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Abstract

We introduce an algorithm design technique for a class of
combinatorial optimization problems with concave costs. This
technique yields a strongly polynomial primal-dual algorithm for
a concave cost problem whenever such an algorithm exists for the
fixed-charge counterpart of the problem.

Using our technique, we obtain a 1.61-approximation algo-
rithm for the concave cost facility location problem, an ex-
act algorithm for the concave cost lot-sizing problem, and a
4-approximation algorithm for the joint replenishment problem
with general concave individual ordering costs.

Keywords: Primal-dual algorithms, concave costs, facility
location, lot-sizing, joint replenishment problems.

1 Concave Cost Facility Location
In the concave cost facility location problem, there are m customers
and n facilities. Each customer i has a demand di > 0, and needs to be
connected to a facility to satisfy this demand. Connecting a customer
i to a facility j incurs a connection cost cijdi; we assume that the cij
are nonnegative and satisfy the metric inequality. Each facility j has
a nondecreasing concave cost function φj : R+ → R+, and we assume

∗This abstract is based on [8, 6]. A complete bibliography for this abstract can
be found in [8, 6].
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without loss of generality that φj(0) = 0. Let xij = 1 if customer i is
connected to facility j, and xij = 0 otherwise. The cost at facility j
is a function of the total demand at j, that is φj

(∑m
i=1 dixij

)
, and the

total cost is
∑n

j=1 φj

(∑m
i=1 dixij

)
+
∑m

i=1

∑n
j=1 cijdixij . The goal is to

minimize the total cost.
Let [n] = {1, . . . , n}. The concave cost facility location problem

can be written as a mathematical program:

min
{∑n

j=1 φj (
∑m

i=1 dixij) +
∑m

i=1

∑n
j=1 cijdixij

∣∣∑n
j=1 xij = 1, xij ≥ 0, i ∈ [m], j ∈ [n]

}
. (1)

We omit the constraints xij ∈ {0, 1}, which are automatically satisfied
at any vertex of the feasible polyhedron. Since the objective is concave,
this problem always has a vertex optimal solution.

We interpret each concave function φj as a piecewise-linear function
with an infinite number of pieces. For each p > 0, we introduce a
tangent fjp+ sjpξj to φj at p, with sjp = φ′

j(p), and fjp = φj(p)−psjp.
Here φ′

j(p) is the right derivative, which exists as φj is concave.
We have φj(ξj) = min{fjp + sjpξj : p > 0} for ξj > 0. Problem (1)

can be written as a classical facility location problem with m customers
and an infinite number of facilities. (For background on the classical
facility location problem, see [8, 6].) Each tangent p to cost function
φj of facility j in problem (1) corresponds to a facility {j, p} in the
resulting problem. The resulting infinitely-sized integer program is:

min
{∑n

j=1

∑
p≥0 fjpyjp+

∑m
i=1

∑n
j=1

∑
p≥0(cij + sjp)dixijp

∣∣∑n
j=1

∑
p≥0 xijp = 1, xijp ≤ yjp,

yjp ∈ {0, 1}, i ∈ [m], j ∈ [n], p ≥ 0
}
.

(2)

Consider the 1.61-approximation algorithm for classical facility lo-
cation of Jain et al. [2], which we will call Algorithm FLPD. Of course,
we cannot run this algorithm on problem (2) directly, as it is infinitely-
sized. Instead, we obtain technical results that enable us to execute
Algorithm FLPD on problem (2) implicitly. More specifically, we de-
vise an algorithm that takes problem (1) as input, runs in strongly
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polynomial time, and produces the same assignment of customers to
facilities as if Algorithm FLPD were run on problem (2). We call this
algorithm ConcaveFLPD.

Theorem 1. Algorithm ConcaveFLPD is a 1.61-approximation al-
gorithm for the concave cost facility location problem, with a running
time of O(m3n+mn log n).

Using piecewise-linear approximations, we also obtained a 1.4991+ε
approximation algorithm for concave cost facility location [4, 8, 5]. The
running time is polynomial in 1/ε and the size of the input, but is
not strongly polynomial. Independently, Romeijn et al. [7] developed
strongly polynomial 1.61 and 1.52-approximation algorithms for con-
cave cost facility location, each with a running time of O(n4 log n),
where n is the higher of the number of customers and facilities.

2 Concave Cost Inventory Problems
We obtain a strongly polynomial exact algorithm for the concave cost
lot-sizing problem with a running time of O(n2), where n is the num-
ber of time periods. To develop this algorithm, we use our technique
together with the algorithm of Levi et al. [3] for the classical lot-sizing
problem. While the running time matches that of the fastest previ-
ous algorithm [1], our main goal is to use this algorithm as a stepping
stone in the development of our approximation algorithm for the joint
replenishment problem (JRP) with concave individual ordering costs.

We obtain a strongly polynomial 4-approximation algorithm for
the JRP with concave individual ordering costs. We call this algorithm
ConcaveJRPPD. To develop it, we use our technique together with
the 2-approximation algorithm of Levi et al. [3] for the classical JRP.

Theorem 2. Algorithm ConcaveJRPPD is a 4-approximation algo-
rithm for the JRP with concave individual ordering costs.
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