditions holds:

a) diam(G) = 5;
b) G € ~#,
C)GEZ

Let x be a vertex of G for which |[T'(x) N C(G)| = 2 or there is another
vertex y € I'(x) such that I'(y) = {x, z}, z € C(G), where C(G) is the set
of all terminal vertices of G.

For x that satisfies the announced properties, we define the following
set:

S,={x}u{reX(@G):vel(x)nC(G)}u
{r,z€X(G): T(y) ={x,z},z€ C(G)}.

Figure 5.3. The family S(G) of atree G.

The set S, is called the nontrivial terminal set of G. Note that S, is a
nontrivial convex set of G. We say that a terminal vertex z of a tree G
corresponds to a nontrivial terminal set S, of G if S, contains z.

By 5(G) we denote the family of all nontrivial terminal sets of a tree
G. For example, for G presented in Figure 5.3 we have the following family
of nontrivial terminal sets:

s(6) = {Sx3 = {x1, %2, X3}, Sxy = {xg, X0, X10, %11},

Sx;s = {x15, x16, x17rx18}'5x19 = {x19, %20, %21},

Sxye = {x26, x27, %28, ng}}.
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Lemma 5.2. Let G be a tree. All nontrivial terminal sets of s(G) are
disjoint.

Proof. Suppose that there are at least two different nontrivial terminal sets
Sy and S,, of 5(G) such that S, N S, # @. Inthis case, by the definition of
nontrivial terminal set, we have S, =S,. Whence, we obtain a
contradiction. O

Lemma 5.3. 5(G) is unique for a tree G.

Proof. Correctness of the lemma results from the definition of nontrivial
terminal set and Lemma 5.2. O

Lemma 5.4. For a tree G, every set of 5(G) belongs to exactly one set of
a maximum nontrivial convex cover Pgmax (G) such that any two nontrivial

terminal sets of S(G) do no belong to the same set of Pgmax(G).

Proof. From the definitions of nontrivial terminal set and nontrivial convex
partition, it follows that every set of S(G) belongs to exactly one set of
Pgmax(G). Suppose that there is a set C of Pgmax(G) that contains at least
two different nontrivial terminal sets of G. Let 5. be the family of all
nontrivial terminal sets which are in C and k = |S.| = 2. By Lemmas 5.2
and 5.3, we know that S(G) is unique for G and all nontrivial terminal sets
are disjoint. Further, we separate C into disjoint nontrivial convex sets
S, 81,..., S, where every set contains exactly one nontrivial terminal set
of S¢. If there are some vertices of C which remain uncovered by new
nontrivial convex sets S;,S4, ..., Sk, then we select one of such vertices,
say x, that is adjacent to a vertex y € S, S € {5;,54,...,S}, and further
add x to S. If some uncovered vertices still remain, then we repeat the
above procedure. Since k > 2, we get a new convex cover 2(G) such that
|P(G)| > |Pgmax(G)|. Hence, we have a contradiction. o

Lemma 5.5. A tree G with 2 < diam(G) < 4 has at least one nontrivial
terminal set.

Proof. From the definition of nontrivial terminal set, it follows that every
tree G with diam(G) = 2 contains exactly one nontrivial terminal set
Sy = X(G). It can easily be checked that a tree G € # has exactly two
nontrivial terminal sets, and any tree G € € has at least two nontrivial

71



terminal sets. Similarly, if a tree G with diam(G) = 3 does not belong to
the class »#, or diam(G) = 4 and G & &, then G has exactly one nontrivial
terminal set S, = X(G). O

Lemma 5.6. A tree G with diam(G) =5 has at least two nontrivial
terminal sets.

Proof. Let G be a tree with diam(G) = 5. Let x and y be two terminal
vertices such that d(x, y) = diam(G). Assume that x does not correspond
to any nontrivial terminal set. By the definition of nontrivial terminal set,
x is adjacent to a vertex z that is adjacent to at least two vertices different
from x and all of them are nonterminal. Let z;, z,, ..., z,, Where k = 2, be
vertices different from x and adjacent to z. The path between vertices x
and y contains exactly one vertex z' € {zy, 2, ..., z; }. Since zy, 2, ..., Z,
are nonterminal vertices, for every vertex z'' € {z,,z,, ..., z; }\{z'} there
exists a vertex z* different from z and adjacent to z"'. Since for any two
vertices of G there is only one path connecting them, for every vertex z*,
we get d(z%,y) > diam(G). Consequently, we obtain a contradiction.
Similarly, we get a contradiction if we assume that y does not correspond
to any nontrivial terminal set. Taking into account that diam(G) = 5,
vertices x and y correspond to different nontrivial terminal sets. Hence, a
connected tree G with diam(G) = 5 has at least two nontrivial terminal
sets. o

Algorithm 5.2. Determines 5(G) for atree G.
Input: Atree G.
Output: 5(G).

Step 1. Define the set 5(G) = 0.

Step 2. Determine all terminal vertices C(G).

Step 3. Go through all vertices x € X(G)\C(G). If for a vertex x of G
we have |I'(x) N C(G)| = 2 or there is another vertex y € I'(x) such that
I'(y) = {x, z}, where z € C(G), then we define the set of vertices S, = {x} U
fveX(@):vel(x)NCG)IVU{y,zeX(G):T'(y) ={x,z},z€ C(G)}
and add it to 5(G).

Step 4. Return 5(G).
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Theorem 5.11. Algorithm 5.2 determines the family of nontrivial terminal
sets S(G) of atree G in O(n?) time.

Proof. Correctness of the algorithm results from Lemmas 5.2 — 5.6.
Clearly, steps 1 and 4 run in constant time. Step 2 operates in 0(n), and
step 3 executes in 0(n?) time. So, the total execution time of the algorithm
is 0(n?). O

For a tree G, by £(G) we denote the family of all subtrees obtained
after the elimination of all nontrivial terminal sets of S(G) from G.

For the sake of estimation of the number 62:%*(G), we consider that
if 0<|X(G)| <2, then 672**(G) = 0. Likewise, if |X(G)| = 3, then
02*(G) = 1. The next theorem establishes the recursive formula for
determining 82,4 (G).

Theorem 5.12. For a tree G, the following relation holds:

@I+ Y eEE), if IX@)] 23
O (G) = G'eg(6)
0, if 0<|X(6)| < 2.

Proof. By Lemma 5.4, we conclude that by eliminating all nontrivial
terminal sets of S(G) from tree G, we eliminate minimal nontrivial convex
sets of G containing nontrivial terminal sets. Besides, after the elimination
of all nontrivial terminal sets of family S(G) from G, we obtain a family
of subtrees £(G) such that some of them also contain nontrivial terminal
sets.

If 0<|X(G)| <2, then 63**(G) = 0. On the contrary case, if
|X(G)| = 3, then taking into account Lemmas 5.2 — 5.6, we get the
following relation:

0BG = 1SOI+ ) 0BG,
G'eE(G)
The theorem is proved. O

Next, we propose a recursive procedure Max6(G) that determines the
maximum nontrivial convex partition number 6.2%*(G) of a tree G. After,
we prove that this procedure executes in polynomial time.
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Procedure Max0(G). Determines 622%*(G) for atree G.
Input: Atree G.
Output: 82X (G).

Step 1. If 0 < [X(G)| < 2, then return 0.

Step 2. Apply Algorithm 5.2, i.e., determine s(G). Remove every
nontrivial terminal set of £(G) from G and obtain £(G).

Step 3. For every subtree G’ of £(G), apply procedure Max6(G") and,
after all, return 673 (G) = |S(G)| + Xgreg) MaxB(G').

Theorem 5.13. Procedure Max6(G) determines the number 6.3%*(G) of
atree G in 0(n?) time.

Proof. From Theorem 5.12, we know that for a tree G, the procedure
Max6(G) returns the number 85:%*(G). In the general case, by Lemma 5.6
and Theorem 5.11, the processing time of procedure Max6(G) is

k
T(n) = ) T(r) +0(n%)
i=1

where ¥, n;<n—6, k=1, |E(G)| =k, and n; is the number of
vertices of the subtree G; of £(G).

The worst-case behavior of procedure Max6(G) occurs when every
tree (except the trivial case of a tree whose vertices form a nontrivial
terminal set), examined by the procedure, has exactly two nontrivial
terminal sets, which consist of three elements such that after their
elimination a single subtree remains. In this case, if n > 6, the processing
time of Max0(G) is

T(n) =T(n—6)+ 0(n?).
To compute T (n), we use the following recurrence relation:

T(n) =T(n—6) +cn?,
where ¢ > 0 is a constant. Let us assume that n = k * 6, for some natural
number k. Expanding the recurrence, we get

T(n) =T —6) +cn? =
=T(n—12)+c(n—6)? +cn? =
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n/é6

= Zc(n —6i)? =

i=0
n/6 n/6 n/6
=c n221+362i2—12n2i )
i=0 i=0 i=0

Applying the equalities
c . n(n+1) N L, nn+1)(2Zn+1)
ZL =—— and Zl =

4 2 _ 6
=0 =0
for the three sums above, we get:
& 6 1
2 _ ("t ) — (3 2
nEl—n( z 6(n + 6n2),
=0
& 36 6\ 2n+6\) 1
2 _ n (n + ) ( n+ ) _ 1 2
36 i_Eol 3 <6 G : T (n3® + 9n? + 18n),
& 12 6 1
nfnm+
T _ — —(p3 2
12ni§01— 3 (6( 5 )) 6(n + 6n2).

Now we substitute back in these three simplifications:
1 1 1
T(n) =c <E (n® + 6n?) + E(n3 +9n? +18n) — g(n3 + 6n2)> =

= 16—8(713 + 9n? + 18n).

From the above, it is clear that

T(n) = 0(n3).
Therefore, procedure Max8(G) determines the number 62%*(G) in
0(n3) time. The theorem is proved. o

Corollary 5.7. It can be decided in O (n?) time whether atree G onn > 6
vertices has a nontrivial convex p-partition for every p,2 <p < EJ
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We illustrate an example of the determination of the number 67,%*(G)
for a tree G from Figure 5.3.

Gl GH

Figure 5.4. The family of subtrees £(G) = {G', G''} obtained after removing
from G (Figure 5.3) the sets belonging to the family S(G).

The family of nontrivial terminal sets of G is
S(G) = {Sx, = {x1,%2, %3}, Sxy = {x8, X9, X10, %11},
Sxis = {x15, X16, %17, X18}, Sx1o = {x19, %20, %21},
Sx26 = {X26, X27, X28, X20}}.

After removing from G the sets belonging to the family s(G), we
obtain the family of subtrees £(G) = {G’,G""}, represented in Figure 5.4,
to which correspond the following families of nontrivial terminal sets:

s(G) = {Sx6 = {x4, x5, X, X7}, Sxi, = {x12, %13, %143},
S(G'") = {Sx,, = X(G"") = {x22, X33, X24, X25}}.

Now, after removing from G’ the sets belonging to the family s(G"),
and from G the set belonging to the family $(G'"), the null graphs are
obtained.

So, we have 673 (G =|8(G)| =2, 62 (G") =|s8(G'")]| =1
and |s(G)| = 5. Therefore, we get the maximum nontrivial convex
partition number of G:

0 (6) = |S(6)| + 07 (G") + 64*(6") =5+2+1 = 8.
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Chapter 6
Graph Operations

This chapter studies minimum convex covers and maximum nontrivial
convex covers of graphs resulting from some graph operations.

A nonempty subset S of X(G) is a non-connecting set in a graph G if
for every pair of vertices x,y € X(G)\S with d(x,y) = 2, the following
relation holdsT'(x) NnT(y) N S = @.

Forany set S € X(G) and y € S, we say that vertex x € X(G)\S is an
external private neighbor of y with respectto S if I'(x) N S = {y}. A set
S € X(G) is said to be a private dominating set of a graph G if it is a
dominating set, and for every y € S there exists an external private
neighbor x € X(G)\S.

A minimum number of cliques covering all vertices of a graph G is
known as a clique cover number 6(G). The minimum clique cover 2, (G)
of G is the clique cover such that |2, (G)| = 6(G).

By P(G) we denote a family of convex sets such that
X(G) = Usep)S. We denote by 2(P(G)) a convex cover of G that
consists of sets, which belong to P(G). Note that for a given P(G), which
does not have the set X(G), we can obtain a convex cover 2(P(G)) by
removing from P(G) all sets contained in the union of other sets of P(G).

The following propositions are true:

Proposition 6.1. Let G be a connected graph of order n = 2. Then for
every x € X(G) there is a convex set S € X(G) such thatx € S, |S| = 2.

Proposition 6.2. Let G be a connected graph of order n > 3. There exists
?(pgm-n(G) such that for every set S € P pmin (@), S| = 2.
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Proposition 6.3. Let G be a connected graph of order n > 3. There exists
P (G) such that for every set S € 2,4(G), |S| = 2.

Theorem 6.1. Let G be a connected graph of order n > 3 that contains a
universal vertex. Then for every vertex g € X(G) there is a convex set
S € X(G) such that g € S and |S| = 3.

Proof. Let x be a universal vertex of G, i.e., I'(x) = X(G)\{x}. Suppose
that G[I'(x)] is a disconnected graph. Then, for any two vertices
x1 € X(G1) and x, € X(G,), where G; and G, are two different connected
components of G[I'(x)], we obtain a convex set S = {x, xq,x,}, |S| = 3.
Now suppose that G[T'(x)] is a connected graph. In this case, every
vertex y of X(G)\{x} has an adjacent vertex z € X(G)\{x}. Therefore,
S ={x,y,z} isaconvex setand |S| = 3. O

Corollary 6.1. Let G be a connected graph of order n > 4 that contains a
universal vertex. Then G has a nontrivial convex cover.

Corollary 6.2. Let G be a connected graph of order n > 4 that contains a
universal vertex. Then " (G) = @™ (G).

6.1 Join

The join of two graphs G and H, denoted G + H, is the graph with vertex
set X(G + H) = X(G) U X(H) and edge set:
UG+H)=UG)VUH)U{xy:x € X(G),y € X(H)}.
Theorem 6.2. [21] Let G be a connected graph and K,,, a complete graph
of order m. Then a proper subset C =S; US, of X(G + K,,), where
S, € X(G)and S, < X(K,,), is convex in G + K, if and only if either
a) S; isaclique in G, or
b) S; € X(G)\S and S, = X(K,,) for some non-connecting set S of
graph G.

Theorem 6.3. Let G be a connected graph with diam(G) = 2 and K,,, a
complete graph of order m > 1. Let € =S, US, be a proper convex
subset of X(G + K,,), where S; € X(G) and S, € X(K,,). Then S; is
convex in G.
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Proof. By Theorem 6.2, let us consider two cases. Firstly, if S; is a clique
in G, then evidently it is convex in G. It can be assumed that S; is not a
cliquein G. Thus, S, = X(K,,) and S; € X (G)\S for some non-connecting
set S of G. Assume further that S; is not convex in G. Let x and y be two
vertices of S; such that there exists a vertex z € (x,y); that does not
belong to S;. Since the diameter of G is 2, we have d;(x,y) = 2 and
z € I (x) NT;(y). Hence, z € S;. Therefore, there is a contradiction. So,
S, isconvex in G. O

Theorem 6.4. Let G be a connected graph of order n > 1 and K,,, a
complete graph of order m = 1. Then the following statements hold:

1) " (G + K,y,) = 2 if G is complete;
2) (G + K,,) = 2 if G is complete and n + m > 4;

3) 9™ (G + Kp) = @i (G + Kin) = ™ (G) if diam(G) = 2;
8) P (G + Kp) = I (G + Kp) < 1™ (G) if diam(G) = 3.

Proof. 1) Suppose G = K,,. Then, by the definition of join of two graphs,
it follows that G + K, also is complete. Here both graphs K,, and K,,, have
at least one vertex. Further, we obtain

P (G + Kyy) = 2.
2) Suppose G = K,, and n +m > 4. As before, graph G + K, is
complete, and we get
P (G + Kyy) = 2.
3) Suppose G is a non-complete graph with diam(G) = 2. Let C be a
proper convex subset of X(G + K,,,) that satisfies the conditions of

Theorem 6.2. It follows from Theorem 6.3 that X(G) N C is a convex set
inG. Let P ymin (G + K,;,) be a minimum convex cover of G + K,,,. We get

a family P(G) = Usepw,glm(aJ,Km){X(G) N S}. It is clear that P(G) does
not contain the set X(G). Hence, |2(P(G))| < "™ (G + K,,). We obtain
PI(G) < 9I(G + K.

By Proposition 6.2, a connected graph G on n = 3 vertices has a

minimum convex cover ?(pgu-n(G) such that for every set S € P(pzm-n(G),
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the condition |S| > 2 holds. Hence, we obtain a nontrivial convex cover
P(G + Kp) of G + Ky, by adding X(K;,) to Y;, where ¥; € 2 min (G), for

eachi, 1 < i < @™ (G). Note that |P(G + K,,)| = @™ (G) and the next
inequalities hold:

PG + Ki) < o8 (G + Kp) < 07" (G)
As a consequence, we obtain
PF(G + K) = @5 (G + Ki) = 97" (6).

Figure 6.1. The graph H + K;, X(K;) = {k},
Qo™ (H + Ky) < @™ (H).

4) Now, assume that G is a non-complete graph and diam(G) = 3. As
above, it is easy to prove that every minimum convex cover of G, which
satisfies Proposition 6.2, generates a nontrivial convex cover of G + K,,,.
Whence, we get

I (G + Kp) < "™ (6).

Note also that there exist non-complete graphs H, diam(H) = 3, for

which the inequality %" (H + K,,,) < o™ (H) holds. For instance, the

graph represented in Figure 6.1 is the join of graphs H and K;, where
X (K;) = {k}. This graph has a minimum nontrivial convex cover

p(pg’tlin (H + K]_) = {{xly X7, x91 k}; {xZ' x8' xlOl k}l {X3, xS' k}' {x4-' x6! k}}!

and this convex cover consists of 4 nontrivial sets, but the graph H has a
minimum convex cover

p(p;r:nin (W) = {{xlr X3}, {xS' X7}, {xZ' X4}, {x6' XB}' {XQ}, {x1o}}-

It follows that for this graph, we have " (H + K;) = 4, o™ (H) = 6
and o™ (H + K;) < ™" (H).
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We stress that a nontrivial convex cover is a particular case of a convex
cover. Since any vertex of X(K,,) is universal in G + K,,,, Corollary 6.2
implies that (G + Ky) = @I (G + K.

Therefore, we get

PG + Km) = 9l (G + Kn) < 9" (G).
The theorem is proved. O

Before proceeding further with analysis of the maximum nontrivial
convex cover number of graphs resulting from the join of two graphs, we
state the following important result, which guarantees that the minimum
cardinality of a private dominating set in a graph G without isolated
vertices always equals y (G).

Theorem 6.5. [22] Every graph G without isolated vertices has a minimum
dominating set which is also a private dominating set.

Theorem 6.6. Let G be a connected graph of order n and K,,, a complete
graph of order m. Then the following statements hold:

1) ot (G + Kyp) 2n—y(G)ifn=3andm = 1;

2) (G + Kp) =n+m—-2ifn=1landm=>3,orn>2

and m > 2.
Proof. 1) Assume that n > 3 and m = 1. We define a family of nontrivial
convex sets 2(G + K;) = @ that will cover graph G + K;. By Theorem 6.5,
there exists a private dominating set D of G with cardinality y(G). We add
the set of vertices {x,y,z} to 2(G + K;) for each x € X(G)\D, where
y€eT(x)nD and z € X(K;). Consequently, |2(G + K;)| =n—y(G)
and thus
Pen™ (G + K1) 2n—y(G).

2) Assume that n = 1 and m > 3. We define a family of nontrivial
and convex sets 2(G + K,,) = @ that will cover G + K,,,, and choose two
vertices x,y € X(Ky,), x # y. Then, for each z € X(G + K;,)\{x, y}, we
add the set {x, y, z} to 2(G + K,,). Since every set of 2(G + K,;,) consists
of three vertices, two of which are x and y and the third vertex is resident
in2(G + K,), it follows that 2(G + K,,,) is a maximum nontrivial convex
cover of G + K,,, and

(G +Ky)=n+m-—2.
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3) If n>2 and m = 2, then by following the same arguments as
described above, we get

R (G +Ky) =n+m-—2.
The theorem is proved. O

Theorem 6.7. [21] Let G and H be connected non-complete graphs. Then
a proper subset C = S; U S, of X(G + H), where S; € X(G), S, € X(H),
is convex in G + H if and only if S; and S, are cliques in G and H
respectively.

Theorem 6.8. Let G and H be two connected non-complete graphs. Then:
6(G + H) = ™™ (G + H) = o™ (G + H) = max{6(G), 0 (H)}.

Proof. From Theorem 6.7, we know that every convex set of G + H is a
clique. Further, every convex cover of G + H is a clique cover and
Q™G +H) = 0(G +H). Let P min(G + H) be a minimum convex

cover of G + H. By Theorem 6.7, we obtain a family of sets

P(G) B Usepw,cnin(G+H){X(G) . S}

that has no set X(G), and every set of P(G) is a clique. This implies the
inequality |2(P(G))| < @™ (G + H). Thus, 8(G) < ™"(G + H). In
the same way, we get |2(P(H))| < ™" (G + H), for

P(H) = Usep%mmm){X(H) n s,

Further, we get 8(H) < ™™ (G + H), and hence
max{0(G),0(H)} < o™"(G + H).

By Proposition 6.3, we consider the minimum clique covers 2, (G)
and 2, (H) of G and H, respectively, such that every set of 2,(G) and
P (H) has at least two vertices. If 6(G) = 6(H), then further we construct
a nontrivial clique cover 2(G + H), |2(G + H)| = 8(G). Since every
convex set of G + H is a clique, we combine the sets X; and Y; together,
where X; € Py(G) and Y; € Py(H), for each i,1 <i < 6(H), and after,
we combine X; and Y;, foreach i, 6(H) + 1 < i < 6(G). By the analogy,

82



if 6(G) <6(H), then it can be constructed a nontrivial clique cover
2(G + H), |2(G + H)| = 6(H). Consequently, we obtain

OI(G + H) < ™ (G + H) < max{6(G),8(H)}.
Finally, we have
6(G + H) = ™ (G + H) = oM™ (G + H) = max{0(G), 8(H)}.
The theorem is proved. O

Theorem 6.9. Let G and H be connected non-complete graphs of order n
and m respectively. Then 22*(G + H) = n +m — 4.

Proof. We define a family of nontrivial convex sets 2(G + H) = ¢ that
will cover G + H. Now, we choose four vertices g,,9, € X(G) and
hy,h, € X(H) such that g; ~ g,, hy ~ h,. Then, for each vertex
h € X(H)\{hy,h,} and for each g€ X(G)\{g1,9.}, we add sets
{91,92,h} and {hq,h,, g} to 2(G + H). It can be easily verified that
|2(G+ H)| =n+m—4.S0, pZ}**(G+H) >2n+m—4. o

Theorem 6.10. Let G and H be connected non-complete graphs of order n
and m respectively. Then +** (G + H) = n+m — 2 if and only if there
are two universal vertices in G + H.

Proof. Let 2,max(G + H) be a maximum nontrivial convex cover of graph
G+H and % (G+ H)=n+m—2. This entails that each set
S € Pymax(G + Ki,) has the cardinality three and contains exactly one
resident vertex in 2,max(G + H). Moreover, there are two vertices x and
y of X(G + H), which are common for all sets of 2,max(G + H). By
Theorem 6.7, it follows that x ~ y and any vertex of X(G + H)\{x, y} is
simultaneously adjacent to x and y. Therefore, vertices x and y are
universal in G + H.

Assume that there are two universal vertices x and y in G + H, which
in turn means that x ~ y. We define a family of nontrivial and convex sets
2(G + H) = @ that will cover G + H. We add the set of vertices {x, y, z}
to 2(G + H) for each z € X(G + H)\{x, y}. Itis clear that

PR (G+H)=|P(G+H)|=n+m-—2.
The theorem is proved. O
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Theorem 6.11. Let G and H be connected non-complete graphs of order n
and m respectively. Then 2** (G + H) = n +m — 3 if and only if there
are no two universal vertices in G + H, and there are three vertices x, y,
z which induce a triangle or a path in G + H such that for each vertex
v € X(G)\{x,y, z}, there are two vertices a,b € T'(v) N {x,y,z}, a ~ b.

Proof. Let 2,max(G + H) be amaximum nontrivial convex cover of graph

G + H such that ¢Z}**(G + H) = n+ m — 3. By considering Theorem
6.10, there are no two universal vertices in G + H. It follows from Theorem
6.7 that any convex set of G+ H is a clique. There is no set
S € Pymax(G + H) such that [S| =5 because in this case we get

oen (G + H) <n+m— 4. So, each set of 2 max(G + H) contains no
more than four vertices. We consider two cases.

1) Suppose there is a set S € P,max(G + H), |S| = 4, containing two
resident vertices r; and r; in 2,max (G + H). By replacing S with two sets
Sy =S\{r1} and S, =S\{rp} in Pymax(G + H), we obtain a new
nontrivial convex cover of G+ H that has one more set than
Pymax(G + H). Have a contradiction. This implies that each set
S € Pymax(G + H) of cardinality 4 contains exactly one resident vertex in
P,max(G + H) and, furthermore, all vertices of X(G + H)\S are resident
in 2,max(G + H) and belong to different sets of 2,max (G + H).

2) Suppose that every set of 2,max(G + H) consists of three vertices.
If there are two distinct sets S; and S, of P max(G + H) for which
S, NSy =@, then we obtain Z}** (G + H) < n+ m — 4. This implies
that the intersection of any two sets of 2,,max (G + H) is nonempty. Now
assume that there are two sets of 2,max(G + H), each of which has two
resident vertices, or there is only one set of 2,,max (G + H) containing two
resident vertices and the number of non-resident vertices in 2,max (G + H)
is greater than or equal to 3. Combining this assumption with the fact that
|X(G + H)| =6, we again obtain ¢r**(G+H)<n+m—4. So,
exactly one set of 2,,max (G + H) has two resident vertices and the number
of non-resident vertices in 2,max(G + H) is less than 3, or each set of
P,max (G + H) contains exactly one resident vertex.

For both cases, let R be a set of resident vertices in 2,max (G + H) that
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contains exactly one vertex from each set of 2,,max(G + H). It is obvious
that the set {x, y, 2} = Usep,max(c+1) S\R induces a triangle or a path in

G + H such that for each vertex v € X(G)\{x, y, z}, there are two vertices
abel(v)yn{xyz},a~Db.

Assume that there are no two universal vertices in G + H and there are
three vertices x, y, z which induce a triangle or a path in G + H such that
for each vertex v € X(G)\{x,y,z} there exist two different vertices
a,b eT(v) n{x,y,z}, a ~ b. From Theorems 6.9 and 6.10 follows:

n+m—-4<i*(G+H)<n+m-—3.

We define a family of nontrivial and convex sets 2(G + H) = @ that will
cover G + H. Trivially, we add the set of vertices {v, a, b} to 2(G + H) for
each v e X(H)\{x,y,z}, where a,b eT(v)Nn{x,y,z}, a~b. Thus,
|2(G + H)| = o7**(G+ H)=n+m— 3. o

Summarizing Theorems 6.9 — 6.11, we get the following result.

Corollary 6.3. Let G and H be connected non-complete graphs of order n
and m respectively. Then ¢+**(G + H) = n+m —4 if and only if the
following conditions hold:

1) There are no two universal vertices in G + H;

2) There are no three vertices x, y, z, which induce a triangle or a
path in G + H such that for each vertex v € X(G)\{x, y, z}, there
are two different vertices a,b € I'(v) N {x,y,z}, a ~ b.

6.2 Corona product

The corona of graphs G and H, denoted G ® H, is the graph obtained by
taking one copy of G and n copies of H, where |X(G)| =n, and then
joining by an edge the ith vertex of graph G to every vertex in the ith copy
of graph H.

We consider a general version of the corona of graphs. Let G be a
connected graph with n vertices and let {g,,92,...,9x} € X(G), where
Hy ,Hg,,...,Hg,, 1 <k <m, be any graphs of order at least one. Then a
graph obtained by taking one copy of graph G and after, by joining every
vertex g; to every vertex of the graph H,, 1 <i <k, is denoted by
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(G; {91, 92,9k} © (Hy, Hy,, ..., Hy, ). 1FHy =+ =H, = H, then
we simply denote (G;{g1,92 ---,9x}) O H. If also k =mn, then
(G;{91,92,---,9x}) © H isthe corona G © H.

Theorem 6.12. [23] Let G be a connected graph and H be any graph with
{91, 92,---,9x} € X(G) and Hy ,Hyg,,...,Hy, being the corresponding
copies of H. A nonempty set C <€ X(G © H) is convex in G O H if and
only if it satisfies one of the following conditions:

a) C isaconvex setin G;
b) C induces a complete subgraph of H, for a vertex
9 €{91,92,---, 9x };
¢) (G © M[C] = (GIST; {s1,52,...,5:) © (Hs, Hs,,..., H3), Sis
convexin G, {sy,S2,---,51} € S, {51,52,.--, 51} € {91, 92, ---» Gr }»
X(s; + Hg,) isconvex in's; + H, for each i, 1 < i < [, where Hg,
is a subgraph of H,.
Theorem 6.13. Let G and H be two connected graphs of order n = 1 and
m > 1, respectively, with {g,,92,...,9x} € X(G), where 1<k <n.
Then the following statements hold:

1) " (G O H) = 2 ifn = 1 and H is complete;

2) (G O H) = 2 ifn = 1, H is complete and m > 3;

3) M (G O H) = (G O H) = ™"(H) ifn =1 and
diam(H) = 2;

4) oM (G © H) = pm"(G O H) < ™™ (H) ifn =1 and
diam(H) > 3;

5) ™" ((G; {91, 92,--, gx}) O H) = 2 ifn = 2;

6) oo ((G; {91, 92,---, 9x}) O H) = 2ifn > 2 and
kxm+n=4.

Proof. Suppose n = 1. In fact, we get
@M (Ky O H) = "™ (Ky + H).

Consequently, statements 1), 2), 3), and 4) follow directly from Theorem
6.4.
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5) Suppose n = 2. It can easily be checked that sets X(H,,) and
X(G)u UL, X(Hy,) satisfy the conditions of Theorem 6.12, and further

these sets form a convex 2-cover of (G;{g1,92,---,9x}) © H. This
ensures the equality

¢£nin((G;{g11g21"'lgk}) O H) = 2.

6) Now suppose thatn > 2 and k * m + n > 4. In other words, the set
X((G;{g91, 92, ---,91}) © H) contains at least 4. Taking into account
Theorem 6.12, we have to analyze two cases:

a) If m = 1, then for a vertex g € {g1, g2,---, g} We choose a vertex
g’ € T'(g)\X(H,) that yields a nontrivial convex 2-cover

2,((G: {91, 92, gD O H) = {{g, g’} U X(Hy),

x@vl X))
9"'€{g91.92,--9K},9""' %9

b) If m > 2, then for a vertex g € {g1, 9>, ..., gr} We choose a vertex
h € X(H,) and obtain a nontrivial convex 2-cover

22((G; {91, 92, 9} O H) = {{g} v x(H,),

{(h} UX(G) U U X(Hg,)}.

The theorem is proved. O

9'€{91.92.-.91}1,9' %9

Theorem 6.14. Let G and H be connected graphs of order n and m
respectively. Then the following statements hold:

1)l (GOH)Zm—y(H)ifn=1andm > 3;

2) (G O H)=nmifn>2andm > 1.

Proof. 1) Suppose thatn = 1 and m > 3. Here, infact, G © H = K; + H.
Then by Theorem 6.6, we get Zx** (G © H) = m — y(H).

2) Suppose that n > 2 and m > 1. Let us consider two cases:

a) Assume that m = 1. Note that by covering each vertex
h € Ui<i<n X(Hy,;), Where X(G) = {xq,X3,..., x5}, With nontrivial and
convex sets, we simultaneously cover all vertices of X(G). Hence,
PR (G O H) < nm (here, m = 1). We define a family of nontrivial
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convex sets 2(G O H) = @ that will cover graph ¢ © H. We add the set
of vertices {h, x;,y} to (G © H) for each x; € X(G), where h € X(Hy,)
and y € X(G), y ~ x;. It is clear that |2(G © H)| = nm (here, also,
m = 1). Thus, ifn = 2 and m = 1, then 2**(G © H) = nm.

b) Assume m = 2. We will show that there exists a maximum
nontrivial convex cover of G O H such that all vertices of X (G) are non-
resident in this cover. Let 2 ,max(G O H) be a maximum nontrivial convex
cover of G O H. Let x be a vertex of X(G) that is resident in
p(p;r:rTlLax(G ©) H), xX€ES SE p(pgrrllax(a ©) H)

If |SNX(G)| = 2, then by removing from 2 max(G O H) all sets
containing vertices of {x} U X (H,), we obtain a family of sets 2(G © H).
We add the set of vertices {y} U (S\X(H,)) to 2(G © H) for each
y € X(H,). In this way, we have removed no more than m — 1 sets and
have added m nontrivial convex sets such that each of them has at least
one resident vertex in 2(G © H). Thus, |2(G O H)| > |P,max(G O H).
This contradiction yields that |S N X(G)| = 1.

We choose an arbitrary vertex y € I'(x) N X(G), y € C, where
CEe ?(pglax(G O H). We define a nontrivial convex cover 2(G © H)
consisting of sets from 2,max(G O H) except for sets which contain
vertices of {x} U X(H,). If y is a resident vertex in 2,max(G © H) and C
does not contain another resident vertex in P ymax (G © H), then we also
remove set C from 2(G © H). Finally, for each vertex z € X(H, ), we add
the set {x,y,z} to 2(G © H). It can be easily seen that family 2(G © H)
contains at least the same number of nontrivial and convex sets as
Pymax(G O H), and all vertices of X(G) are non-resident in 2(G O H). It
can be concluded that any nontrivial convex cover of G © H has at most
nm Sets.

Now, we define a family of sets 2(G O H) in which all vertices of
X(G) are non-resident and all vertices of each X(H,,), 1 <i<n, are
resident in G O H and belong to different sets of 2(G © H). The family
2(G © H) consists of sets {y, x;, h;} for all vertices x; € X(G), 1 <i <n,
and for all vertices h; € X(H,,), 1 <j < m, where y € X(G), ¥y ~ x;.
Since |2(G © H)| = nm, this family is a maximum nontrivial convex
cover of G © H, and furthermore }** (G © H) = nm.
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6.3  Cartesian product

The cartesian product of two graphs G and H is the graph G X H on vertex
set X(G) x X(H) in which vertices (g4, hy) and (g,, h,) are adjacent if
and only if either g, = g, and h h, € U(H) orh; = hyand g, g9, € U(G).

Themap ps: X(G) X X(H) = X(G),ps((g, h)) = g, isthe projection
onto G and py:X(G) X X(H) —» X(H), py((g,h)) = h, the projection
onto H.

Theorem 6.15. [21] Let G and H be two connected graphs. Then a subset
C of X(G x H) is convex in G x H if and only if p;(C) is convex in G,
pu(C) isconvexin H, and C = pg(C) X py(0).

Theorem 6.16. Let G be a connected graph of order n and K,,, a complete
graph of order m such that n +m > 3. Then, the following statements
hold:

1) @M (G X Kypy) = @M (G) ifm = 1;
2) @M (G X K) = @I(G) ifm = 1 and n > 4;
3) MG X Ky) = 2 ifm = 2;

4) (G X Kp) =2ifm>2andn >3,orm>3andn > 2,
orm = 4.

Proof. 1) Suppose m = 1. Here, G =G X K;. Since n+m >3, it is
evident that

P (G X Km) = @I (G).
Further, assume that n = 4. In this case, graph G X K; has a nontrivial

convex cover if and only if G has a nontrivial convex cover. Consequently,
we have

PTG X Kp) = @I (6).
Thus, statement 2) also holds.

3) Suppose m = 2. We choose two different vertices kq, k, € X(K;,)
and obtain two sets:

€ ={(g.k) : g € X(6),k € X(Ku)\[k1}} and
C; ={(g.0) : g € X(6), k € X(Kn)\ [k}
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Since K,,, is a complete graph, both sets C; and C, satisfy the conditions of
Theorem 6.15. Furthermore, sets C; and C, form a convex 2-cover of
G X K, and we obtain

P (G X Kp) = 2.

If n = 3, then C; and C, form a nontrivial convex 2-cover of G X K,
and further @™ (G X K,,) = 2. Similarly, if m >3 and n > 2, or if
m = 4, then we also get

P (G X Kp) = 2.
The theorem is proved O

Theorem 6.17. Let G and H be two connected non-complete graphs and
P(G) = USEP(pmin(GxH){pG(S)}' Then either

a) |P(G)| =1, or

b) IP(O\{X(G)} = 2.
Proof. Let P(pznm(G X H) be a minimum convex cover of graph G x H. If
|P(G)| =1, then P(G) = {X(G)}. Also, it is clear that the inequality
IP(G\{X(G)}| = 2 may occur.

Now, assume that |[P(G)\{X(G)}| = 1. Further, forS € P(G)\{X(G)}
there is a set S’ € P ,min(G X H) such that p¢ ($"H=S. If X(G) ¢ P(G),

then we obtain a contradiction because X(G)\S # @, which means that
graph G x H is not covered by convex sets. Suppose further that
X(G) € P(G). From the definition of convex cover, we know that every
set of the family P min(G X H) has a resident vertex. Hence, there exists

a vertex h € X(H) for which there is a vertex (g,h) of G x H that
belongs to S and does not belong to the set S € P,,min(G X H), where

pe(S") = X(G). By Theorem 6.15, for h and vertex g € X(G)\S, remain
uncovered vertices (g,h) in G X H and, in consequence, we get a
contradiction. Hence, the theorem is proved. O

Corollary 6.4. Let G and H be two connected non-complete graphs and
P(H) = Ugepwmin(GXH){pH(S)}. Then either
a) |[P(H)| =1,0r
b) IPCD\{X(H)}| = 2.
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Theorem 6.18. Let G and H be two connected non-complete graphs. Then
the following equalities hold:

@I""(G X H) = oFi™(G x H) = min{ol"™(G), pI"™ (H)}.
Proof. First, we have to mention that |X(G)| = 3 and |X(H)| = 3. By
Proposition 6.2, there is a minimum convex cover 2,,mi»(G) of G such that
every set of P pmin (G) has at least two elements. Further, by Theorem 6.15,
we get a nontrivial convex cover 2(G x H) of G x H that consists of sets
Ci={(gh): g €Si,h € X(H)},S; € P,min(G), 1 < i < @™ (G). Note
that |2(G x H)| = ™" (G). This implies 7™ (G x H) < ¢™™(G). For
the same reason, (G x H) < @™™(H). Hence, we have

@G x H) < o™ (G X H) < min{op™(G), "™ (H)}.

Let 2 min (G X H) be a minimum convex cover of G X H. Using
Theorem 6.15, we get two families of sets:

P(6) = USEPW(GXH){pG(sn,

P(H) = Us%gﬂn(GXH){pH ()

But it is clear that the equalities |P(G)| = 1 and |P(H)| = 1 do not hold
at the same time. So, by Theorem 6.17 and Corollary 6.4, we consider three
cases.

Suppose that |P(G)|=1. In this case, |P(H)\{X(H)} = 2.
Consequently, for 2(P(H)), we get |[P(P(H))| < o™ (G x H) and also
@M (H) < ™™(G x H). Now, suppose that |P(H)| = 1. As above, we
have |2(P(G))| < o™ (G x H) and o™ (G) < o™ (G x H). And by
the same way, if |[P(G)\{X(G)}| =2 and |[P(H)\{X(H)}| = 2, we get
PM(G) < MM (G x H) and @I"(H) < @™"(G x H). Combining
these three cases, we have

min{o"™(6), p¢"™ (H)} < "™ (G X H).
Finally, we obtain
QI"™M(G x H) = o"(G x H) = min{o"™(6), 9" (H)}.
The theorem is proved. O
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6.4  Lexicographic product

The lexicographic product of two graphs G and H, denoted G o H, is the
graph on vertex set X(G) x X(H) in which vertices (g4, h1) and (g,, h,)
are adjacent if and only if either g;9, € U(G) or g, =g, and
h,h, € U(H). The graph G o H is called nontrivial if both graphs G and H
have at least two vertices.

Theorem 6.19. [24] Let C be a proper subset of a nontrivial connected
lexicographic product G o H. If C induces a non-complete subgraph of
G o H, then C is convex if and only if the following conditions hold:

a) p(C) is convex in G;

b) {g} x X(H) < C for any non-simplicial vertex g € p;(C);
C) H is complete.

The following corollary derives directly from Theorem 6.19.

Corollary 6.5. Let C be a proper subset of a nontrivial connected
lexicographic product G o H, where H is non-complete. Then C is convex
if and only if it induces a complete subgraph of G o H and the following
conditions hold:

a) p; (C) induces a complete subgraph of G;
b) for every g € p;(C), set py(CY) induces a complete subgraph of
H,where C9 ={(g,h) € C: forany h € H}.

Theorem 6.20. Let G be a connected graph of order n and K,,, a complete
graph of order m such that n + m > 3. Then the following statements
hold:

1) @M (G o Kp) = ™" (K, o G) = 2 if G is complete;

2) MU (G o Kpy) = @I (K, © G) = 2 if G is complete, n = 2 and
m=2,0rn+m=5;

3) MM (G o Kpy) = @™ (K, © G) = ™M™ (G) if G is non-complete
andm = 1;

4) IV (G o Kpy) = @™ (K © G) = @I (G) if G is non-complete
andn =>4, m=1;
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5) M (G o K,,) = @™ (G o K,,) = 2 if G is non-complete, has a
simplicial vertex and m > 2;
6) @M (G © Kp) = @IH™ (G o Kyy) = @™ (G) if G is non-complete,
has no simplicial vertices and m > 2;
7) @M (K, 0 G) = @I (K, © G) = 6(G) if G is non-complete and
m = 2.
Proof. 1) Suppose that G is complete. Then, it is evident that the obtained
graph is complete, and we get
gognin(a °Kpy) = <P§nin(Km °oG) = 2.
In addition, suppose that n + m > 5, or n = 2 and m = 2. The obtained
complete graph with at least 4 vertices has a nontrivial convex 2-cover. So,
@I (G o K,y) = oM™ (K,,, © G) = 2 and further statement 2) also holds.

3) Suppose G is non-complete. If m = 1, then graphs G o K,,, and
Ky, © G are equal to G and, further, we have

PF(G © Kin) = 97" (K © G) = 977 (6).
In the same way, with condition n > 4, statement 4) holds. In other words,
O (G 0 Kyy) = @I (K © G) = @™ (G). Assume that m > 2. If G
has a simplicial vertex g’, then we choose two different vertices
ki, k, € X(K,,) and obtain two sets:

€ = (X(O\g'D x XKn)) U{(g', k) : k € X(Km)\{k1}},
Co = ((X(O\{g"D) x X(Kn)) U{(g', k) : k € X(Kn)\{k2}}.
Sets C; and C, satisfy the conditions of Theorem 6.19 and these two sets
form a nontrivial convex 2-cover of G o K,,,. So, we have
P& (G 0 Ky) = @I (G © Kip) = 2.
Thus, statement 5) is satisfied.
Now assume that G has no simplicial vertices. We know from

Theorem 6.19 that for every convex set C of G o K,,, the projection p;(C)
must be convex in G. Let P min(G © Kp) be a minimum convex cover of

G o K,,,. We get the family

P(6) = Usewm(amm){pa ()}
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Since the non-complete graph G has no simplicial vertices, it follows
that P(G) has no set X(G). Obviously, for convex cover 2(P(G)),
|2(P(G))| < @™ (G o H) and further pM™(G) < @™ (G o Kyp).

Let p(p;r:nin(G) be a minimum convex cover of graph G, sets
S; = C; X X(K,,) form a convex cover of G o K,,,, where C; € p(pgnin(G),

1 <i < @M™"(G), and further ™ (G o K,,) < o™ (G). As a result, we
have " (G o K,,) = @™™(G). Taking into account Proposition 6.2 the
following equalities are true:

(G oK) = oen (G o Ki) = "™ (G).
So, statement 6) also holds.
It follows from Corollary 6.5 that every proper convex subset of the
product K, o G is a clique and, further, by Propositions 6.2 and 6.3 we
have

I (Ko © G) = @ (K © G) = 6(6).
Further, statement 7) is true. O

Theorem 6.21. Let G and H be two connected non-complete graphs. Then
the following equalities hold:

PG o H) = oi™(G o H) = 6(G o H) = 6(G)6(H).

Proof. We know from Corollary 6.5 that every convex set of G o H is a
clique. Further, we have @™™(G o H) = 6(G o H). Moreover, it can be
easily checked that 6(G o H)=6(G)8(H). Taking into account
Propositions 6.2 and 6.3, we get @™ (G o H) = " (G o H) and

@G o H) = o™ (G o H) = 0(G o H) = 6(G)8(H).

The theorem is proved. |

94



Chapter 7
Binary Linear Programming Approach

We assume that the reader is familiar with basic linear programming
techniques. A comprehensive treatment of this subject can be found, for
example, in [25, 26]. Note that binary linear programming (BLP) is like
linear programming, with the additional constraint that all variables must
take on the values 0 or 1.

Similarly to section 3.4, the problems of determining the numbers
PIM(G), 0MM(G), eB™M(G), OF(G), & (G) and 654 (G) are
denote by MinCC, MinCP, MinNCC, MinNCP, MaxNCC, and MaxNCP,
respectively.

Before proceeding to BLP models for solving these problems, we have
to recall the properties that should be satisfied by a family of sets 2(G) that
forms a convex cover of a graph G = (X,U). These properties are the
following three:

a) every set of 2(G) is convex in G;
b) X = User) S,

C) S Z Ucep(e) C forevery set S € 2(G).
C+S

If, in addition to properties a), b) and c), a family 2(G) satisfies the
property d), set out below, then 2(G) is a nontrivial convex cover of G.

d) each set S € 2(G) is nontrivial, i.e., 3 < |S| < |X]|—1;
e)SNC = @foranytwosetsS,C € 2(G), S # C.

Finally, if a convex cover 2(G) satisfies the property e), then 2(G) is
a convex partition of G.
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We consider a graph G with vertex set X = {xy, xp,, ..., X, }. We define
n subsets Sy, Sy, ... , S, of X, and two types of binary variables. For each
vertex x; € X there are variables y;; € {0,1}, indicating whether x; belongs
or not to S;. Also, there are variables z;; € {0,1} which enforce the
convexity constraints of S;. We define
1, x;€S8;
Yij = {o, X €S
and
1, {xiux}<S
Zuj = {O, {xi, %} ZS,.
We denote by Y the set of all variables y;; and by Z the set of all
variables z;;;. The BLP model (BLPM) that corresponds to MinCP
problem is presented below.

minimize Y, y; 1)
subjectto Y7L, y; =2 (2)
=1 Yij =1, j=1n Q)

Lagequoay) Yik — xo X)) zij 20, Lij=1n (4)

Vit Y~z <1, Lij=1n ()

Zij —Yu < 0, Lij=1n (6)

21ij —y1; < 0, Lij=1n (7)

Yij = Vit =0, i,j=1n (8

Yij Ziij € {0,1}, Lij=1n (9

Theorem 7.1. Each feasible solution of BLPM with objective function (1)
and restrictions (2)-(9) corresponds to a feasible solution of MinCP
problem and vice versa.

Proof. Let (Y, Z) be a feasible solution of the BLPM. Each entry in (Y, Z)
is zero or one because of the integrality condition (9). Constraints (8)
ensure that if there is a vertex x; belonging to S;, then x; € S;. Restrictions

(3) require that each x; € X belongs to exactly one set of S;, Sy, ... , Sy.
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Considering these constraints, we define 2 = {S;:S; # 0,1 < i < n} that
partitions graph G. By restriction (2), 2 consists of at least two sets. It
follows that 2 satisfies properties b), ¢), and e). Moreover, constraints
(4) — (7) yield that if both x; and x; are in the same set S; then (x;, x;) € S,
thus fulfilling the convexity property a) for each set of 2. This, therefore,
means that 2 is an admissible convex partition of G.

Let 2(G) be a convex partition of G such that |2(G)| = 2, in other
words, it is a feasible solution of MinCP problem. For each set S € 2(G),
we choose one resident vertex x; € S in 2(G¢) and set y;; to one if x; € S,
otherwise, set it to zero. In the same manner, we set z;;; to one if y;; = 1
and y;; = 1, otherwise set it to zero. In light of all the above arguments,
we can conclude that (Y,Z) does not violate any constraints. For this
reason, (Y, Z) is a feasible solution for the BLPM. O

Corollary 7.1. An optimal solution of BLPM with objective function (1)
and restrictions (2) — (9) corresponds to an optimal solution of MinCP
problem.

Now, we present the BLP model for the MaxNCC problem, which is
constructed similarly to the above model.

maximize Y7, vy (10)
subjectto Y7L, y; =2 (11)
Xi=1,j=i Yij — 2Yu = 0, i=1n (12)

Yiz1izj Yij + Myj; = 1, j=1,n (13)

fevizj Yij + Myjj < M, j=1,n (14)

Logeeyxgy Yie = X x)|zu; 20, i, j=1n (15)

Yty —zi; <1, Li,j=1n (16)

Ziij —yu < 0, Lij=1n (17)

21ij —y1; < 0, Li,j=1n (18)

Yij = Yi <0, i,j=1n (19

Yij, Z1ij € {0,1}, Li,j=1n (20)
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Theorem 7.2. Each feasible solution of BLPM with objective function (10)
and restrictions (11)—(20) corresponds to a feasible solution of MaxNCC
problem and vice versa.

Proof. Let (Y,Z) be a feasible solution of the BLPM. Restriction (20)
enforce the binary nature of the variables y;; and z;;;. By constraints (19),
each nonempty set S; contains vertex x;. Moreover, constraints (13) and
(14) mean that for each nonempty set S; the vertex x; is not contained in
Uis<in,izj Si» and there is no vertex x; such that x; € Ui<j<n Sj.
Considering these constraints, we define 2 = {S;:S; # 0,1 < i < n} that
covers graph G. By restriction (11), |2| = 2. Constraints (12) yield that
every set S; € 2 has at least three elements. This ensures that every set of
2 is nontrivial. It is clear that 2 satisfies properties b), c), and d). The
remaining constraints (15) — (18) imply that each set of 2 is convex, thus
property a) also holds. Therefore, for a feasible solution of the BLPM, there
is a feasible solution of MaxNCC problem.

As in the proof of Theorem 7.1, it can easily be verified that for a
feasible solution of MaxNCC problem there exists a feasible solution of
the BLPM.

The theorem is proved. O

Corollary 7.2. An optimal solution of BLPM with objective function (10)
and restrictions (11)—(20) corresponds to an optimal solution of MaxNCC
problem.

Regarding optimization problems MinCC, MinNCC, MinNCP and
MaxNCP, we easily get the following corollaries:

Corollary 7.3. An optimal solution of BLPM with objective function (1)
and restrictions (11), (13)-(20) corresponds to an optimal solution of
MinCC problem.

Corollary 7.4. An optimal solution of BLPM with objective function (1)
and restrictions (11)—(20) corresponds to an optimal solution of MinNCC
problem.

Corollary 7.5. An optimal solution of BLPM with objective function (1)
and restrictions (2)—(9), (12) corresponds to an optimal solution of
MinNCP problem.
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Corollary 7.6. An optimal solution of BLPM with objective function (10)
and restrictions (2)—(9), (12) corresponds to an optimal solution of
MaxNCP problem.

The above shown is a description of BLP models designed to solve
optimization problems of convex covering problem of graphs. We should
mention that similar BLP models can be formulated for general convex
p-cover problems of graphs, where p > 2 is a fixed integer.

For example, by replacing objective function (1) with a constant and
restriction (2) with

Yic1 Yii =D (21)

we obtain the BLPM for convex p-partition problem with constant
objective function and restrictions (3) — (9), (21).

In view of the proofs of Theorems 7.1 and 7.2, the correctness of the
following corollaries follows:

Corollary 7.7. An optimal solution of BLPM with constant objective
function and restrictions (3)-(9), (21) corresponds to a feasible solution of
convex p-partition problem.

Corollary 7.8. An optimal solution of BLPM with constant objective
function and restrictions (3)-(9), (12), (21) corresponds to a feasible
solution of nontrivial convex p-partition problem.

Corollary 7.9. An optimal solution of BLPM with constant objective
function and restrictions (13)—(20), (21) corresponds to a feasible solution
of convex p-cover problem.

Corollary 7.10. An optimal solution of BLPM with constant objective
function and restrictions (12)—(20), (21) corresponds to a feasible solution
of nontrivial convex p-cover.

And, finally, we have to formulate BLP models for nontrivial convex
p-cover and nontrivial convex p-partition problems in the case when
p = 2 is not fixed. Similarly to section 3.3, we refer to these problems as
NCC and NCP, respectively.

Based on the proof of Theorems 7.1 and 7.2, the following corollaries
follow:
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Corollary 7.11. An optimal solution of BLPM with constant objective
function and restrictions (11)—(20) corresponds to a feasible solution of
NCC problem.

Corollary 7.12. An optimal solution of BLPM with constant objective
function and restrictions (2)—(9), (12) corresponds to a feasible solution of
NCP problem.
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Index

A
acyclic graph, 8
adjacent vertices, 7

B
bipartite graph, 8

C

cactus, 54

cartesian product, 89
chord, 53

chordal graph, 53
clique, 7

clique p-partition, 10
clique cover number, 77
complete bipartite graph, 8
complete graph, 8
connected graph, 8
connected components, 8
convex (2, t)-cover, 38
convex (2, nt)-cover, 38
convex cover, 9

convex hull, 9

convex partition, 9
convex p-cover, 9
convex p-partition, 10
convex set, 9

convex simple graph, 10
corona product, 85
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cut-vertex, 8
cycle, 8
cycle graph, 8

D

degree, 7

dominating set, 8
domination number, 8
diameter, 9
disconnected graph, 8
distance, 9

E

edge, 7

edge cover, 8

edge cover number, 8
external private neighbor, 77

F
finite graph, 7

G
graph, 7

|
independence number, 8
independent set, 8



induced subgraph, 7
isolated vertex, 7

J
join of graphs, 78

L
lexicographic product, 92

M

maximum nontrivial convex cover, 10
maximum nontrivial convex partition, 10
metric, 9

metric segment, 9

metric space, 9

minimum clique cover, 77

minimum convex cover, 10

minimum convex partition, 10

minimum dominating set, 8

minimum nontrivial convex cover, 10
minimum nontrivial convex partition, 10

N

neighborhood, 7
non-connecting set, 77
nontrivial set, 8

nontrivial convex set, 10
nontrivial convex cover, 10
nontrivial convex partition, 10
nontrivial convex p-cover, 10
nontrivial convex p-partition, 10
nontrivial terminal set, 70

null graph, 7
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O
order, 7

P

path, 8

path graph, 8

power of cycle, 53
projection, 89

private dominating set, 77

R
resident vertex, 11

S

simple cycle, 8
simplicial vertex, 7
size, 7

star graph, 9
subgraph, 7

T
tree, 8

terminal vertex, 7
tripartite graph, 8
triangle, 8

trivial set, 8

U
universal vertex, 7

Vv
vertex, 7



Symbol Index

|S| Cardinality of set S, 7

(x, ) Metric segment between vertices x and y, 9

a(G) Independence number of G, 8

B (G) Edge cover number of G, 8

y(G) Domination number of G, 8

I'(x) Neighborhood of x, 7

6(G) Clique cover number of G, 77

6™ (G) Minimum convex partition number of G, 10

0% (G) Maximum nontrivial convex partition number of G, 10
6™ (G) Minimum nontrivial convex partition number of G, 10
@™ (G) Minimum convex cover number of G, 10

@I* (G¢) Maximum nontrivial convex cover number of G, 10
@M (G) Minimum nontrivial convex cover number of G, 10

A Class of graphs, 67

Z Class of graphs, 67

C,, Cycle graph of order n, 8

Ck Power of cycle of order n, 53

d(x,y) Distance between vertices x and y, 9

d — conv(S) Convex hull of S, 9

deg(x) Degree of vertex x, 7

diam(G) Diameter of G, 9

E(G) Family of subtrees obtained after removing s(G) froma tree G, 73
7 Class of graphs, 42

G[S] Subgraph of G induced by S € X(G), 7

G + H Join of graphs G and H, 78

G x H Cartesian product of graphs G and H (or of sets G and H), 89
G o H Lexicographic product of graphs G and H, 92

G © H Corona product of graphs G and H, 85

# Class of graphs, 45
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# Class of graphs, 45

#' Class of graphs, 45

4 Class of graphs, 45

K,, Complete graph of order n, 8

K, 4 Complete bipartite graph of order p + q, 8

2(G) Convex cover of G, 9

#,(G) Convex p-cover of G, 9

P,.nt(G) Convex (2, nt)-cover of G, 38

?,.:(G) Convex (2, t)-cover of G, 38

2, .(G) Family of all convex (2, t)-covers of G, 38

P (G) Minimum clique cover of G, 77

Pomin (G) Minimum convex partition of G, 10
Pgmax(G) Maximum nontrivial convex partition of G, 10
Pymin (G) Minimum nontrivial convex partition of G, 10
P ymin(G) Minimum convex cover of G, 10

P ymax(G) Maximum nontrivial convex cover of G, 10
P ymin (G) Minimum nontrivial convex cover of G, 10
pe (W) Projection of W < X(G) x X(H) into G, 89
5(G) Family of all nontrivial terminal sets of a tree G, 70
U(G) Edge setof G, 7

X(G) Vertex setof G, 7

x~y Adjacency of vertices x and y, 7

106



Radu Buzatu

Covering Graphs by Convex Sets

Monograph

Signed for printing 04.11.2021.
Format 60 x 84 1/16.

Printing sheets 6,7. Editorial sheets 4,0.
Order 136/21. Edition 70 copies.

The Editorial Publishing Center of MSU,
60 Al. Mateevici, Chisinau, MD-2009


javascript:OpenWindow('showEdElec.aspx?id=7')
javascript:OpenWindow('showEdElec.aspx?id=7')

