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Abstract 
 

We report here a new approach to the confined polaron problem at arbitrary coupling 
regimes. It is shown, that developed theory permits calculation of polaron energy without use 
of parabolic potential barriers. 

 
1. Introduction 

 
Modern optoelectronic technologies permit fabrication of low-dimensional structures in 

which electron is confined within narrow quantum wells. In their fabrication, besides Si and 
Ga crystals, polaronic compounds of type 3 5A B  and 2 6A B  and alkali-haloid’s crystals are 
widely used. In future it is not inconceivable use of liquid components with great values of 
permittivity. In this situation redefinition of electron’s parameters due to polaronic effect 
becomes of a great importance. Taking into consideration polaronic states is necessary in all 
fundamental problems of optoelectronics, like laser emission, luminescence, 
electroconductivity and others. Final goal of the theoretical investigations in this direction is 
to find effective methods of calculation of polaronic states and their optimization. 

Today we have a great number of publications devoted to polaron effect investigation in 
different structures. Polaron states at arbitrary coupling regimes were investigated in [1] for 
the bulk crystals and in [2] for 2D and 1D systems.  The polaron ground-state energy and the 
polaron effective mass were obtained in [3] at arbitrary values of the electron-phonon 
coupling constantα . A great interest is shown to more realistic quasi-2D (quantum well), 
quasi-1D (quantum wire) and quasi-0D (quantum dot) structures. Polarons in a slab of a finite 
width for the weak coupling regime were considered in [4, 5]. Polarons in a cylindrical 
quantum wire were considered in [6]. In all the above-mentioned papers, the increase of the 
polaron ground-state energy and of the effective mass with confinement strengthening was 
obtained. Thus, polaron effect role increases in nanostructures as compared with 3D systems. 

Most of work on polarons is based on Feynman variational theory founded on path 
integration, which allows one to investigate polaron parameters at arbitrary coupling regime. 
However Feynman variational method possibilities are strictly confined by the parabolic 
potentials. In the present paper we are trying to surmount this restriction, extending 
variational procedure over non-parabolic potentials. 

For showing the essence of this new approach we shall simplify the model, although in 
principle these simplifications are not necessary and we shall not use them in future. 
Fundamental is that we can use potential wells of different confinements and real phonon 
spectra. 

In this paper we examine a quasi-2D structure – quantum layer with infinite barriers. 
Electron motion is described by x , y  coordinates (in layer’s plane) and z  coordinate (in the 
direction perpendicular to layer’s plane). We consider that “fictitious” particle moves in 
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layer’s plane and is described only by x , y  coordinates. We apply bulk-phonon 
approximation (3D phonons). 

 

2. Feynman variational theory 
 

The Lagrange function of the polaron problem under consideration has the form 
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where ),( yx=ρ  and z  are coordinates of an electron, kq r  are the vibrational normal 

coordinates for LO phonons of wave vector k
r

 with frequency 0ω , )( τzV  is quantum 
potential well. Amplitudes of the electron-phonon interaction are given by the expression 

 

 rki
k

rkiF
k ee

mkV
r

rr
r

rr
r hhr 0

41

0

00
2

2
2)( γ

ω
ωαωπ

γ =







= , (2) 

 
where the Fröhlich coupling constant is 
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∞ε  and 0ε  are high-frequency and static dielectric constants, respectively. 

According to Feynman variational theory (FVT), the electron-phonon interaction is 
simulated by an elastic interaction of the electron with a “fictitious” particle of fM  mass. The 
trial Lagrange function is written as 
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where fM  and fω  are the variational parameters, ),( yxR  are the coordinates of a 
“fictitious” particle, )(0 zV  is approximating quantum well potential function that includes, in 
principle, polaron effect and therefore depends on variational parameters. 

We shall consider motion in yx,  plane using standard Feynman approach. Following 
the path-integral method, statistical sum is written as 
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where 
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Using Jensen-Feynman inequality 
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from Eqs. (5) and (7) we find 
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Finding the logarithm of Eq. (7) we obtain 
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Thus, statistical sum is given by Eq. (9) where 0Z  is a statistical sum of a system with 

Lagrangian 0L , S  and 0S  are the exact and trial electron action functionals obtained as a 
result of the elimination of the phonon coordinates and the coordinates of the “fictitious” 
particle, respectively.  

Path integral with action 0S  can be obtained accurately 
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Here nE  are the eigenvalues of the Hamiltonian derived from 0 ( )zL . In case of low 

temperatures ( 0)T → , ∞→λ  
 
 00 ][ EzS eDzeSp λ−=∫ , 
 

where 0E  is the ground state of an electron in )(0 zV  potential. As a result we obtain 
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In order to derive ][0 rS r  it is necessary to integrate [ ]∫= RDzDDeSpZ RrS rr
ρ,

0
0  by paths 

R  of the “fictitious” particle. Having integrated we obtain 
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where 
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Functional ][rS r  could be found integrating by path the phonons )(τkq  
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A particular feature of our new approach consists in the integral calculation method by 

z  paths. Due to a non-parabolic potential well in 0 ( )L z , there are no standard representations 
for output (exact) calculations of 
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We shall make use of transition amplitude representation for a time-independent 
Hamiltonian, suitable at any shape of  potential well, using ( )n zψ  eigenfunctions of trial 
Hamiltonian  
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By τ  and σ  points 0−λ  interval is divided into three parts τλ − , στ −  and 0−σ , 

and on each of them electron moves in a potential well without interacting with phonons and 
can be described by amplitude of transition 0[ , ; , ]K z zτ στ σ  (10), determined by that potential 
well. Interaction with phonons occurs in points of time τ  and σ . 

Convolving path integrals on each of these segments in transition amplitudes, and 
integrating by 0z  and zλ  one can obtain 
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Wave functions nψ  are here the eigenfunctions, and nE  - eigenvalues of the 

Schrödinger equation with a variational potential 
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We shall choose a potential well with infinite barriers 
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Under such conditions polaron effect couldn’t influence the shape and the height of 

potential well, therefore ( ) ( )zVzV 0= . As a result, we obtain 
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Using the following thermodynamic formula 
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in case of 0→λ , polaron energy is found to be 
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3. Analytical analysis 
 

We shall turn to the non-dimensional variables. For the energy we have 
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Dimensionless formula of energy is 
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Where electron-phonon part has the form 
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In (13) and (14) energy depends on non-dimensional variational parameters α  and v , 

as well as on Fröhlich coupling constant Fα . Integration variables are also dimensionless. 
Function )(tA  has the form 
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Using the well known expressions for energy levels and eigenfunctions for a particle in 

)(zV  potential [8], one can obtain the matrix element 0
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In order to calculate the double integral 
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we introduce the notation 10 +−= εεβ n  and make the following transformations of 

variables: yκη = , ( )tAyx 2= . Accordingly, (15) takes the form 
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Taking into account, that asymptotical behavior of )(tA  in the explicit form is 
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Since 1 2( ) 0v tA t a a e−′ = + > , ( )tA  is a monotone increasing function. So, integral (16) 

using decomposition (17) can be represented in the form 
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The first integral in (18) can be derived in an explicit form and is equal to 
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As for the second integral in (18) 
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we notice that it do not have any singularity by 2κ . In particular, at 1=β  and 02 =κ  
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It means the uniform convergence of integral by x  and we can change the integration 

order. For numerical calculations it is convenient to represent ( )2
2 κJ  in the following form 
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As a result we obtain the following expression for ( )2κJ  
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Collecting all together, we derive the final form for polaron energy 
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The further calculations can be performed only in the numerical form. 
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4. Numerical results and discussions 
 

Results of numerical calculations of polaron energy 0εεε −=∆  using (22) are 
represented in Fig.1. The function )( Fαε∆  is plotted at different values of well width L . 
Curves corresponding to 3D and 2D limiting cases are also plotted here. It is clearly seen, that 
with confinement strengthening, curves are moving away from 3D limit case and draw near 
2D limit case. 

Fig.1. Dependences )( Fαε∆  plotted at different values of well width 

Fig. 2. Polaron energy dependences in weak-coupling limit. 
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In the weak-coupling limit, polaron energy is proportional to Fα  for any confinement. 
But Fα  factor depends on confinement. Polaron energy in weak-coupling limit for finite 
confinement is obtained using (22) and presented in Fig. 2. Dotted lines are plotted using 
perturbation theory. Firm lines denote results obtained using formula (22). Comparing these 
results one can see that for small Fα  they coincide. In the linear approximation formula (22) 
can be written as ( ) FC Lε α∆ = − . Numerical values of the coefficients of the linear terms are 

( )1,0 1,02C = , ( )0,5 1,31C = , ( )0,2 1,43C = . Comparing these values to the one obtained 

for 2D polarons in weak coupling limit 20,06397
2 F F
π

ε α α ∆ = − − 
 

, we can clearly see 

theirs correct arrangement. 
Thus we have: 1) our general formula (22) gives a correct weak-coupling limit; 2) 

expected dependence of weak-coupling region on confinement strength is obtained. It is 
observed that as coupling increases, straight-line region for energy shortens depending on 
coupling constant. It is worth noting the correct order of ( , )F Lε α∆  curves. 
 

5. Conclusions 
 

A new approach to the polaron energy problem at arbitrary coupling regimes is 
proposed. Coupling energy for a polaron in a rectangular potential well with infinite barriers 
is calculated at different well widths. Thus, it is shown that developed theory permits 
calculation of polaron energy without use of parabolic potential barriers, for all electron-
phonon coupling regimes. 
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